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We investigate necessary and sufficient conditions under which the difference of the resolvents

R, — RY, of two self-adjoint operators of the form Hyl = F(P) and H = F(P) + V(Q) is nuclear.
Here F(P) denotes a positive and continuous function of the usual momentum observables P and
¥(Q) a function of the conjugate coordinate observables. Roughly speaking, we prove that R, — RO,
is nuclear if and only if F(P) increases faster than |P13/2 at large |P| and V(Q) falls off to zero faster
than 1/|QI3 at large 1Qi. (For a precise statement of this result Sec. 3.) In particular, it is noticed
that if Hy = (1Pi2 + m2)1/2 the relativistic free Hamiltonian, then R, — RS, is not nuclear for any of
the (suitably regular) potential V(Qy ;) where Qy ; denotes the usual Newton-Wigner position
operator of the relativistic particle. We also investigate in Sec. 3 the necessary and sufficient condi-
tions for R,# V R¥®(8 > 0;8 # 1) to be nudear. The implications of these results for the asymptotic

behavior of the total scattering cross sections at high energy is discussed in Sec. 4.

1. INTRODUCTION

In the mathematical theory of scattering processes the
condition that certain pertinent operators are of trace
class (nuclear) plays an important role. To cite some
well-known instances one may only recall the results of
Kato,! Birman and Krein,2? etc. It is shown by these
authors that the condition that the difference R, — R? of
the resolvents of the total and unperturbed Hamiltonian
of the system belongs to the trace class {or somewhat
more generally the condition that R? — R?" is of trace-
class for some integer n) is sufficient to ensure the
existence and completeness of the Mgller wave opera-
tors. It is also shown? that the above mentioned condi-
tion implies that the “energy shell” scattering operator
S(A) differs from the identity operator by a trace-class
operator which in turn implies that the total scattering
cross sections at fixed energies are finite.

This latter result has been rederived recently by Jauch
and Sinha,3 who show also that if R? VRO™ is of trace
class for some positive integers » and m then

€0, (€
f—————t°-—~—t( ) de < o,
(62 E 1)»*:14/2
Here V denotes the interaction responsible for a single-
channel nonrelativistic scattering process and o, . (€)
represents the total scattering cross section at energy e.

It is clear that the finiteness of the above integral [to-
gether with certain additional regularity properties of
Oio1{€)] implies an upper bound on the high energy be-
havior of o, ;(¢). For instance, as pointed out by Jauch
and Sinha, if R, V RO is itself of trace class, then 0,,,(€)
must decrease to zero as € = «, As a last instance of
the role of the trace-class condition on R, — R?

(=R, VRY?) in scattering theory we mention the recently
developed theory of time delay of scattering processes4
where this condition again plays an important part.

It is thus seen that a number of theoretically important
results concerning elastic scattering processes can be
derived from the abstract condition that R, V R? or some
related operator is nuclear.

In order to assess the range of application of these re-
sults, however, it is necessary to express this abstract
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condition in terms of explicit and easily verifiable pro-
perties of the interaction V and the unperturbed Hamil-
tonian H,. Unfortunately, it seems that this latter prob-
lem has not received a systematic treatment in the liter-
ature. A systematic investigation of this problem is,
therefore, one of the principal objects of the present
paper.

In connection with the above mentioned question it seems
that the only result that is readily available in the liter-
ature is the one which asserts that R, V RO is nuclear if
H, = |p|2/2m; the nonrelativistic free Hamiltonian and
V is a suitably regular and sufficiently short ranged
potential.5 While this result insures that R, V R? is
nuclear in a number of physically interesting situations,
it is also clear that it does not cover many other cases
of physical interest, ¥or instance, it is not known if a
similar result holds when H, is the relativistic free
Hamiltonian (|p|2 + m2)12 instead of being nonrelativ-
istic Hamiltonian |p]2/2m.

With a view to answering such questions we have con-
sidered (elastic) potential scattering of a particle whose
unperturbed Hamiltonian H, is a positive and continuous
function F(p) of the momentum observables. In this
setting we investigate the necessary and sufficient con-
ditions for R, V RQ to be nuclear. Our main result is the
theorem 2 of Sec. 3 which formulates such a necessary
and sufficient condition in terms of the asymptotic be-
havior of H, = F(p) and the potential V(Q) (for large |p|
and large |Q/, respectively).

Two corollaries of Theorem 2 are of special interest in
physical applications, They refer to the two special
cases

Hy= Ipl2/2m

;102 (;p|2 + mz)n’z

(nonrelativistic),
(relativistic).

For the nonrelativistic case Theorem 2 provides a com-
plete characterization of the class of potentials for which
R, VR? is nuclear. This result, then, subsumes the re-
sult mentioned earlier.5 For the relativistic Hamiltonian
Hy = (Ip|2 + m2)1/2, on the other hand, our result re-
veals that R, V R? is not nuclear for any of the inter-
actions that are (suitably regular) functions of the
Newton-Wigner position operator Q.6

Copyright © 1973 by the American Institute of Physics 997



998 Ph. Martin and B, Misra: On trace-class operators

In Sec. 3 we also discuss the necessary and sufficient
conditions for R2 V R28 (8 > 0) to be nuclear. Our re-
sults (Proposition 5) (for § # 1) is not entirely satis-
factory inasmuch as we have to make certain technical
assumption which is not easily verifiable. But it is in-
cluded in this paper on account of its application in the
next section and with the hope that a similar result can
be proven without the objectionable technical assump-
tion in question.

Finally, in Sec. 4 we discuss the implications of these
mathematical results for the asymptotic behaviour of
scattering cross sections at high energy.

It may be observed, first, that since R, V R? is not
nuclear in “ relativistic potential scattering” 7 there is
no longer any compelling reason to conclude that the
total cross section o, ,.(€) = 0 as energy € = « in this
case. In this connection it will be noted that according
to the present experimental findings on the scattering of
elementary particles the total elastic cross section does
not tend to zero at high energy but tends, perhaps, to a
nonzero constant.8 It is thus interesting that although
this observed behavior of the total elastic cross section
is prohibited in nonrelativistic potential scattering (with
short-ranged potential) it is no longer prohibited when
the correct relativistic expression for the free Hamil-
tonian is used instead of the corresponding nonrelativistic
expression.

Aside from the above general remark we prove specific
upperbounds on the high energy behaviour of total
scattering cross section of “relativistic” as well as
nonrelativistic potential scattering. The relationship of
our results to comparable results found in the literature
will be discussed in Sec.4. Here we mention only that
our upperbound on the total scattering section of the
“relativistic potential scattering” is very close to the
well-known Froissart bound

Oyor(€) < C(loge)2  as € » o,
which is derived from the axioms of quantum field
theory.? It seems significant that the upperbound of the
type in question results also from a potential model of
scattering. It suggests that such upperbounds do not,
perhaps, depend in any essential manner on the axioms
of field theory.

Finally, we mention that although the analysis of the
present paper is limited to elastic scattering processes
it can be extended to scattering systems with complex
potentials which takes into account the existence of
elastic as well as nonelastic processes. This will be the
subject of a forthcoming paper.

2. PROPERTIES OF A CLASS OF OPERATOR
VALUED INTEGRALS

In this section we shall formulate and prove a mathe-
matical result (Theorem 1, below) which will serve as
the key lemma in our subsequent discussions. It should
be noted here that the part (ai) of this theorem is only a
slight generalization of a well-known lemma due to
Kato,10 whereas the parts (aii) and (b} generalize a re-
sult due to Jauch, Sinha and Misra.4 Although the proof
of Theorem 1 is identical with that found in the cited
references except for some minor notational modifica-
tions necessary to take into account the generalization
we are considering, we give an outline of this proof for
the sake of ready reference.

Before formulating Theorem 1, we need to recall a few
facts about the representations of locally compact
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Abelian groups G in order to establish our terminology
and notations.

Let G be a locally compact Abglian group. Its character
group will then be denoted by G. If x¥ is a character of
G [i.e.,if x is a continuous funetion on G which satisfies
lx(&)| = 1;(g,) x(&,) = x(£,8,) for all g. g, € G], then
we shall write (x, g) to denote the value of tﬁe function
x at the point g of G. It is clear that if g is held fixed
and x runs oyer G, then (x,g) defines a character of the
dual group G.

Now let g = U, be a strongly continuous unitary repre-
sentation of Gg which acts on the Hilbert space H. We
recall that with every such representation of G there is
agsociated a unique projection-valued measure E(*), de-
fined on the Borel sets of G such that

(6, U¥) = [, x, 82 d(¢, E()¥)

for every g € G and all Y and ¢ in H (SNAG theorem).

If for every ¥ in H the numerical valued measure
IE(-)¥ |2 is absolutely continuous with respect to the
Haar measure on G, then we shall say that the repre-
sentation £ = U, of G is absolutely continuous. In the
following we shall consider such absolutely continuous
representations only.

Let £ = U, be an absolutely continuous representation of
GinH. Then it is well known!1 that there exists a
direct-integral representation

H= [ Hdx
(S

of H over the measure space (6, dx)(with dx denoting the
Haar measure on G), such that-in this representation the
operators U, (with g € G) are represented by the multi-
plication operators with the function (x,g). Somewhat
more explicitly, there exists a family H, of Hilbert
spaces labelled by characters x of G and a corres-
pondence ¥ — ¥, between vectors ¥ in H and vector
valued functions ¥, (withy,, € H,) on G such that

W,9) = [W,, ¢,),dx

for all ¢, ¢ in H; and

Uy = (%, 0¥,

for every g € G and all ¢ in H. Here (Y, ¢,), denotes
the scalar product in the Hilbert space H,. The direct
integral representation of H just described is said to
“diagonalize” the given representation g = U, of the
group G.

Finally, we need to recall a last result which is con-
cerned with the theory of Fourier transform of functions
on locally compact Abelian groups. Let f(g) denote a
function on G. Itg Fourier transform f (when it exists)
is a function on G which is defined by

i@ = [ (x,0f(0)d.

Here dg denotes the Haar measure on G. It is known
from Fourier—Plancherel theory (see Ref. 12) that if 1
and f, are two square integrable functions on G with re-
spect tg its Haar measure, then their Fourier transforms
Jf, and f, exist and are square integrable with respect to
the Haar measure on G. Moreover, if the Haar measures
on G and G are syitably normalized relative to each
other then the Parseval's identity



999 Ph. Martin and B. Misra: On trace-class operators

JT ) (&) dg = [y F1(x)f3(¥) dx holds.

By Haar measures on G and G we shall henceforward
mean such normalized Haar measures,

With the above preliminary remarks out of the way we
can now formulate

Theorem 1: Let g = U, denote an absolutely con-
tinuous representation (in the Hilbert space H) of the
locally compact Abelian group G and let the corres-
pondence ¥ = Y yield the direct integral representation
of H

H= f@aH"dx

which diagonalizes the representation g - Ug. Let D de-
note the set of all ¥ in H for which

M, = ess.sup. |y, ], < «,
x€b

Then,
(a) For every nuclear operator T in H

() Br@W,9)= [ (¥, U TUp)dg<
forally,¢ € D.

Moreover, for almost all x € 6, there exists nuclear
operators @r(x) acting in H, such that

(i)  Br(W,9) = f(4,,Qr()9,), dx
for ally, ¢ € D.

The family @,(x) is essentially unique in the sense that
if @7(x) is another family of nuclear operators satis-
fying (aii), then @, (x) = Q7(x) for a.a.x € G.
{b) Furthermore, the following relations hold:

(i) TrT= fé TrQ (x)dx,

(i) [,1Qrx)ldx = I7]

1°

Proof: The first step in the proof consists of a direct
verification of the claims of the theorem for operators
of rank one. Such an operator T is of the general form

Tf = A(u,f)vs f €H, (2.1)

where A is a fixed positive number and % and v are two
normalized vectors. We write symbolically

T = AMu,*)v.
For operators T of the form (2.1) we have
JL W, U TU, $)dg = 1 [ (u, 0,)¥,, V) dg,
where ¢, = U, ¢ and §, = Uy,

(2.2)

Since (x, ¢,) is the Fourier transform of («,, ¢,), which
belongs togLZ(G, dx) whenever ¢ € D, (u, ¢,) is square
integrable on G, and so is (v,y,) for ¢ € D, It follows
that the integral (2. 2) is finite and an application of
Parseval identity yields

J W UFTU 9 dg = A [o(u,, ¢2)c (s, 0, ), 0%
= fé‘ (Ik'nQT(x)‘px)x dxv
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where we have defined Q(x) = A(u,, ),v, onH,.
We verify now the properties (bi) and (bii):
From TrQg(x) = AMu,, v,), follows the relation

fa TrQ,(x)dx = A(u, v) = TrT
and from [|Qz(x)[l, = A llu [l llv, ll, the relation
f@ lRr (2, dx = 2 fé N, ll o Il dx = Xlullloll = Il

We have thus verified all claims of Theorem 1 for
operators of rank one [except the claim of essential
uniqueness of the family Q,(x)]. This result then imme-
diately extends to all operators T of finite rank whose
general form is

n

T= 20 \é, i, n<wo, (2.3)

i=1
where A; are fixed positive numbers and u? and v are
two finite systems of orthonormal vectors. The corres-
ponding @, (x) are given by

n
Qrx) = ,Zixi(“;r")x”;' (2.4)
i=

Finally, an arbitrary nuclear operator can be written in
the canonical form

n
T=lm ;A (ui, Wi=UmT,,

n-o0 i=1 n->co0

(2.5)

where A; is a sequence of positive numbers with

2 512; < and uf and v¢ are two orthonormal sets in H.
The limit in (2. 5) may be understood to be in either
strong operator topology, operator-norm topology or
trace-norm topology.

In order to verify part a(i) of the theorem for an arbi-
trary nuclear operator, we observe that

(W, Ug* T Ugd’) = iin:o(lp, Ug* Tn Ug¢)!
and the functions (y, U T, U, ¢) are majorized by
L
W0 001 = Bni 6wt g, 091 = F.

F( g) is itself the limit of the monotone increasing
sequence of positive functions

F(g)= évl(u*,g)l |8y v9)

Now, using again Schwartz inequality and Parseval
identity, one establishes that

fGFn(g)dg = <§ M’) MM, for ¢,y € D.

Thus, F( g) is integrable according to the monotone con-
vergence theorem, and we conclude from the dominated
convergence theorem that

fc(zp, UrTU, ¢)dg = lim fc WU T,U,)dg < . (2.6)

To verify part a(i) of the theorem for a general nuclear

operator, we first show that in the trace-norm topology
UmQy (x) = Qn{x)
n—ro0

A
exists for a.a. x € G.

To this end we consider the monotgne increasing
sequence of positive functions on G,
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n
K, x) = 2 alluill oil,.
i=1

Clearly the integrals féKn(x)dx are bounded by 23,2, Ai.

Therefore, according to Beppo Levi's theorem, K, ()
converges a.e.in G to an integrable function, say, K(x).

Now, for »’ > », one has
w
19z, (%) — Qr ()l = Z'; illuill ol = K, (%) — K (x)

. . ~
which converges to zero as n,#n'— © for a.e.x in G.

This shows the existence of the trace-norm limit of
Qr (x).
n

To conclude the proof of part (a) of the theorem, we have
still to verify the equality (ii).

We notice that

|0es @1, (00,0, | = Tnilut, 00,110, 0,1 = MM ()

Thus, the functions (Y, Q, (x)¢,), are majorized by an
integrable function, and cohsequently

Um fo(4,,Qr,(0)9,), dx = [5(b,,Qr(x)0,)dx. (2.7)

The desired equality follows from (2. 6) and (2. 7) and the
fact that it holds for finite rank operators.

We now verify b(i) and b(ii) in the general case. We
remark first that

lim TrT, = TrT,

nr00

lim 1@ (), =lQz (),

n=ro0

lim TrQy (x) = TrQr(x),

since all the involved operators converge in the respec-
tive trace-norm topologies.

We have b(i) since
JTrQp(x)dx = lim [ Tr@, (x)dx = lim TrT, = TrT.
n—-oo H 00

Here the first equality follows again from dominated
convergence theorem since |Tr@; (x)| = @z (x)Il; =
K (x) with K(x) integrable, " "

We obtain b(ii) from the inequality
Jel@r (hydx < IT ), = 17,

valid for all finite » and from an application of the Fatou
lemma.

This completes the proof of all assertions of the theorem
except the essential uniqueness of the family @, (x).

If Q7(x) is another family of nuclear operators such that

[y W, Q1 (0)0,), dx = [ Wy, @r(%)9,),dx
for all ¢ and ¥ in D,

then one has in particular,
S Wss Q1) 9,), 6(x)dx = [, (¥, Qr(x)¢, ), b(x) dx

for all essentially bounded measurable functions b(x) on
G, and for any ¢,y € D, This implies

(‘Px’QT" (x)¢x)x = (‘I/x’QT(x)‘Px)x
and all ¢,y € D.

”~
for a.a.x € G
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Thus,

Qr(¥) = Qr(x)

since the vectors ¥, and ¢, run over all the vectors in
H, as ¢ and ¢ run over D,

A
fora.a.x € G,

3. NECESSARY AND SUFFICIENT CONDITIONS FOR
THE DIFFERENCE OF THE RESOLVENTS OF
TWO SELF-ADJOINT OPERATORS TO BE
NUCLEAR

In this section we investigate the necessary and suffi-
cient conditions for the difference of the resolvents of
the total and the free Hamiltonian of a simple scattering
system to be nuclear. Somewhat more specifically, we
consider simple scattering systems that describe the
scattering of spinless particles from local potentials.
The Hilbert space of state vectors may thus be identified
with the space L2(d3p) of square integrable functions
Y(p) of the three momentum variables p and the free
Hamiltonian H; may be identified with the multiplication
operator by a function F(p)

H¥)P)= F(p)¥(p) for all y € L2(d%p), (3.1)
for which

Ja IF@W(D)|2d%p < .
The total Hamiltonian H will be of the form

H=H, + V(Q), 3.2

when Q denotes the usual position observables. They are
the self-adjoint generators of the three-parameter
unitary group U, ,
(Oaw)p) = v(p —A)

for all € L2(d3p), U, =ei**'Q,

(3.3)

It should be clear that the free and total Hamiltonians of
both the “ relativistic” as well as the nonrelativistic
potential scattering are of the forms (3. 1) and (3. 2).
The nonrelativistic case needs little comment. One has
only to choose F(p) = [pl2/2m.

For the “relativistic potential scattering”, on the other
hand, the free Hamiltonian HY is the multiplication
operator [in L2(d3p/(lp|2 + m2)1/2)] by the function
(Ipl2 + m2)/2 and the total Hamiltonian Hy is of the
form Hy = HQ + V(Qyy), where Qyy is the well-known
Newton-Wigner position operator rin L2(d3p/

(Ip|2 + m2)1/2)], But it is evident that there exists a uni-
tary mapping from L2(d3p/(lp|2 + m2)1/2) on to L2(d3p)
which maps H? and HR,'respectively to the operators H;
[with F(p) = ( pl2 + m2)1/2] and H defined by (3. 1) and
(3. 2). Thus, the free and total Hamiltonian of the “re-
lativistic potential scattering” may also be taken to be
of the form (3. 1) and (3. 2) with F(p) = (|p|2 + m2)1/2
and all statements proved for H, [with F(p) =

(Ip|2 + m2)1/2] and H = H, + V(Q) will hold also for HQ
and HR = HB + V(QNW)'

With the preceding preliminary remarks out of the way,
we now proceed to investigate the necessary and suf-
ficient conditions for the difference of the resolvents of
the self-adjoint operators of the forms (3.1) and (3.2) to
be nuclear.

Our first proposition formulates such a rnecessary con-
dition in terms of the asymptotic property of F(p) at
large p].
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Proposition 1: Let Hy denote the (self-adjoint) oper-
ator of multiplication in L2(d3p) by a continuous and
positive function F(p) for which there exist a constant
@ > 0 such that13 lim ,, , [F(p)/|p|#] = 1 and let H de-
note the self-adjoint operator H, + V(Q), where V(Q)(= 0)
is assumed to be H,-bounded with H,-bound less than 1.14
Then, for R, — R0[z € p(H)Ap(H,)] to be nuclear it is
necessary that a > 3/2.

Before proving Proposition 1, we remark that for the
physically interesting case of potential scattering of a
Klein—Gordon particle (i.e., a2 relativistic spinless par-
ticle) Proposition 1 yields immediately the

Corollary 1: For a Klein—Gordon particle in a local
potential V{Qyy) the difference of the resolvents of the
total and free Hamiltonian is no! nuclear for any of the
potentials V(Qyy) which is relatively bounded with re-
spect to the free (relativistic) Hamiltonian H? with HQ-
bound less than 1.

Now, a large class of physically interesting potentials,
including the Yukawa potential

ge+19/|Q]

can be shown to be H9-bounded with HQ-bound less than
1. Thus, in relativistic potential scattering R, — R is
precluded from being nuclear for a large class of
physically interesting potentials. It is worth emphasiz-
ing that in this respect the potential scattering of a
relativistic particle differs sharply from that of a non-
relativistic particle. In the latter case, it is known that
R, — R is nuclear for a large class of potentials (cf.
Ref. 5; see also Theorem 2 below).

We now turn to the proof of Proposition 1.

Since V is H,-bounded with H,-bound less than 1, it
follows that H = H, + V is self-adjoint on D, : D, = Dy
(cf. Ref.1). This, in turn, implies that the operator 1 +°
VRD is a bounded operator having a bounded inverse
(1+ VRO)'1andR, — RO = — RO VRY(1 + V RO) 1,
Hence R, — R? is nuclear if and only if R® V R? is
nuclear, It is, thus, sufficient to show that R V R? is
not nuclear unless a > 3/2.

(for small g),

We shall now use part (a) of Theorem 1 to show that
RO V R is not nuclear unless a > 3/2. Since the unitary
operators U, defined by relation (3. 3) provide an abso-
lutely continuous representation of the additive group R3,
it follows that R? V R? is not nuclear unless
Jos(9, UAR? VROU ¢)d%A < (3.4)
for all ¢ € L2(d3p) having essentially bounded Fournier
transforms. In particular (3. 4) must hold for all
¢ € 8, for R? VR to be nuclear. Here S, denotes the
Schwartz space of infinitely differentiable and fast de-
creasing functions of p. We now show that (3. 4) holds
for y, ¢ € 8, only if @ > 3/2. To this end we need

Lemma 1: Letz € p(H,) with Rez < 0, and let R de-
note the set of all continuous functions ¢(p) in L2(d3p)
for which

Ililm [plm¢(p) = 0 for all positive integers n.
pl->oo
Then

S-lim|A|2U, ROUZ¢ = ¢

At ~>o0

for all ¢ € R,

A proof of Lemma 1 will be found in the Appendix. Now
we assume its validity and use it to show that (3. 4) holds
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[with z being a real point of p(H,) with z < 0] for all
¢ € SP only if @ > 3/2.

Since U, and V are both functions of Q and U, is unitary,
itis clear that Uy VU = V.

By using this relation, the integrand of (3. 4) can be re-
written in the form

(9, UrRQ V ROUY®) = (1/ N [2%)(¢y, Vo),
where

¢a = A= U ROUNS.

(3.5)

Now according to Lemma 1

S-lim¢l = ¢.

[ NE2Y

(3.6)

Moreover,

Vi) — &)l = allHy(¢) — $)I + blig, — ol

= al(A |«U ROUY — D)Hoo | + blloy — ¢l (3.7)
(The reader can easily verify that in the above all the
involved vectors are in the domains of the relevant
operators when ¢ € §..)

Here the first inequality merely expresses the assump-
tion that V is the H,-bounded, whereas the second
equality follows owing to the fact that H, = F(p) and
U\RQU = (F(p — A) — 2)"1 commute, Since Hy ¢ €R
when ¢ € §,, the right-hand side of (3. 7) tends to zero
as |A| - © according to Lemma 1. Thus,

s-limV ¢ = Vo

[P N

for ¢ € 8. (3.8)
It thus follows from (3. 5), (3. 6) and (3. 8) that for z €
p(Hy) with z real and z < 0

(¢, UxRQ VROUY®) = (1/a[29)(¢, V ¢) = C/ [r |22

as |A| > wforall ¢ € $p,and this shows that if C =
(¢, V¢) = 0, then (3. 4) can not hold unless o > 3/2.
Since there evidently exist ¢ € Sp for which (¢, V¢) =0
this establishes that R, — RO [for real and negative z in
p(H) A p(H,)] is not of trace class unless a > 3/2. But
it is known that R, — R? is of trace class for either all
z € p(H)Ap(H,) or for none of these points. Hence, this
completes the proof of Proposition 1.

In the next proposition we formulate another necessary
condition for R, — R? to be nuclear which is expressed
in terms of the asymptotic behavior of the potential
function V(Q) at large |Q|.

Proposition 2: Let the notations be the same as in
Proposition 1. In addition to the assumptions of Pro-
position 1, assume further that:

(1) the function F(p) is infinitely differentiable every-
where with the possible exception of isolated singu-
larities;

(ii) the function V(Q) is of the form

V=V, +V, withV, €L, and V,e L

(iii) there exists a constant 4 > 0 such that lim Rz
|QI7V(Q) = C, where C is any finite constant if y > 3 and
a nonzero constant if y = 8, Then, in order thatR, —

RQ(z € p(H)Ap(H,) be nuclear, it is necessary that 4 > 3.

Proof: Consider the unitary group ¥, = ¢?'P of
space translation. As in the proof of Proposition 1 we
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again conclude [from part (a) of Theorem 1] that R, — R?
is not nuclear unless

Js(8, ARQ VRO ¢)d3A < (3.9)

for all ¢ € §,. Thus Proposition 2 will be established if
we can exhibit a ¢ € §, for which (3.9) does not hold un-
less y > 3. Now choose a ¢ € $,, such that its support
does not contain the points where F(p) is not infinitely
differentiable. We shall show that for such ¢ and a 7eal
z € p(H)Ap(Ho)

Cy,y)
(Al

where ¥ = R0¢. (Since our assumptions imply that both
H, and H are bounded from below, such real points exist.)
This, then, leads to the desired conclusion.

Using the fact that ¥, commutes with R¢ and

BVQW = V(Q+ 1),
we obtain the equality

(¢, WRQ VROWV¢) — as A| 2o,

I‘I 7(¢r VARQ VRQVA*(I)) - C(‘P’ ‘I/)

= [[A1TVQ+2) - C]I#Q1243Q  (3.10)

where @(Q) is the Fourier transform of ¥(p) = (R9¢)(p)
= ¢(p)/F(p) — 2.

To complete the proof, we have only to verify that the
integral of (3.10) converges to zero as |A| = «©, To this
end we separate the integral (3. 10) into the two inte-
grals

SlAV(@Q+2) — €18y, ,.(Q) 1¥(Q)1243Q
* Jqragl MTVQ+2) ~ CIIPQ) 124%Q,  (3.11)

where €, ,(Q) is the characteristic function of the
sphere

Sae = {1Q1 < Ial/2}.

Now the first of these integrals converges to zero as
|A| = o, since by our assumption the integrand tends to
zero (pointwise) as |A| = « and for a given € > 0 the
absolute value of the integrand is bounded by the inte-
grable function (27¢ + |C|(27 + 1)) [¥(Q)|2 for all [A|
that are greater than a sufficiently large A(€) indepen-
dent of Q.

As for the second integral of (3. 11),
[IAbvQ+2a) — ClIPQ12d°Q
0 243
= Jqsmp M1 1VQ+ M 1P(Q124°Q
] 243
+ |q|>m,2|c' | ¥(Q)12d%Q.
The second integral of rhs evidently converges to zero

as |A| - . The first integral, on the other hand,
satisfies the inequality

A vQ + )| 1¥(Q)12d%Q

A7 @ + M) 1¥(Q)1243Q

+ S A1 2@ + 2) | 1F(Q 124%Q.

But since V; € L, and ¥, € L=, the first of the integral
on the rhs of the above inequality is bounded by

'I;QI>IAI/2

flq»ﬂl/‘z

= lel>|M/‘2
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Mo (f g [ PIQ) 1409Q) 12 (3.12)
and the second integral is bounded by

vl I¥(Q) | 2d3Q. (3.13)

Q> IAI/2

Since ¢ is assumed to have the property mentioned
above, it follows that Y/(p) = (R%¢)(p) and, hence also,
Y(Q) are both in §. Hence the integrals

f,m>m/2lllf(Q)|4d3Q and _flql>m/2|¢‘;(q)|zdaq

both vanish, faster than any power of [A|,as [A]| = .
Thus (3. 12) and (3. 13) both tend to zero as A | — o,
And this completes the proof of Proposition 2.

Combining propositions (3. 9) and (3. 10), we find that for
the difference of the resolvents of H, = F(p) and H =

H, + V(Q) to be nuclear it is necessary that the kine-
matic energy H, increases, as a function of p, faster
than |p|32 at large |p| and the potential V(Q) falls off
to zero faster than 1//Q|3 for large |Q!. The next pro-
position, which is a slight generalization of a known
result,5 shows that these conditions are also sufficient
to insure the trace-class property of R, — RO.

Proposition 3: Let the assumptions and notations be
the same as in Proposition 2. Assume further that
a > 3/2 and y > 3. Then R, — R is nuclear for z €
P(H)A(H ).

Proof: In order to show that R, — R0 is nuclear if
a > 3/2 and y > 3, it suffices (cf. Ref. 5) to prove that
V’Rf belongs to the Schmidt class, where V’is the multi-
plication operator by the function V'(Q) = | V(Q)| /2.
According to our assumptions, V(Q) belongs to L1{(d3@Q)
and, consequently, V’'(Q) belongs to L2(d3@).

In the Fourier transform representation V’'acts as an
integral operator with kernel V'(p — p’) where V’(p) is the
Fourier transformation of V'(Q). It is a square inte-
grable function since V' (Q) is so. Now V'R is an integral
operator with kernel V'(p — p’)[1/F(p’) — z].

We notice that the function [1/F(p’) — 2] is also square
integrable when o > 3/2. If we consider | V'(p)| 2 and
[[1/F(p’) — 2z]|2 as two L! functions, the well-known
inequality |l f*gll, = lIfli,llgll, for the L' norm of the
convolution of L' function yieids, in our case,

Japasp' [V — 15— [

< Jazp|7 @) fasp’

2
< oo,

7o =5 |
Fp')—=z
Therefore, the kernel representing the operator V'R is

square integrable and V'R? belongs to the Schmidt class.
- M 2

This concludes the proof of the Proposition 3.

If we combine propositions 1,2 and 3 we find a complete
characterization of the class of free Hamiltonians i, =
F(p) and the potentials V(Q) for which R, — R? isnuclear.

Theorem 2: Let the assumptions and notations be as
in Proposition 2. Then R, — R9 is nuclear if and only if
a > 3/2 and y > 3.

In the next section we shall see that the trace-class pro-
perty of the operators R V RO# (8 > 0) implies specific
conclusions about the asymptotic behaviour of total
scattering cross sections at high energy. We shall,
therefore, conclude this section by mentioning certain
conditions which ensure R V R to be nuclear.
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It may be observed, first, that by a slight modification of
the arguments employed in the proof of Propositions 1, 2
and 3, and that given in the Appendix, one can easily
establish

Proposmon 4: Let the notations and assumption be
the same as in Propositions 1 and 2. Then R98 V R0#
(with 8 > 0) is nuclear if and only if a*8 > 372 and
y> 3. (Smce we are considering in general nonintegral
powers of RO, R08 should be suitably defined. Here and
in the followmg we consider real and negative 2 so that
R is a positive self-adjoint operator. R ® may then be
unamb1guous1y defined by the functional calculus of RO.)

Proposition 3 does not provide, however, any information
about R? VRO8 when g = 1. For unlike the case with
B=1, the trace-class property of RP VRD® does not in
general follow from the correspondmg property of

RO8 V RO8 when B # 1.

In order to conclude the trace-class property of R VR?#
from that of R9# V R0 it is, therefore, necessary to
impose additional restrictions on H, and H. One such
restriction is the requirement that, for a real and nega-
tivec € p(H)Ap(Ho), (H, — c)8 and (H — ¢)# have the
same domain. It is easy to verify that under this con-
dition the trace-class property of R# V R0#8 follows from
that of R9# V ROB, This resul, together with the obser-
vation that if R8 V R9#8 is nuclear for some 8 = §, then
it is so for all B > B, allows us to prove the following.

Proposition 5: Let the notations and assumptions be
the same as in Proposition 2. Assume further that for a
real and negative ¢ € p(H)Ap(H,) (Hy — ¢)8 and (H — ¢)8
have the same domain for 3/2a = 8 < 3/2a + ¢, with €
being some positive number,

Then R# V RO is nuclear if and only if a8 > 3/2 and
y> 3. (Smce the assumption concerning the domains of
(Hy — ¢)? and (H — c)8 is not easily verifiable, it will be
desu-able to prove this result without such assumptions.
Unfortunately, we are not able to do so at present.)

This proposition implies that in the relativistic case
[Ho = (Ipl2 + m2)V2]RE V RO is nuclear if 8 > 3/2 and

y > 3, whereas for the nonrelativistic situation RS VRO8
1s nuclear if 8 > 3/4 and y > 3. We shall see in the next
section that this difference in the property of R V R08
in the relativistic and nonrelativistic case results in®
different asymptotic behavior of total cross sections in
these two cases.

4. ASYMPTOTIC BEHAVIOR OF SCATTERING
CROSS SECTION AT HIGH ENERGY

The mathematical results of the preceding sections will
be used now to derive specific asymptotic behavior of
the total scattering cross section of potential scattering,

For this we follow the analysis of Jauch and Sinha3 and
prove

Proposition 6: Let the self-adjoint operators H, and
H represent (respectively) the free and the total Hamil-
tonian of a simple scattering system (i.e.,let H, and H
satisfy the usual asymptotic and completeness conditions
of single-channel scattering theoryl5, Assume further
that both H, and H are bounded from below; H, has abso-
lutely continuous spectrum and Dy = . If in addition

RSH — H o )R8 (with ¢ a real and negatwe point of
p H)Ap(Ho)] is nuclear for some given g > 0, then

2
f”otot(e)lkl de<oo,
0 (6 — 0)25
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where 0, (€) denotes the total scattering cross section
at energy € and |k|2 denotes the momentum square of
the particle whose free (kinematic) energy is €.

Proof: Under the stated assumption one proves that
(cf. Ref. 16)

(0, TY) =—i [ (¢, 0] ve' ™ot y)at 4.1
o0
for all ¢ € H and all { eDH0 = Dy.
Here
Q, = s-limee ™ v=H—H,

t—io0

and T = S — I with S being the scattering operator Q*Q, .
Relation (4. 1) in conjunction with the intertwining pro-
perty of Q* then yields

(6, ROPTRO®y) = — i [T (9,0’ R® VRYPe™ oty

-~ (4.2)
which holds for all ¢ and ¥ in some suitable dense mani-
fold D. (D may be taken to be, for instance, the set of all
Y for which |y, | as functions of € are continuous func-
tions with compact support; here y, denotes, of course,
the “components” of  in the Hilbert space H, appearing
in the direct integral representation H = f H_de which
“diagonalizes” the operator H,.) Since S and, therefore,
T commutes with H,,, there exist the reduced “energy
shell” operators S, and T, acting in the Hilbert spaces
H, of the direct integral representation of H

H= [ H.de
in which H, is “diagonalized”. We have

T.=8.—1I,
and

(6,RO8 TROBY) = [P TV,

0 (€ — )26

On the other hand, since R2 VROB is assumed to be

nuclear and the operators e Ho? constitute an absolutely

continuous representation of the additive group of real

line, it follows from Theorem 1 that the right-hand side
of (4. 2) is of the form

Jo (@ T W e

when 7, is a family of nuclear operators acting on H,.
Relation (4. 2) then implies (owing to the essential
uniqueness of the family 7.) 7, = T,/(e — c)28 for d.a.e.
Thus, from Theorem 1, we conclude

.

fno TI‘ T
0 (E_‘c)zﬁ

In partlcular,
2Re f

The desired relation then follows by relating Tr (T, +
T}) to 0, ,(€) with the aid of the optical theorem. In fact
the unitarity of S implies that

de = TrQ*RS VRO8 < w,

Tr (7. + T

_—-_f_s_i__ede

(e — c)2#

<w., (4.3)

(e - c)2B

T, + T)=—TrT, fora.a.g,
so that
Tr (T, + T}) =— T3,
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where || ||, denotes the Hilbert-Schmidt norm of oper-
ators. But it is well known that |7, {13, = o, (€) Ikﬁ,2
except for a constant factor. Relation (4. 3) is thus equi-
valent to the desired relation

fooc_rio_t(e)lklz

de < o,
(] (e__c)zﬁ

(4.4)

It is clear that if 0, (€) is continuous in € and monotone
for large €, as is usually the case for scattering systems
encountered in physics, then (4. 4) impli€s specific asym-
ptotic behavior for o,..(€). In fact, for the nonrelativistic
case where ¢ = |k| 2}2m (4. 4) implies

Oot(€)€ o Ot (€) 5
(e — c)2B1 282

0 ase—w, (4. 5)

whereas in the relativistic case for which € = ( |[k|2 +
m2)1/2 we find

(rtot(e)e2

~ Otot(€)
(e — C)Z 8-1

€26-3

-0

ase 2 o, (4. 6)

In order to find the best asymptotic estimate of o, (¢€)
we have to substitute in (4. 5) and (4. 6) the minimum
values of 8 for which R2 V RQ#8 is nuclear. Now, accord-
ing to Proposition 5 of Sec.3 the permissible values of 8
are:

(i) 1 < B for the nonrelativistic potential scatter-
ing;
(ii) % < B for the relativistic case. Thus for the

nonrelativistic potential scattering we find the
asymptotic behavior

lim €12-8g, . () =0

€00

(for any & > 0) (Axg),

whereas in relativistic potential scattering we find only

Oot (€
lim lo———-t( )

€00

=0 (for any 6 > 0) (Ag).

It should be emphasized that in our analysis the dif-
ference between the asymptotic behaviour Ay and Ay is
solely the result of the difference in the relativistic and
nonrelativistic kinematics of free particles expressed by
the differing functional dependence of the free Hamil-
tonian on momenta. And this difference of Ay, and Ay
does not point to any essential difference of the inter-
actions which produces the scattering in the two cases.

We conclude this section with a few remarks about the
relation of the asymptotic properties Ayy and Ay to com-
parable results found in the literature.

For nonrelativistic potential scattering with spherically
symmetric potential V(r) satisfying

fo°° Viry2dr < o,

one concludes from a study of the dispersion relations
that17

€l2g . ()= 0as e o,

Thus, our result Ay is a weaker version of this known
result. Our method of proof, however, is independent of
the known method. Although our method yields a weaker
result for nonrelativistic potential scattering it has the
advantage of being applicable to relativistic potential
scattering as well.
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As regards A, it seems that no such result has been
rigorously established in the literature for relativistic
potential scattering. It may be compared, however, with
the well-known Froissart bound

Oior(€) < c(loge)2  as € = o(F),

which has been derived from the postulates of quantum
field theory.8

The result A; is, of course, weaker than (F) in two re-
spects:

(1) Since our analysis in this paper is limited to simple
scattering systems, the asymptotic property A refers to
elastic cross section only, whereas the bound (F) applies
to the total (i.e., elastic + nonelastic) cross section. As
mentioned in the Introduction, we shall remedy this de-
ficiency in a forthcoming publication where we extend
the analysis of the present paper to scattering pro-
cegses with complex optical patentials.

(2) Aside from the above, A; is also a weaker result
than (F) since an upper bound of the type

Oorl€) < ¢ (loge)®» ase— ©
is consistent with Ay for any positive integer »n, whereas
Froissart bound specifies #n to be 2.

APPENDIX

We demonstrate Lemma 1 stated at the beginning of the
proof of the Proposition 1,

Proof of Lemma 1: Since UyF(p)Uy = F(p — A), one
has

o

Il IxleU,ROUXG — ¢112 = f| Z‘(p—l_”ﬂ:_z - 1|2I¢(p) [2d3p.

(A1)
For fixed A, we integrate separately in (Al) over the
sphere S, » = {p!Ip| = (A [/2} and over its exterior.
Let €, ,(p) be the characteristic function of the sphere
Siise \62e show that both parts converge to zero as

[A] =,

(i) The integral over S, » reads

flf@—_'l;l)a—_z - 1lzemn/z(p)|¢(p) 12d3p. (A2)

Its integrand converges pointwise to zero as |A{ = ® in
view of the asymptotic behavior of F(p). Moreover, for a
given positive € there exists a number A, such that

LY
IF(—AS‘S 1+e forall a|l=A,.

We choose [A]| = 2A, and obtain the following majoriza-
tion (recall that Rez < 0):

Afe

|F(p _—I—xxla_—z— 1|elll/2(p) = Welllm(p) + 1‘
Al
~ {[F® —A) — Rez? + (Imz)2}1/2 O 2@ + 1

< -ﬁpp‘_'—;jem,z(p) +1.

For [p! > |A]/2 the first term of this last expression is
zero, and for the p = |A]/2, it is majorized by
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Al _lp=ale e _ gL e
Flp — ) u.vz(P)—F(p_l) Ip——xl"‘_( )22,

Since if [A|= 2A_ and |p| = [a|/2, one always has
lp—al= Al - Ipl=|rl/2 = A,. Therefore,for a
given € > 0, the integrand in (A2) is bounded by the inte-
grable function (1 + (1 + €)2%)|¢(p)|2 for all |r|greater
then the number 2A_ (which is independent of p). The
dominated convergence theorem implies that the part of
the integral over S,,,, vanishes as |A| = .

(if) To evaluate the contribution of the exterior of Sy,
we consider the following inequality

IXCE e
Fp—2)—=z ~ {[F(®— 1) — Rez]? + (Imz)2} 12
+ 1= —-Il[a + 1,
|Rez |

which is valid because F(p) is positive and Rez < 0.
We have now

Al
j;pl>lkl/2‘F(p —A)— 2z

= (-2 4
|Rez |

If ¢(p) belongs to R, the integral on rhs of (A3) vanishes
faster than any power of |A| as [A| = ©. And this con-
cludes the proof of the lemma.

~1|* o) 1203p

1> *f | 90120, (A3)

ACKNOWLEDGMENTS

It is a pleasure to thank Professor J.M. Jauch who
stimulated our interest in the problem. It is also a
pleasure to thank Professors W. E, Brittin and T, T. Chou
for their encouraging interest in this work and for help-

J. Math. Phys., Vol. 14, No. 8, August 1973

1005

ful discussions. We also thank Professor H, Greenberg
for his hospitality to one of us (Ph.M.) at the University
of Denver,

IT. Kato, Perturbation Theory of Linear Operators (Springer, New
York, 1966) Chap. X, Sec. 3.

2M. S. Birman and M. G. Krein, Dokl. Nauk SSSR. 144, 475 (1962).
3J. M. Jauch and K. Sinha, “Scattering Systems with Finite Total

Cross Sections” (Preprint, University of Geneva).

4]. M. Jauch, K. Sinha and B. Misra, “Time-delay in Scattering
Processes”, Helv. Phys. Acta 45, 398 (1972).

5See Ref. 1, pp. 546-567.

§T. D. Newton and E. P. Wigner, Rev. Mod. Phys. 21, 400 (1949).
7Although “relativistic potential scattering” is a contradiction in terms
we use this expression to refer to the scattering systems defined by the
free relativistic Hamiltonian Hy = (P2 + m2)1/2 and a total Hamiltonian
of the form H = Hy + V(Qp y).

8For a review of experimental and theoretical findings on high energy
scattering see, R. J. Eden, High Energy Collision of Elementary
Particles (Cambridge U.P., Cambridge, 1967).

IM. Froissart, Phys. Rev. 123, 1053 (1961). A. Martin, Nuovo Cimento
42,930 (1966).

10Cf. Lemma 5.32 of C. R. Putnam, Commutation Properties of Hilbert
Space Operators (Springer, New York, 1967).

11IM. A. Naimark and V. Fomin, Amer. Math. Soc. Transl. Ser. 2 §, 35
(1957).

121. H. Loomis, An Introduction to Abstract Harmonic Analysis (Van
Nostrand, New York, 1953).

13 Although for convenience we have taken this limit to be 1, for the
validity of the proposition it is only necessy that

lim  F(p) _

1Pl > o TPl ~ C+0.
'*We recall that V' is said to be Hy-bounded if D), O Dy, and there
exist constants a and b such that | VY| | < al IHg¥1i+b1i ¥ || forall
] eDHO. The greatest lower bound of the permissible values of a is

called the Hy-bound of V,

'$J. M. Jauch, Helv. Phys. Acta 31, 127 (1958).

'6T. Ikebe, Pac. J. Math. 15, 511 (1965).

'R. G. Newton, Scattering Theory of Waves and Particles (McGraw-
Hill, New York, 1966).



Properties of matrix representations of SU(3)*

A. McDonald' and S. P. Rosen

Purdue University, Lafayette, Indiana 47907
(Received 17 January 1973)

Matrices representing the Lie algebra of SU(3) can also serve as Clebsch-Gordan coefficients for the
direct product of the basis states of the representation times their adjoints. This fact enables us to
obtain a number of properties, both general and specific, of SU(3) matrices. To carry out our
program we develop a general formula for constructing a symmetric tensor of rank (n +1) from the
product of a tensor of rank n times an octet. We then deduce some general properties concerning
the multiplicity of representations contained in the direct product of a representation and its adjoint.
In the specific cases of the six- and ten-dimensional representations we obtain the characteristic
equation for the SU(3) matrices, and for the 27-dimensional representation we obtain other
properties. We also compute the traces of products of two, three, and four matrices in any

representation.

1. INTRODUCTION

There are two ways of looking at matrix representa-
tions of a Lie algebra: either as sets of matrices obey-
ing the commutation rules of the algebra or as Clebsch-
Gordan coefficients for the basis states of representa-
tions and their adjoints. The first viewpoint certainly
gives us the tools with which to determine the proper-
ties of all representations of the algebra, but there are
times when the second viewpoint is actually more con-
venient, This is particularly true of properties which
are special to one representation and do not have simple
counterparts in other representations, for example the
anitcommutator of two matrices. Here we shall study
this kind of property for the algebra of SU(3).

The essential point we want to make is that the Clebsch-
Gordan series for a representation times its adjoint
can be used to deduce properties of the matrices that
span the representation. If, for example, a certain rep-
resentation does not appear in the Clebsch~Gordan
series, then any combination of matrices corresponding
to that representation must vanish, If a particular
representation occurs only once in the series, then all
combinations corresponding to it must be proportional
to one another. Symmetry or antisymmetry under the
exchange of the original representation and its adjoint
also carry definite implications for the matrices.

To develop the point more precisely, we suppose that

the (# X #) Hermitian matrices B (@ = 1, 2,...,8) obey
the SU(3) commutation rules!
[Boc’BB] = zfaBy Y (1.1)

and that the state vectors y,(a = 1,...,#7) transform
according to this representation under the action of
abstract SU(3) generators T

[Tot-’ TB] = aﬂyTy’

[Ta’wa] = l‘/b(‘BoL)ba‘

The representation adjoint to B,
transpose of B,

(1.2)

is given by the negative

—B_a =— Bg, (1.3)
and the corresponding basis vectors ¥,(@ = 1,2,...,n)
are such that

[Tou l_p_a] = Wb(Ea)M = — (Ba),,ﬂ;,,- (1.4)
Under the action of T, the product vector

R, = (Rx)abwa‘rb’ (1.5)
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where R is any (z X n) matrix, transforms according
to the rule

[Ta’ﬁx] = (Rx)ab[wc(Ba)cawb + wﬂ_w—c(ga)‘f‘b]

= [Ba’Rx]abwawb’ (1-6)

Thus the effect of the operator T, upon the product vec-
tor R is governed by the commutator of the matrices
B and R,.

We can construct matrices R, from the B, themselves,
from their dual matrices

=d, BYB (1.7
and from symmetrized products of two or more of these
SU(3) matrices. If R, is one of the B, then, because of
the commutation rules of Egs.(1.1) and (1.7), the corres-
ponding vector R behaves as a member of an octet. If
R, isa symmetrlc product of two B , matrices, then R
will be an admixture of (27)-plet, octet and singlet; the
last two components can be removed by adding suitable
counter terms to R, and we are then left with a pure
(27)-plet combmatmn of Y, and tl/b. In a similar way, we
can make (64)-plets, (125) -plets, and higher representa-
tions from ¥, ® l[/b by taking the R, to be symmetrized
products of three, four and more B and B matrices.

This procedure for constructing R, matrices of higher
and higher rank can obviously go on ad infinitum,but at
some point we reach the maximal representation con-
tained iny, ® 17,,. The next step in the procedure then
takes us to a representation that does not exist for the
particular vectors under consideration, and the only way
to avoid a contradiction is for the corresponding R
matrix to vanish. K, for example, the maximal repre-
sentation is the (¢ + 1)3-fold one, the appropriate R, is
a symmetric product of # B, matrices plus the counter
terms necessary to remove lower representations; the
R, made from (& + 1) B, matrices plus counter terms
corresponds to the (& + 2)3 fold representation, and so
it must vanish in this case.

It is also possible to construct other R, matrices for
the (¢ + 1)3-fold representation by replacmg one or
more B, by the dual B,. Now the maximal representa-
tion occurs once and only once in the Clebsch—-Gordan
series: consequently, these other ways of constructing

it must all be equivalent to the first one, and the various
R_ matrices must be proportional to one another. The
same argument applies to any representation that occurs
fewer times in the Clebsch~Gordan series than there
are ways of making it from B and B .

Copyright © 1973 by the American Institute of Physics 1006
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The vanishing of R, matrices which correspond to
representations not contained in ¥, ® ¥,, and the pro-
portionality of others corresponding to representations
that are unique both provide us with relationg between
products of B matrices. In the product 3 ® 3, for
example, the maximal representation is the octet, and
so the combination of A matrices corresponding to the
(27)-plet must vanish:

P agh— 2d g, — (1.8)

In 8 ® 8 the (27)-plet occurs only once, and so the appro-
priate combination of two F matrices must be propor-
tional to the one obtained from two D matrices2;as a
result we find that

{F o, Fgt + 3{D, Dg} = 26 41.

16,0 = 0.

1.9)

Furthermore, this (27)-plet is symmetric under the ex-
change of the two octets, and so the (27)-plet formed
from one F and one D matrix must vanish because it is
antisymmetric:

{Fo, Dg}t +{Fy,D,} — 2,4 F, =0. (1.10)
These results for the 3- and 8-dimensional represen-
tations are of course well known, 1.3 and they have been
derived in other ways. Nevertheless, they do illustrate
the point that we can use the Clebsch—Gordan series
for y, ® Y, to obtain properties of the corresponding
SU(3) matrices. Here we shall use this observation to
determine the characteristic equations for matrices in
the 6- and 10-dimensional representations, to obtain a
general property of (27)-plet matrices, and to compute
the traces of products of B, matrices.

In the next section of the paper we discuss some general
properties of SU(3) matrices that hold in all represen-
tations. We also consider two special classes of repre-
sentation: the triangular class in which the dual matrix
B, is proportional4 to B_; and the self-adjoint class in
which B, is unitarily equivalent to B,. The third section
deals with the basic technical problem of the paper,
namely the construction of tensors belonging to the

(%, k) representation of SU(3) from symmetrized pro-
ducts of B, and B; matrices. We solve it inductively:
that is, given a tensor of rank (k2 — 1), we show how to
combine it with one B, or B, to form a tensor of rank k.
Our formula enables us to build second-rank tensors
from the B, and B, matrices, and then to use them to
construct third-rank ones; after that we use the third-
rank tensors to construct fourth-rank ones and so on,
We also prove a general result concerning the number
of times the (&, k). representation occurs in the direct
product of a representation times its adjoint.

In the fourth section we show that the third-rank tensor
must vanish for 6-dimensional B , matrices, and that
the fourth-rank tensor must vanish for 10-dimensional
ones. From these conditions we then deduce the charac-
teristic equations for B  matrices in the 6- and 10-
dimensional representations, respectively, In the fifth
section we observe that the direct product of two (27)-
plet vectors contains one symmetric and one antisym-
metric (64)-plet, and from this we obtain some general
properties of B , matrices in that representation.
Lastly, we note that tensors we construct must have
zero trace, and this enables us to compute the traces of
products of B, and B for all representations.

2. GENERAL PROPERTIES

Our object in discussing the general properties of SU(3)
matrices is to demonstrate that, in any representation,
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B, and B form a complete set with respect to octets;
that is, any other octet matrix, for example d 4, BB ”
can be expressed as a linear combination of B and B,
This result is neither surprising nor new,5 but the
specific formulas to which it gives rise will be very
useful in our subsequent analysis.

By definition, the matrices B satisfy the commutation
rules of Eq. (1.1):

[Bo» Byl = if ugyB,-

That the dual vectors B g satisfy a similar commutation
rule, namely

[quEB] = ifaByEB’

follows from the definition of fiB in Eq. (1.7) and the
Jacoby identity

2.1)

SimaGin T LnGmjn + 4% e = 0. (2.2)

Equations (1.1) and (2. 1) mean that B, and B, both
transform as octets under the action of B ,.

Because the structure coefficients if;, are antisym-
metric under the exchange of adjacent indices, the B
matrices commute with the two Casimir operators5.6

My = 2B, B, =My(pty, up)l
and (2.3)

My=2B,B, =2, B BB, =—Mypy,n,l

where I is the unit matrix. The eigenvalues 1, and
I3 are functions of the characteristic numbers?
(nq, py) of the representation,

Molpysuy) = 5[0 + pg + (uy +u)2 + 6(py + py),

Mgy pg) = §pp — uy) [(By + 28p) 0y + 2py)

+9(py +uy +1)], (2.4)

and the dimension of the representation is given by7

D(I-‘p I-‘z) = %(P-l + 1)(IJ'2 + 1)(111 +p, + 2). (2.5)

As a special case we note that in the octet (p, = By =1)
the B, can be represented by the structure constants

(Ba)ab = (Fot)ab = ifotab (2. 6)
and the quadratic Casimir operator then becomes
F. F, =3I 2.m

From the antisymmetry of the structure constants, we
find that for any representation

ifaﬂyBBBr = %ifaﬂy[BB’ By] = %(FBFB)(ZTBT'

Therefore, using Eq. (2. 7) we obtain

ifaeyBBBy =— %Ba. (2.8)
By the same argument we can show that
ifog,BgB, + ByB.) =— 3B, 2.9)

In order to separate the two terms on the left-hand side
of Eq. (2.9), we use the definition of B, in Eq. (1.7), the
identity of Eq. (2. 2), and the trace condition?
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Tr(FaFBDy) = %daﬁy (D)= dy gl (2.10)  In self-adjoint representations the matrix B, is uni-

to write tarily equivalent to its adjoint B, (see Eq. 1. 3),

. . . UBU1l=B_=-—BT

fasyBsBy = ifapy@yprBeB B+ * * * .22

= ifupyBgB, — 3B, —i fasyBeB,e (2.11)  and the characteristic numbers are equal to one another:

Combining Eqgs. (2.9) and (2. 11), we have By = by = L. (2. 23)

if upy B 337 =i faﬂyfi §B,=— $B,. (2.12) Hammermesh? has given general arguments to the effect

Before we consider the effect of multiplying B,B_ by
/) faBy’ we need a result involving the d oB coeffgcients.
If we multiply both sides of the identity3
dijocdlala + dikadljct + diladjka
= 506,04 + 8,8, + 06,0, (2.13)
by B,B,B,, we obtain

2d,,,B,B, — Tr(D, F,D)BB, + dyB, B, = M, — DB,

(2.14)
Now because3
Tr(D,DF,) = gz'f,.“,, (2. 15)
Tr(DF,,) = 0,
we find from Eq. (2. 14) that
dlkaEaBk = dlkaBkEa =(} Mo(py, pp) + %)Bt . (2.16)

With the aid of this result and the identity in Eq. (2. 2),
we can now show that

if apy BeB, = ifapydyprBsB,B,

= %(mz(ult “2) + %)Ba' (2.17)
Lastly, by multiplying Eq. (2.13) first by B, B, B, and
then by B; B; B B, we obtain the two results

Ao By By = — $M 30y, 9B, — By 0y, 8p) — DB,
(2.18)
and

BaEa= % %mz(#p I»‘vz) + %)mz(“p ”2)1- @. 19)
This completes our demonstration that all octet mat-
rices must be linear combinations of B, and B,,.

The results obtained above are valid for all represen-
tations of SU(3), but their forms for two particular
classes of representation, namely the triangular and

the self-adjoint, are of particular interest to us. In
triangular representations one of the two characteristic
numbers is zero and the dual matrix B is proportional®
to B,

@2up, +3)

_ —%— Bar  #2=0,

“T ) @uy +3) (2.20)
L AL S

It is not difficult to show that all the formulas in Eqgs.
(2.9)-(2. 19) are consistent with Eq. (2. 20) when either
By OF p, vanishes;the dimensions and quadratic Casimir
eigenvalues are given by

D=3p+1)0u+2), IM,=73u(p+3), p=p,oreu,.

(2. 21)
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that the transformation matrix U of Eq. (2.22) must
either be symmetric or antisymmetric; and that when it
is symmetric the matrix B, can be chosen in such a
way as to be equal to its adjoint. Biedenharn, Nyuts,
and Ruegg1© have shown that for self-adjoint represen-
tations of SU(3),the matrix U is indeed symmetric: we
shall therefore assume that for these cases
B, =—BL

o

(2.24)

Being Hermitian, B  must be antisymmetric and pure
imaginary, while its dual B is symmetric and real:
Ea=1§g= (Ea)*. (2. 25)
The best known examples of this type are the F_ and D
matrices of the octet (1, 1) representation. As in the
triangular case, so here the results in Egs. (2.9)-(2.19)
are consistent with Eqgs. (2. 23)-(2. 25); in particular, the
dimension of these representations are perfect cubes,
and the cubic Casimir eigenvalue is zero:
D(f, 1) = (& + 1)3,

m3(ﬁ! ﬁ-) =0, mz = 2“'(“ + 2)'

(2. 26)
3. SYMMETRIC TENSORS

We turn now to the construction of symmetric tensors
from products of SU(3) matrices. Since our method is
an inductive one, we begin by discussing the general pro-
perties of an nth-rank tensor. We then show how to
combine it with B or with B, to form a tensor of rank
(n + 1), and we give examples of tensors constructed
from products of two, three, and four B, and B mat-
rices. Finally, we show that the representation (», n)
cannot occur more than (# + 1) times in the direct pro-
duct of a representation and its adjoint.

A. The general tensor of rank n

LetT,,,...,, denote a tensor of rank » which is sym-
metric under the exchange of any two indices:
Til...ir “es iS iy = Til... is Sttty (3- 1)

Under commutation with B_, each index of the tensor
behaves ag if it were an octet [see Egs. (1. 1) and (2. 1)],

[Bo» Tipsyee 1, = Fain Taay oo,

+ifqu ZTipnees, T 000t ifa 2T, on (3.2)

and so the quadratic Casimir commutator is given by

2[B,,(B,, Tiliz"'in]]
n

=2 2, (F F,), ,T, ...

r=1

2 rgs {FiriF;s})\p iy ir_l)\ Bigyy i,

R S R P

(3.3)

where 2., . . denotes the sum over all pairs of indices
with » < s and includes $7(7n — 1) terms. Because of
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the results in Egs. (1.9), (2. 7), and (2. 13), the left-hand
side of Eq. (3.3) can be rewritten as

Zn(n + 2)7‘z i "'i -2 yZ<>s 6, t?“l)\-“}\is+1“.in
-6 2 d,; pme iy hpig iy (304)

r<s

One way of ensuring that Tiiyeeiy, be an eigentensor of
the Casimir commutator is to require

p)\p iy i aAp =0 (3- 5)

Tyeryr an =4
for any subset (¢} - #],_,) of (z — 2) indices chosen
from the original set (¢, -+ ¢,). Since these conditions
also ensure that T; ; ...; is an eigentensor of the cubic

Casimir commutator with zero as its eigenvalue (see
the Appendix for details), we shall henceforth assume
that they are indeed satisfied. The eigenvalue equations

2[‘Ba’ [Ba; Ti1i2"'in]] = 2"(” + Z)Tili
Zdaﬁy[Ba’[BB7 [B Tlllz ’n]]] =0

then imply that the nth rank tensor transforms according
to the representation (%, n) of SU(3) [see Eq. (2. 26)].

The conditions of Eq. (3.5) can be understood by noting
that the totally symmetric product of n octets contains
(n, n) as the maximal, but not the only, irreducible rep-
resentation in its Clebsch—Gordan series!!;for ex-
ample, in the case n = 2, the series contains a singlet
and an octet as well as the (27)-plet. Equations (3. 5)
serve to eliminate all representations other than (#n, n)
from the tensor T . They also have the following

very useful consequence

e q 9

(3.6)

Consider the quantity

Q = dygplyp, Ty ooviaye 3.7)

n-2
Because the tensor is symmetric in A and p we can re-
write @ as
=1

Q = Z(d)\apdpﬁp + d“anABP)T“ i At (3.8)
Then, using the identity of Eq. (2.13) and the conditions
of Eq. (3.5) we obtain

Q=5T; i ap (3.9)
There will be many opportunities to use this result in
the calculations of the next subsection.

B. Constructing the tensor of rank (n + 1)

To construct a tensor of rank (z + 1) which satisfies
Casimir conditions equivalent to Eq. (3. 6) with z re-
placed by (n + 1), we consider the product

T = z T, ....C,

1] 1 1 ’
. i eve g 1 n n+l
cpligeraiy,)

(3.10)

where the ‘summation runs over all cyclic permutations
of the indices (¢,,...,%,,,), and C; ,, can be either
Bin+1’ or Bin”, or any other octet matrix. After some
manipulation like that used in Egs. (3. 3) and (3. 4), we
obtain the basic result

2[B,,[By, Tl=2(n+ 1)(n + 3)T— 120 — 4N,  (3.11)

where
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=2 d,

r<s

sP P>‘PT l...i;‘_l)\c“,

(3.12)
= E)s 8 i Tiseiy 2Crv
The sum ,<g Tuns over all pairs (i, ) w1th r < s and
it contains 2n(n + 1) terms; the mdlces (#)...4,_,) are
those remaining when Z, and ¢_ have been removed
from the original set.

If we multiply Eq. (3. 11) by 6; .i,, »Sum over all values
of these indices, and make use of Egs. (3.5) and (3. 9) we

find that

2[B,,[B,,T; NeN

= 2(n— 1)(12 + I)Til.“in'lxcx.
R (3.13)
Consequently the quantity N of Eq. (3. 12) is also an

eigentensor of the Casimir operator:

FRALE P

2[B,, [B,, N1l = 2(n2 — DN. (3.14)

We now multiply Eq. (3. 11) by d,, ,» sum over all
values of the indices (zn, n,,1), a.nd then sum over all
permutations of (¢,,...,%,.y,%,). With the aid of Egs.
(3.5) and (3. 9), and of the identity (2. 13) written in the
form

{Di’Dj}aﬂ == dijk(Dk)aB
3 (6” ag T 84058 +0,3054), (3.15)
we obtain the result
UBoo (B | D i Tieniy )
=2n(n+2) p(f? . d; auTi,o1, 2Cy
—4 Eg d; Typeeoss,nCno (3. 16)

where (i« -« #}_,) represents the indices remaining
when ¢, and ¢, are removed from (i; - -- 7). Equations
(3. 16) and (3. 13) imply that the tensor

Til"'in = L"p(i%;"i”) dinxﬂT’:l"'in-l)‘C#
2
T @m0 2 Gt il @17

transforms according to the (z, n) representation of
SU(3):

2[B,,[B,, T in]] =2n(n + 2)T",.l. (3.18)
To determine the effect of the Casimir commutator
upon L we must multiply Eq. (3. 11) by d,, pdp, iy
sum over all values of i, and ¢,,,, and then sum over all
permutations of (¢, -+ 7,_,7,7, ). In addition to Egs.
(3.5) and (3.9) we need an identity, namely

D,D
2 allpZe;rms(Da )

-z

1
c'plabe) [Gab(Dc)aﬂ * iﬁa“dbce +3 50, dbca] abcdaﬂy

(3.19)

which can be proved by applying Eq. (3. 15) to the double

anticommutator ), {D,,{D,,D_}}. We then find that
cpladbe

2[B,,[B,, L] =2(n2 +n + DL + 211 — 2 (n — DA,

(3. 20)
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where

M=x X

r<s<t c.p(rst)

4 s by Tipe iy nC,  (3.21)

and the summations in # involve 1 (n + l)n(n — 1)
terms corresponding to the permutatlons (i,i
i/,_,) of the original indices (¢;---7,,,).

Multiplying Eq. (3. 16) by d
techniques as in the case of L we have that

2[B,, [B,, M]] = 2(n2 + 2n— 1)1

y’ LAY
ltil

L erin and using the same

+2n— 1L —2(n— 1)N—8P, (3.22)
where
P= r(sZ<>t<P C'PZ(Z’st) dif is}‘ditiP"Til'“ i;t-a)“‘"c"' (3.23)
It follows from Eq. (3. 13) that
2(B,, [B,,P1] = 2(n2 — 1)P. (3.29)

Putting all of these results together we can show that

the (n + 1)th-rank tensor defined by
N 4(n + 2)
g =T ——0 2
1 fan (n + 1)(2n + 3)
2 - 2n2+6n+17 o4

—(n+ 1) (2n + 3) 3(n +
+—— 2 p
(n + 1)2(2n + 3)

[where T, L,M, N, P are as in Egs. (3. 10), (3. 12), (3. 21),
and (3. 23)] is the desired eigentensor:

1)2(2n + 3)
(3.25)

2B, [By, Ty ooy, =20+ D +3)T, ...y . (3.26)
It is straightforward to demonstrate that
Ty pan = dpny Tyny 2y =0 (3.27)

and so, as shown in the Appendix, the cubic Casimir
operator has zero as its eigenvalue:

dypy[By, [Bg [By, Ty .. T =0.
Thus T; transforms according to the (n + 1,7 + 1)

representation of SU(3).

(3.28)

1... ey

C. Some second- and third-rank tensors

The simplest application of the formula for T,-l... fne

Eq. (3. 25) is to the case # = 1, with the first-rank tensor
T, being either Bi or B . Since there are only two in-

dlces available and the quantltles Mand P require at
least three and four, respectively [see Egs. (3. 21) and
(3. 23)], they do not come into play. The general formula
then becomes
Tyi,=T—

e s L—iN. (3. 29)
There are three basic choices for the pair of first-rank
tensors (T, ,C, )

(Ti].’ciz) = (B; ;B' ):

= {Bi } B

d; 12 T 8m26

I; (3. 30a)
(Tix’ Ciz) = (Eil’Biz):

Ti:,= EilBiz +B;,B;, — w2, + 3)d; ; .08,

+ M 3d; ;1 (3.30b)
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(Til, Ciz) = (Eil’ﬁiz):
Ty, ={Bi, B} + 5@M,—3)d, ,; B,
53"‘ d; inP p %mz(zmz + 3)6,-1,-21, (3.300)

where I is a unit matrix of appropriate dimensions, W,
and M 5 are the eigenvalues of Eq. (2. 4), and use has
been made of the identities of Eq. (2. 16) and (2. 18).

When 7 = 2, the quantity / [see Eq. (3.21)] does contri=
bute to the thlrd-rank tensor T, of Eq. (3.25), but P

1 i 13
[see Eq. (3. 23)] still does not. The general formula for
the tensor is given by

Tyi = F-BL—AA 18

ti1tats

(3.31)

and there are four basic choices for the components
from which Tiiyi, is constructed. They are

(a) three B; matrices:

T(: is allE
perms

LPLPLN

2 ¥ d;y Eiasp—%(mz—z)

1,8
cpliyiyig) 1 2P

Zp i, i

(b) t{wo B, and one B,.:

» ~
BoBiBy— cpliyigig) %00 Bp By

EMyd, (3. 32a)

3

T®) | = > B. B. B
f1%2% allperms (i i,i,) 4R

—i@m,+3) X 4,
epliyiyig) !

> d,. .(8B,B, +BB,)
ep(igiyig) hiap P
-3 X d.., (D F
D ep Gy 2P P

— & (391, — 11) ;Zx,’ 5,8

L

i3

+ Lom, f?, 8y4,Bs, + MM, + 3)d, ; ; 1;

- (3. 32b)

(c) two B;and one B;:
() = B . B.
T‘l‘z allgrms BilB'zB’s
(i, 5i3)
—= 2 d;, (109, +17)B, B
epliyigig) !
~(49m, - 10)B, B, — 12M3B,B, ]
-1 % dilizp(DPF"a)uf (B,,B]

ep i
— s (29, + 3) (39T, — 11) Z) 5y

M5 I:
2 bilizBis_ uo 3(23“2 + 3)d; 1its I
cp

(3. 32¢)

(d) threeB;:
@) = .
T‘l’z’a a.upze;rmsB 1 ‘zB‘s

(i iyig)

18 5 B R

-3 CZ% dilzzpdp)\pB)tBia u

(i, ,ig)
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-z %
2 cp(iyigig)
+5QM, +3) 2

cp(iyiyig)

d M‘Bkéaﬁu

da, ;
ijiao iy

dilizp{Bp’Ei }

3

49M
43 d;,; (8B, B +B,B, s)
63 cpli,iy) itz
% (292 — 391, — 3) E 84,8,
+3 My ?p 656,814
+ 555 [489MF — M, (4ME — 9)]d, , , 1. (3.32d)

As a check on these formulas, we note that in the tri-
angular representation (u,0) they are all proportional to

(R) = +
T LALPLAY allérms (2}1 3) Z dl it poB
Gyiyig)

+3@—pulp+3) 28, B,
c'p

B, B, B, —

+3—15/,L(u+ 3)(2u + 3)di152131. (3. 33)
The first occasion on which the term P of Eq. (3. 23)
contributes to the symmetric tensor of Eq. (3. 25) occurs
when » = 3. In general there are five basic choices of
tensor corresponding to the different numbers of B; and
B matrices from which it may be constructed. For the
tnangular representation (u, 0) they all reduce to

T(R)

LI

= T BB, B,
allperms h
(i ,0qi,)
2
—2(2u + 3) E)s di,ispo{Big’Bi;}
1
+gulu+3) 72 di,1 0 diygr1B oy Br
— %2 +21p—54) 2 Gi,is{Bié:Bi;}
r<s

+ 535 (2u + 3) (482 + 144y — 25) Z) d;

ijig 13 iy

2u + 3)(99u2 + 297 940
sxsso(u ) (99 u— 940)

x2d,

r<s

XZ d: 13 pdlét'T

r<s

B, — a5 (21 +3) (212 + 63 + 40)

r
i,dp z 3tq

p'rBB

2mli(ﬁ’+3)(ll2+3#— 18) 25 6, i 5, i ,I

r<

° . 34)
where (13, i) denote the pair of indices remaining when
(i,,i,) is removed from (i,4,i47,). For other represen-
tations the fourth-rank tensors are much more compli-
cated, and we have not worked them out.

D. Multiplicity of representations

Since the symmetric tensors of rank » are constructed
from some number, say 7, of B , matrices and a comple~
mentary number (n — 7) of B ma,tnces, the largest
number of independent tensors is (n + 1) corresponding
to the number of ways of choosing . In the case of the
third-rank tensors, for example, there are four different
forms [see Eq. (3. 32)]; for some representations all
four will be independent of one another, and for others,

such as the triangular ones, they will not [see Eq. (3. 33)].

Now each tensor can be used to pick out an SU(3) re-
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presentation (%, ») in the direct product of a basis vec-
tor Y, and its adjoint ¥, [see Eq. (1.6)]. Consequently
the maximum number of times that (nz, #) occurs in

Y, ® tpbls (n + 1).

The best known example of this result is the octet (1, 1)
which never occurs more than twice in y, ® ¢, and
sometimes only once. The same is true for the general
case: sometimes the maximum number is realized, and
at other times it is not. Generally speaking, the repre-
sentation (#, n) occurs a maximum number of times
when ¥, belongs to the SU(3) representation (p,q) with
both p and q greater than or equal to #.

4. CHARACTERISTIC EQUATIONS FOR TRIANGULAR
REPRESENTATIONS

If the basis vector Y, transforms according to the tri-
angular representation (i, 0) of SU(3) and its adjoint ¢,
according to (0, ), then the maximal representation con-
tained in the direct product ¢, ® ¥, is (u, u). Conse-
quently, the tensor T; i, of rank » = u + 1 correspon-

ding to the ¢, ® zp,, state (u + 1, 4 + 1) must vanish
when the B, matrlces from wh1ch it is constructed be-
long to the representatlon (1, 0). For the six-dimension-
al representation u = 2 and so the third-rank tensor
vanishes; for the ten-dimensional representation p = 3
and the fourth-rank tensor is zero. We now use these
results to obtain the characteristic equations for B, be-
longing to these representations.12

A. The six dimensional representation
The third-rank tensor that must vanish is the one in
Eq. (3. 33) with p = 2:

) = —_
T{%), = 2, B;B; B, 3§di1i2pBB

t1¥ 2l allperms !
- g 8;:,Bs, " 2d;; ; 1=0. (4.1
We introduce the octet vector 7,(i = 1,2,..., 8), define
the quantities12
O, =d;;, M7y, X=m7;,, Y =d;,7,71;T,,
(Bn) =(B,;7;), (BO)=(B,I,) (4.2)
and then multiply Eq. (4. 1) by 7, 7;,T;, to obtain
6(B7)3 — 9(BO)(Bw) — 3X(Bw) + 2YI =0 (4. 3a)
or, equivalently,
9(BII) (Bw) = 6(Bm)3 — 3X(B7n) + 2YI. (4. 3b)

Next we multiply Eq.(4.1) by II, e, , and make use of
the results

d;;, 7,1, = 3X7, (4. 4)
to obtain
6(Bn)2(BIl) — 2X(B7)2 — 3(BI)2

— 2¥(Bm) —X(BI) + $X21 =0, (4.5)

Finally, we multiply Eq. (4.5) by (B7)2 and eliminate
(BII) with the aid of Eq. (4. 3b); we find that the matrix
(Bm) satisfies the equation

36(B7m)6 — 45X(B7n)4 — 21Y(B7)3 + 9X2(Bm)2
+ 3XY(Bn) — 2Y2I = 0.  (4.6)

To check that this is the correct eigenvalue equation for
(B7) we consider two special cases. When 7, is a so~
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called s vectorl3 (X =1, Y = 0), (Bn) behaves like the
z component of isospin and it should have an eigenvalue
spectrum corresponding to the isospin content T = 0, 3,
1 of the six-dimensional representation. Setting X = 1,
Y = 0 in Eq. (4. 6), we can rewrite it in a form

9(B7)2(4(B7m)2 — 1) [(Bm)2—1] =0, 4.7

which indicates that its roots are 0 (twice), + 3, + 1, and
so it does indeed have the correct spectrum for the s
vector case.

When 7, is a q vector13 (X = 1, ¥ = — 1/¥/3) the matrix
Q = (2/V3) (B7) behaves like a hypercharge operator and
in the six-dimensional representation it must have a
spectrum corresponding to the relation 7 = 2 + 1Q.
Setting X = 1, ¥ = — 1/4/3 in Eq. (4. 6) we obtain an
equation, namely

(3Q)6 — 15(3Q)¢ + 14(3Q)3 + 36(3Q)2 — 24(3Q) — 32 =0,

(4. 8)
which after some manipulation reduces to one with the
desired eigenvalue spectrum:

(3Q —2)3(3Q + 1)2(3Q + 4) = 0. 4.9

Thus Eq. (4. 6) behaves like the characteristic equation
for six-dimensional B; matrices in the special cases of
s and ¢ vectors, and so we can be confident that it is in-
deed the characteristic equation for the general case.

B. The decuplet

For the decuplet the vanishing fourth-rank tensor is a
special case of Eq. (3. 34) with u = 3. We follow the
same procedure as above and multiply the tensor first
by =, @, ;7 and then by T i, i, e, This gives
us two equations, namely

4(B7)4 + 3(BI1)2 — 12(B7)2(BN)

— 4X(Bw)2 + 6Y(Bw) + 3X(BI) =0, (4.10)
4(Bm)3(BI) — 2X(Bm)3 — 6(BN)2(B7) — 2Y(B7)2
— X(B7)(BI1) + 3Y(BIl) + 2X2(Bn) =0, (4.11)

which, as we have shown elsewhere, 12 yield an equation
of tenth degree for (B7) when (BII) is eliminated from
them. With X = 1, v3Y = siny, this equation is

(B7) [(4(B7)3 — 3(Bm))2 — 1 + 3Y?]

x[4(Bm)3 — 9(B7) —9Y] =0 (4.12)
and it has the correct spectrum of eigenvalues for the s
and q vector cases. Thus Eg. (4. 12) is the characteris~-
tic equation for matrices belonging to the triangular
representation (3, 0) of SU(3).

It is evident from the examples of the 6- and 10-dimen-
sional representations that we can obtain the charac-
teristic equation for any triangular representation (u,0)
by setting the symmetric tensor of rank (u + 1) equal to
zero, and then multiplying it by products of the octet
vector 7. Products involving the dual vector, for ex-
ample B°Il, can be eliminated with the aid of identities
like Eq. (4. 4) and other techniques used above. The re-
sulting equation for (B*#) will be valid in the special
cases in which 7, is either an s or a ¢ vector, as well
as in the general case when it is neither one nor the
other.

5. SELF-ADJOINT REPRESENTATIONS

At the end of Sec. 2 we pointed out that in self-adjoint
representations (u; = p, = u) the matrices B, can .
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always be chosen to be antisymmetric, and their duals
B, to be symmetric. We shall now illustrate how this
fact can be used to deduce other properties of the ma-
trices by considering the special case of the (27)-
dimensional representation.

In general we can represent the basis vectors of self-
adjoint representations by symmetric tensors with ex-
actly the same properties as the tensor operators con-
structed from SU(3) matrices7? [see Eqgs. (3. 1) and (3. 5)]:

d/AE\Ui]jz...jM=lpj2jl...j“, (5.1)
where
wjljz"'jp-z77 = da57 wj.l.“jp-zay =0. (5. 2)

For the (27)-plet there are two such indices (1 = 2), and
for the (64)-plet there are three (1 = 3).

Let us form the direct product ¥ ; ® ¥4 in which both
basis vectors transform according to the (27)-dimen-
sional representation, and let us pick out the (64)-plets
contained in it. Since we require tensors with three in-
dices, we can construct them from two basic elements,
namely

(JB ® ‘VA)(D) = Z) dkiljl wilizwjljz’
(JB ® WA)(F) = Z ifkiljl"l_/

where the sum is carried out to symmetrize the pro-
ducts with respect to the indices (%, Z,,5,). Because the
f and d coefficients are respectively antisymmetric and
symmetric_under the permutation of their indices, the
(64)-plet (¥, ® ¥ )W) is antisymmetric under the in-

terchange of ¥ ; and ¥ 4, and (¥ 5 ® ¥, )@ is symmetric.

An alternative way of constructing these (64)-plets is to
form the third-rank tensors Tili i from the SU(3) ma-~
trices and then sandwich them between the states of the
(27)-plets ¢ , and ¥ ,. Now as shown in Eq. (3. 32), there
are four such tensors;in the self-adjoint case, two of
them, (3. 22a) and (3. 32c), are antisymmetric, and the
other two (3. 32b) and (3. 32d) are symmetric. But we
have just shown that in the product of two (27)-plets
there are only two (64)-plets, one symmetric and the
other antisymmetric. Therefore,the two antisymmetric
tensors from Eq. (3. 32) must be proportional to one an-
other, and likewise for the two symmetric ones. To
compute the coefficients of proportionality we multiply
the antisymmetric tensors by B ilB izBia , and the sym-
metric ones by B; B; B, . After much manipulation we
find that voe

(5.3)

ilizwjljz ’

383

— — 229 mn(
Tifizis - 1768 T"‘lzgzis ’
(5. 4)
@) = 31838 .(,
T‘ﬂzis 37 Til‘)zis

when the B; and B; matrices belong to the (27)-dimen-
sional representation.

To generalize this result, we note that when ¥, belongs
to the (i, u) representation its direct product with its
adjoint ¥ , contains the representation (2u— 1,2p — 1)
only twice, once in symmetric form and once in anti-
symmetric form. However, there are 2y distinct tensors
Til...,-z“_1 of rank (21 — 1), and in the self-adjoint case

half of them are symmetric and the other half antisym-
metric. Obviously then, the symmetric ones must be
proportional to one another when the B; are in the (i, 1)
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representation and so must the antisymmetric ones.
The computation of the coefficients of proportionality
is, however, an extremely tedious affair.

In conclusion, we note that similar arguments can also

be applied to lower rank tensors containedin 5 ® Y ,.
In the particular case of the (27)-plet, we learn nothing
new from this, but for other representations we do.

6. CALCULATION OF TRACES

As a final application of our results we use them to
compute the traces of products of SU(3) matrices be-
longing to an arbitrary representation. We show that the
traces of both the symmetric tensors of Sec. 3, and of
certain other tensors must vanish; then by working our
way through the second- and third-rank tensors, we are
able to compute the traces of products of two, three, and
four matrices. We can handle larger products in a
similar way, but we shall not do so here.

A. General

Because the trace of the product of any two matrices is
independent of their order, the trace of their commuta-
tor must vanish:
Tr([G, H]) = 0. (6.1)
Therefore, it follows from the commutation rule for two
B matrices [see Eq. (1. 1)] that
Tr(if

B,))=0. (6.2)

aBy

Multiplying by if,,, and using the property [see Eq.
2.7]
if paptfuny = 304y (6.3)

we find that the B matrices themselves must be trace-
less. Similarly, the trace of B, must also be zero. Thus,

Tr(B,) = Tr(B,) = 0. (6.4)
Now consider a symmetric second-rank tensor T;;
which satisfies the commutation rule

[Boy» Tyl = if0ipTe; + if0j6Tipr (6.5)

If we multiply both sides by if,; , and make use of the
symmetry of T;; as well as Eq. (6. 3), we obtain

if higBos Tijl = 3Ty — %{Fi’FB}ijiB'

With the aid of Egs. (1.9) and (3. 15) for {F;,F,} and
the general properties [see Eq. (3. 5)]

(6.6)

Tgg = dpus Tap =0, (6.7
we can reduce Eq. (6. 6) to

ifkia[Ba’Tij] = 4Tkj' (6.8)
Consequently, the trace of T kj vanishes:

Tr(T,;) = 0. (6.9)

It is not difficult to see that this argument applies to a
symmetric tensor of any rank, and so we have

Tr(T; ;.

in

)=10 (6.10)

as long as T";iz"' i, satisfies Eq. (3. 5).

J. Math. Phys., Vol. 14, No. 8, August 1973

A. McDonald and S. P. Rosen: Properties of matrix representations of SU(3)

1013

Suppose next that S;; is an antisymmetric tensor which
obeys the commutation rules

[Ba,sij]=ifaiassj+ifajﬁs,.5 (6.11)
and the subsidiary conditions
Si;i=—S;i» ifrapSap =0 (6.12)

The second condition ensures that S;; contains no octet
component, and so it is some combination of the (10) and
(10*) representations. If we multiply both sides of Eq.
(6.11) by if,,, and make use of the antisymmetry of
S,;;» we find that

if pialB o Si;] = 38y, — 2[F;, Fgly;Sip- (6.13)
From the commutation rule for F-matrices and the sub-
sidiary condition of Eq. (6. 12), we obtain

if pia[B o> sij] = 3s]¢j (6.14)
and hence
Tr(Sij) =0. (6. 15)

This argument can be combined with the previous one
for symmetric tensors to show that the trace of a ten-
sor of rank m and with mixed symmetry will vanish as
long as it obeys all subsidiary conditions like those in
Egs. (3. 5) and (6. 12). These subsidiary conditions
serve to limit the irreducible representations occurring
in the tensor, but from our point of view their important
effect is to ensure that the tensor contains no SU(3)
singlet. Since the singlet always commutes with the B,
matrices, its trace need not vanish, and in fact it does
not. All SU(3) singlets are proportional to the unit ma-
trix and their traces are proportional to the dimensions
of the representation being studied. Thus any tensor
containing a singlet will have nonzero trace, while the
trace of any tensor not containing a singlet will always
be zero.

We emphasize this point because we find it useful to
apply it to products of symmetric tensors Tir"in with
matrices B; and B,. For n greater than or equal to two
the product Tix"‘ inBJ' (or Bj) does not contain an SU(3)
singlet and so its trace must vanish; the same is true of
the product Til...i B;B; as long as n = 3, and 50 on.

This provides us with a useful labor- saving device in
practical calculations.

B. Products of two matrices

The three basic second-rank tensors are given in Sec.
3C. Setting the trace of the tensor in Eq. (3. 30a) equal
to zero, we obtain

Tr(B;B;) = M, D6, (6. 16)

where D is the dimension of the representation (ul, Ho)
given in Eq. (2. 5), and 9, is the Casimir eigenvalue of
Eq. (2. 4). Similarly,from Eq. (3. 30c) we obtain
Tr(B,B;) = M ,(29M, + 3)Ds,;. (6.17)
Setting the trace of Eq. (3. 30b) equal to zero, we find
that
Tr(B,B; + B,;B,) = —

Lo, D5,;. (6.17")

Now (B,B, —B;B,) is an antisymmetric tensor which

contains octet,(JIO), and (10*) components but no singlet;
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consequently its trace vanishes. We therefore conclude
from Eq. (6. 17) that

Tr(B,B;) = — M3 Ds,;. (6.18)

C. Products of three matrices

The simplest way of computing the traces of three ma-~
trices is to observe that, since the direct products

T,;; B, and T;; B, contain no SU(3) singlets, their traces
are zero. Taking the second-rank tensor of Eq. (3. 30a)
times B, and using Eq. (6. 18), we find in this way that

Tr[{B,,B;} B,] = — M 3 Dd,;,. (6.19)

But

Tr([B,,B;]1B,] = if;;, Tx[B,B,] = M, Dif,;, (6. 20)

and so
D .
’l‘r(BiBjBk) =16 (——%E)Tladi“ + éfmzzfi“). (6.21)

In a similar way we obtain

~ D 1c, .
Tr(B;B;B,) = 35 (M (29, + 3)d;;, — m3zf,jk)(6 2
from the product of Eq. (3. 30a) with B,. .

If we take T;; to be the tensor of Eq. (3. 30b) and multiply

it by B,,we have

Tr(B; B,B, + B, B, B;) = M4(29M 5 + 3)d,;
(6.23)

If we take T, to be the tensor of Eq. (3. 30c) and multi-

ply by B, we find that

-2
160

= = = = D
Tr(B, B; B, + B, B,B;) = — 155 M3(2 M, + 3)d,; .

(6.24)
Subtracting Eq. (6. 23) from (6. 24), we have
Tr(B,B,B,) = Tr(B,B;B,) (6. 25)
and so we can rewrite Eq. (6. 23) as
Trl{B,, B,1B,] = — 125 M@, + 3d;,.  (6.26)

Because

-~

=~ 1= B ~ D .
Tr([B,,B,)B,] = if,;, Tr[B,B,] = 153 M2, + 3)if 4,

(6.27)
we conclude that

D

TI‘(B,-EjEk)= 19306

(2M, + 3)(— 6Mgd,;, + 5M,if;5,).
(6.28)

To determine the trace of three B-matrices, we multiply
the tensor of Eq. (3. 30c) by B, ; thus

x s o= D .
Tr({B;,B;}B,] = 7a3p (48MZ — M,(4IMZ — 9)d,;,.
r[{ _7} x) 1920 3 2 3 ]("6. 20)

Now
Trl(B,,5,1B,] = d,opifs;, Tr((B,B, + B,B,)B}]
and from Egs. (6. 24) and (2. 15), this becomes

Te[(B,, B;)8,] = — o5 MM, + 3if,,. (6.30)
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Therefore, we have
Tr(B,B; B,) = {(48MF + 99N, — 4MP)d,,,

— 10M 5(29M 5 + 3)if;,}.

D
3840
(6. 31)
This completes the calculation of traces of products of

three SU(3) matrices and we turn to products of four
matrices.

D. Products of four matrices

We can calculate the traces of products of four SU(3)
matrices either by noting that the traces of T,;, times
either B, or B, vanish when T;, is any one of the sym-
metric tensors in Eq. (3. 32), or by using the following
result due to Dittner.

Dittner14 has shown that the most general fourth-rank
tensor of SU(3) is a linear combination of eight terms,
namely
Ryjp=ab;8, + bouéj, + cb,-,bj,, + o:d“-pd,,,p

+ By dyy,t My if e, + ndia,dsy, t v aiifiay.

(6.32)

Therefore, the trace of the product of any four matrices,
BB;B,B,, for example, must be of the general form
given in Eq. (6.32). To compute the coefficients a,b, ...,
v we contract both sides with SU(3) coefficients like §,;,
d; 4651 51, and then use the resulis of the previous sec-
tions for the products of two and three matrices. This
method is somewhat more straightforward than the other
one, but it involves just as much tedious algebra.

We shall not give the details of computation, but instead
we quote the results for the coefficients of the right-
hand side of Eq. (6. 32).

They are:

Tr(B,.BJ-BkB,):

mZ “mz
0=c=ggs (39, + ND, b =gzl (39, — 13)D,
3’n2

3

160
(6. 33a)

D, A=u=v=

My

m.’i
a=c=—7z8 (3M, + VD, b=—ge5 (39, — 13)D

_ M, _, .2 )
o =0, ‘9"3—2"0’ —u—u—mm2(2m2+3),
- (6. 33b)
Tr(B,;B; B,B,)
=2 (—mg + & w2, + 8) (119, + 21)
¢ =1440 24 “2\4t2 2 ’
D 1 _
b =m(mg+9—6m2(z<m2 +3) (M, 39)),

1
¢ =55 (smg + g M2, + ) (M, + 21)> ,

@ =—D—<sm§—112- M3 (29m, + 3)),

240
B = — gaz M,@9M, + 9),
A== == gap MM, + 3); (6. 33¢)
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D
a==¢ _—m ‘JIL3(2‘JTL2 + 3)(3(-“12 + 7),
D —

b ~ 13 960 ‘.)Tta(z‘mz + 3) (33“.2 13),
@ =0, p=-qog MM, +3),
A=v= o (IMF + 9,297, + 3)),

D .
p= m(afmg—— 3112(2‘.)112 + 3) (43\12 - 3)) ;

(6. 33d)

a=¢= —-éL
x(smg + 45 M2, + 3) (6IMF + 199W, + 21)) ,
D
b = 3880
(uamg +-L o, (20m, + 3)(69Mg — 619M, — 39)) ,
x (emg + g5 My(29, + 3) (29, + 15)),
__ D
A=pu=v =~ 8% 960 fm,s(zmz + 3)2. (6. 33e)

These results are valid for any representation (ul, “2)
and as far as we know at this point, they are new ones.

7. SUMMARY AND CONCLUSIONS

We have completed the program set forth in the intro-
duction and we hope that by now the reader is convinced
that a knowledge of the Clebsch—Gordan series for the
basis vectors y, ® Y, enables us to determine many
properties of the matrices B, belonging to the appropri-
ate representation of SU(3). The particular examples
we have used are by no means exhaustive, but they do
illustrate the power of our method and the ways in which
it may be applied. Other examples may, of course, re-
quire some variation in the approach.15

Besides specific results such as the characteristic
equations for the six- and ten-dimensional representa-
tions {see Eqs. (4.6) and (4. 12)] and the relationships
among matrices of the (27)-dimensional representation
[see Eq. (5. 4)], there are several results of a general
nature. The first is the formula for the (# + 1)-rank
symmetric tensor T, tyeei, constructed from the n-
rank tensor T ; ...; &nd 4'octet C; [see Eq. (3.5)].
Another is the fact that the representatlon (n, n) occurs
at most (» + 1) times in the direct product of y, and its
adjoint ¥/, (see Sec. 3D). When B, belongs to the triangu-
lar representation (u, 0) the symmetnc tensor of rank
(2 + 1) constructed from products of B matrices must
vanish identically (Sec. 4B); and when B, belongs to the
self-adjoint representation (u, i), only two of the 2u
tensors of rank (2p — 1) constructed from B, and B, are
independent [see Sec. 5 below Eq. (5. 4)]. The formula
for Ty ,,...;,,, does not depend on our remark about the
ClebschGoldan series for ¥, ® ¥, but it does provide
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the basic tool for applications;this is also true of our
trace calculations in Sec. 6.

In conclusion, we note that the general observation upon
which our work is based, namely that matrices repre-
genting the algebra of SU(3) also serve as Clebsch~
Gordan coefficients for the group, is valid not only for
SU(3), but for all other Lie algebras. Consequently, we
can apply the approach to many other groups.
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APPENDIX: THE CUBIC CASIMIR OPERATOR

We wish to show that the conditions of Eq. (3.5) ensure
that the symmetric tensor Ty i, has zero for its
eigenvalue of the cubic Casimir operator. We begin by
considering a tensor of rank one,namely an octet:

dabc[Ba’ [Bb’ [Bc’ci]]] = dabcifcikifbkpifapucu
= Tr(F,F,D,)if,,,C,

= %dipaifau ,C
=0. (A1)

The last two lines are consequences of Egs. (2. 10) and
(2. 15), respectively.

When we apply the Casimir operator to a second-rank
tensor Ty we encounter two types of terms. In one type,
all three B matrices act upon the index in one fixed
position; and in the other, two of the B matrices act upon
the index in one position, and the third matrix acts upon
the index in the other position. The first type vanishes
by virtue of the argument in Eq. (A1), and the typical
term of the second type is

dabc ifciA ifb:\uifaju T;w
= Tr(F‘F“ D,) fajnTyw = (A2)

Because T“ is symmetric under u < v, and because the
fandd coeff1cients satisfy the Jacobi identity of Eq.
(2. 2), we can write the right-hand side of Eq. (A2) as

z(di;mzfaju + dﬂ/aifajp)Tull: ifijada;pru = O,

where the second step is an immediate consequence of
Eq. (3. 5). Thus the second type of term also vanishes
and so we have the general result

dabc[Ba’ [Bb, [Bca T;j]]] = 0.

In the case of a third-rank tensor 7,;,, the Casimir
operator gives rise to three types of term: the two
types already encountered in the second-rank case, and
a third in which each B-matrix acts on an index in a
different position. Since the first two have already been
shown to be zero, we need only consider the third type,
a typical term being:

2 dipalfa]u pve

(A3)

(A4)

dapcifoinifsjyifan Tayy
== (F\D,F,)i;ifansTays
=—(Fy\[Dy, FJF,);Ty,,
=z[{F\,F,} D, F))y; — (FyDW{F,,F . });] T)\""(’A5)
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where we have used the symmetry of T, , under permu-
tations of its indices to obtain the last line of Eq. (A5).
From the identity [see Eqs. (1. 9) and (3. 15)]
{FWuF,} = 6y, I+ 3dy,, D, —R,,,
(A6)
(R/\p)ab = 6)\aé‘.zb + 6,\bﬁpa
and the conditions of Eq. (3. 5), the Eq. (A5) becomes

= 5[6,;(D, F )y +8,,(DyF,),;—06,,(F D),
—byj(F)\Du)ik]TM,,. (A7)

Because T,,, is symmetric under the exchange of u and
v, we can rewrite the first term in the square bracket as

- %5M[%(DVF#)M + _é(Dpr)kj]T)\pu

and then use the Jacobi identity of Eq. (2. 2) to rewrite it
as

%GxiifpkjdppuTkpu = 0. (As)
Similarly, the other three terms in Eq. (A7) are all zero,
and so we conclude that all terms of the third type are
also zero. Therefore, we have

dabc[Ba’[Bb;{Bc» Tijk]]]zo' (A9)
When we apply the Casimir operator to tensors of rank
greater than three we do not encounter any new types of

term, and so the arguments given above can be used to
show that

dapelBar By, [Bes Tipy s, 1110 (A10)
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for any symmetric tensor obeying the conditions of Eq.
(3.5).
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On the radial wave equation in Schwarzschild’s

space-time
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The radial factor of a separable solution of the wave equation in Schwarzschild’s space-time satisfies
a second-order linear differential equation. This equation is studied in detail. The behavior of the
solutions near the singular points (the origin, the horizon, and infinity) of the equation is analyzed.
By an appropriate transformation two simpler differential equations are obtained corresponding to
retarded and advanced solutions with characteristic asymptotic expansions. Their properties permit
the expression of the general solution of the radial equation in terms of a single contour integral.
Finally, through a “matching” technique, the behavior of a solution at the singular points is

determined from its behavior at a single singular point.

1. INTRODUCTION

In curved space-times the detailed mathematical study
of the wave equation must precede any systematic in-
vestigation of wave phenomena, exactly as in flat space~
time. However, even in the simple space-time of
Schwarzschild, separation of variables in the wave
equation leads to a second order linear differential
equation, the radial wave equation, which is not related
to any known differential equation of mathematical
physics. Expression of the solution in closed form is
not possible. Even methods containing infinite stepsl.2
have not given satisfactory expressions and have raised
unanswered questions of convergence. In fact, the solu-
tion of the radial wave equation has not gone essentially
beyond the stage of writing down the differential equa-
tion.1.3 In all physical problems, which lead to the
radial wave equation3.4.5 (or similar second order
differential equations8.7), techniques of “effective poten-
tial” tailored to the specific requirements of the prob-
lem have been used.

In this paper we set and reach a limited objective, that
is, the investigation of those properties of the solutions
which are essential for the study of time-dependent
wave phenomena around a Schwarzschild black hole.
These essential properties of the solutions can be con-
sidered in two groups, The first group concerns the
behavior of the solutions at the origin of the coordinate
system and the horizon of the black hole. It is inti-
mately related with the radiation of multipole mo-
ments48 and the possibility of destruction of the black
hole. The second group concerns the behavior of the
solution at infinity, the retarded and advanced contribu-
tions to the wave solution, and is related to the obser-
vations of a distant observer.

In Sec. 2 we review briefly the radial wave equation in
flat space-time. In Secs.3 and 4 we consider the radial
wave equation in Schwarzschild's space~time, and we
study the behavior of the solution at the origin and the
horizon (Sec. 3) and at infinity in terms of retarded

and advanced solutions {Sec. 4). In Sec.5 we derive cer-
tain linear relationships among the characteristic solu-
tions of the differential equation. These relations en-
able us to find the behavior of a solution near a singular
point from its behavior near another singular point,

2. THE RADIAL WAVE EQUATION IN FLAT SPACE-
TIME

We present briefly the solution of the radial wave equa-

tion in flat space-time in a way which avoids the use

of Bessel functions. The method of solution will indi-

cate the generalization needed to derive the retarded
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and advanced solutions in Schwarzschild's space-time
(see Sec.4). Moreover, the formulas presented in this
section will help in demonstrating the correspondence
between the flat-space and the Schwarzschild-space
solutions,

In flat space~time the metric tensor in spherical co-
ordinates is

8,, = diagfc?,—1,~72,—72 sin2¢], @)
and the scalar wave equation?

OF =g, =0 (2)
is separablel© (the semicolon denotes covariant differ-

entiation).

¥ = R(r)Y (6, @)e-ivt, 3)

then Y (0, ¢) is a spherical harmonic and R(r) satisfies
the equation

d

2
r2 R 4 gy 5 + k22 — 10 + 1)]R =0, @)

dr2
where 2 = w/c.

A change of the dependent variable to 1/2R will give
a Bessel equationl0 of fractional order. However, we
can avoid the Bessel functions. I we set

R(r) = e¥%5F (x), {5)
where x = kr, Eq. (4) reduces to

d2F, dF,
x2 —— + 2(x Fix2)
dx2

+[F2ix —10 + D]F, = 0.
(6)

This equation has an irregular singular point at x =+ w0,
but we can obtain closed-form solutions (one F, and
one F_), which are polynomials of x~1 of degree ! + 1.
In fact, we havell

in = (+ )yl x-1 ;V‘_l ﬁi_n_)_'__ * 21lx)"’,, (7)
=0 ( —n)ln!

with F,_ corresponding to retarded waves and F,, to
advanced waves. Usually we consider the two linearly
independent combinations? 2

J, = 3(ei*F,_ + e"ixF,)) @®)
and
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b =ei*F,_, (9)
which are finite at » = 0 and » = + « respectively.
In Sec. 4 a generalization of transformation (5) will
result in equations similar to Eq. (6).
3. THE RADIAL WAVE EQUATION
IN SCHWARZSCHILD'S SPACE-TIME

We consider now the wave equation (2) in Schwarzs-
child's space~time with metric tensor

i %) o2 A% 2 in2
&, = diag 1—70,——1—7 , =72, —r2 sin2g|,

(10)
where 7, is the Schwarzschild vadius (a constant related
to the mass M by the relation », = 2GMc~2).

Assuming a solution3 of Eq. (2) of the form (3), we have
for R(r) the radial wave equationl4

2
xlx —x,)2 CR , (x —%,)(2x —x,) ar
dx2
+[*3 —1¢ + )(x—x)]R =0, (11)
where
x:k’r, xs=krs. (12)

Eq. (11) has two regular singular points1516 at x = 0
and x = x_ and an irregular singularl? point at x = + «,

A. Behavior near the origin

In the neighborhood of x = 0 we try a power series of x
as a solution of Eq. (11). The indicial equation has a
double root equal to zero and, consequently, two linearly
independent solutions arel?

&, (x) = 3:50 a5 (13)

and

®Ro(x) =<°Z°) anx'> Inx + ozo) b,xn. (14)
n=0

n=0

Substituting these expressions into Eq. (11), we find
that a, and b, satisfy the recurrence relations

n2x2a, + [0 +1)— (e —1)(22 — 1})]x,a,_,

+{e - —2) 1@ +1)]a, 5 +a, ,=0 (15)

and
n2x2b +[IC +1)— (v —1)2n — 1)]x,b,

+ee— 1) —2)—10+1)]b,., +b,.4

+ 2nx2a, — (4n —3)x,a, , + (2n —3)a, , = 0. 16)
The coefficients a;, and b, are not specified by Egs.
(15) and (16) and have to be chosen arbitrarily. We
must choose a, = 0; otherwise ®, (x) = 0 (trivial solu-
tion.18 Any arbitrary pair (a,,b,) with a, = 0 will give
two linearly independent solutions. We choose a, = b, =
1, thus making ®,(x) and ® ,(x) particular solutions

of Eq.(11). The general solution of Eq. (11) is an arbi-
trary linear combination of ®,(x) and ® ,(x).

The series in Egs. (13) and (14) converge for x < x,
(x = kr > 0). Hence, there is one solution finite at the
origin [expression (13)], which can be regarded as
“physically preferable.”12
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B. Behavior near the horizon

We consider the solutions of Eq. (11) in the neighbor-
hood of the other regular singular point x = x_. Expand-
ing in powers of x — x_, we obtain an indicial equation
with roots +ix,. Consequently, two linearly independent
solutions are

. 00
(R:;(x) = euslnlx-xsl Z) Cn(x _xs)n (17)
and "0
—ixg Lnix-xgl S
R (%) = s s' 2 dy(x ~x)m, (18)
n=0
where
(n + 2ix)nxc, + [ +Dn —1—1)
+2x2+ (2n - 1)ix]Je, 4 + 8x,6,.5 +G3 =0 (19)

and
(n — 2ix)nxd, + [(n + I)n —1 — 1) + 2x2
— (27 —1)ix;)dyq +3x,d, , +d, 5 =0. (20)

The coefficients ¢, and d, must be different than zero,18
but are otherwise arbitrary. We choose cg=dy=1.
Thus, ® ;(x) and G 4(x) are particular solutions of Eq.
(11) and the general solution is an arbitrary linear
combination of them.

From expressions (17) and (18) we derive two impor-
tant properties of the solutions of Eq. (11). First, every
solution vemains bounded on the horizon v = v, (and,
consequently, every solution is “physically accept-
able”19). Second, 7o solution goes to zero as v —7,.
The proof of these properties is simple, since near

x = x; any solution behaves as A(x — x,)*s +

B(x —x,) **s, which remains absolutely smaller than
|A| + [B| and does not have a limit as x — x,.

The importance of these two properties is due to the

fact® that they are intimately connected with the pos-
sibility of destruction of the black hole and the radia-
tion of higher multipole moments during the fall of a

small scalar particle into the black hole,

4. RETARDED AND ADVANCED SOLUTIONS AT
INFINITY

We ask now for a generalization20 of transformation
(5), which will “separate” the retarded and advanced
solutions of Eq. (11). Two remarks indicate the gene-
ralization. First expressions (17) and (18) indicate that

a factor e*®s1"* %! ghould be removed from R. Se-
cond, the retarded (advanced) solution would have been
reached, if we had worked from the beginning in a re-
tarded2! (advanced) coordinate system. This means
that a factor e~ iw* would have been removed from ¥
instead of e iwf, Hence the new transformation is

Rl*(xyxs) - en'(x*xslnlx-xsl)F\li(x’xs). (21)

Obviously, for x, = 0 we have again Eq. (5).

Replacing R,, in Eq.(11) we find two equations satis-
fied by F;, and F,_, respectively. At this point the con-~
sideration of complex values for the independent vari-
able appears to be useful, If F,(z,x,; €) is a solution of

dzF, dF,
2z —x) — 4+ (— €22 +2z—x ) —=
( ) PR ( s

—f{ez +10 +1)]F, =0, (22)
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then

F, (x,x;) = F(x,%;%21), (23)

namely, Eq. (19) for z = x gives the differential equa-
tions for F,, (e = 21) and F,_ (¢ = — 2i). Note also that
for x, = 0 we rediscover Eq 6).

The solutions of Eq. (22) present the following impor-
tant property. If F,(z,x,; €) is a solution of Eq.(22),
then

PLESEN 1n(z-xs)]Fl(z’xs; —€) (24)
is also a solution. This property can be proved easily
by substituting expression (24) into Eq. (22).

We will express now the retarded and advanced solu-
tions as contour integrals. According to the theory of
contour integrationl5.18 of ordinary linear differential
equations, the integral

j‘ G, (w)ezwdw (25)

will be a solution of Eq. (22), if G,(w) satisfies the equa-
tion22

dG
dw

+[xw —10 +1))G=0. (26)

w(w—e) +(xw2+2w—e)

The contour C consists of a straight line parallel to the
real axis from Rew = — © to w = 0 (or w = €), a circle
around w = 0 (or w = ¢€) described positively, and a
straight line also parallel to the real axis from w =0
{or w = €) to Rew = — ., At w = 0 the indicial equa-
tion of Eq. (26) has a double root equal to zero; hence
of the two solutions only the one containing lnw (the
nonanalytic at w = 0) will contribute to the integral.
Specifically, let G,(w, x,; €) be the solution of Eq. (26),
which near w = 0 is given by

Glw,x ;€)= Z—')o W, (27)

with g, =1 and

n2eg, + U +n)l—n+1)g,; —n—1)x,8,.,=0. (28)

Then a solution of Eq. (22) is

: L (€)™ .
Flz,x;€) = i (E) fc G, (w, x,; €) Inwezvdw, (29)

with C surrounding the negative real axis Rew < 0. Its
asymptotic expansion?3 for Rez > 0 is

+1 2
Flz,xg;¢€) ~<2> 2 T,z @), (30)
n=0

with 7, = 1 ang?8

net, —@+n)l—-n+17,, —r—-1)2x7,,=0. (31)
Equations (27) and (28) have been normalized so that
when x;, = 0, G, becomes equal24 to P,(1 — 2w/e) and

F, equal to F, andFl_ of Eq. (7) for € = 2i and € = — 24,
respectively

From F, we determine a second solution F; of Eq. (22)
using expressmn (24). F, and F/ are lznearly independent
(for € = 0), since they are mdependent in the special
case x, = 0,
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The solution F is related to the second contour-integral
solution given by the integral (25), say F;; when C starts
and ends at Rew = — «© surrounding the point w = €. In
fact, F; gives that integral (up to a constant factor). The
proof of this statement consists of two steps. First, we
show that F/ and F,” have the same asymptotic expan-
sion (up to a factor) Secondly, we argue that F;/ and F,"
cannot be linearly independent because in that case
every solution would have the same asymptotic expan-
sion, which is not correct for F,. Consequently, F/ and
F)” are proportional to each other.

Reviewing the results of the present section, we see
that two linearly independent solutions of Eq. (11) have
been determined in terms of the contour integral (29).
These solutions are

®Rg=R,. and Q®y;=R,. (32)

They are defined by Egs. (21), (23), and (29), and have
asymptotic expansions given by Eqgs. (30) and (31), The
notation R,_ and R, has been adopted to indicate the
retarded and advanced character of the solutions, while
the notation & ; and & ; has been adopted to show the
association of ihe asymptotic expansions with the third
singular point at x = + o,

5. GLOBAL PROPERTIES OF THE SOLUTIONS

In the mathematical formulation of a physical problem
the differential equations obeyed by the field are supple~
mented by a set of boundary conditions, In our case, in
addition to Eq. (2), ¥ will have to satisfy some condi-
tions containing ¥ and/or its derivatives evaluated on
some surfaces, most probablyl9» =0, » =7, and

¥ = + 0, Consequently, we must know how a part1cu1ar
solution of Eq. (11) behaves over all space-time, In
fact, it will suffice to know the behavior of a particular
solution at the singular points of Eq. (11), since every
solution is analytic at the regular points. To put it
differently, we have to know to what linear combination
of R, and &, (or ® g and (Re) a given linear combination
of (R1 and (R corresponds

In principle, we face the general problem of finding the
analytic continuation of a given solution of a differential
equation,25 However, here we are interested in practical
answers, which can be used in numerical computations.
In what follows we will limit ourselves to the real axis
zZ=Rez =x.

The matching of the solutions can be attained through
the use of some linear relationships among ®, (i =
1,2,3,4,5,6). If

~-® — (33)

W[(Ri’ (Rj] = dx

is the Wronskian of any two of the six solutions given
by Egs. (13), (14), (17), (18), and (32), then a constant K,
exists such that

W[R,, ®] = K, /x(x — x,), (34)

as it can be proved easily from Eq. (11). Moreover, the
identities

d(R d®;

K;®, + KR, + K, ® =0 (35)
and
KKy + K3 K; + K, K, =0 (36)

are direct consequencies of Eq. (34). Equation (35) is
obviously the key in relating the solutions among them-
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selves. It is enough to find the fifteen K,

ij (K = I{]‘l)’
although they are not all independent.

ij

We start by evaluating the simplest of them, namely
K5 Ka4s Ky g, using the definition (34) and the series
expansions for ®,. Since K;; is a constant, it can be
evaluated at any point, where the respective series
converge. However, the expressions become simpler
when we consider the limit of X;; as x goes to one of
the singular points 0,x,, +«©. We find

Ki,=—%, Kj,=—2ix2 Kgo=—2i. 37
Note that K, can be evaluated only by taking the limit
as ¥ - + © because ®; and & ; have asymptotic expan-
sions only.

We come now to the evaluation of K, 5, K, 4, Kyq, Koy,
The expansions of the needed ®&; converge for 0 < x < x;
and, consequently, we can take the limits as x goes to

x, from below. We find

x—x d®R,

x, dx ||’
(38)

where A = 1,2, K,, and K,, are found to be the com-

plex conjugates of K, , and K, ,, respectively. Note that

the coefficients ¢, and d, of the expansions for ®; and

® 4 do not appear in expression (38).

22 . ix  lnlx-x ! .
K,y = ix; hmx_,xs_ [e s s ((RA +1

The evaluation of K, 5, K¢, K,5, K, requires a more
elaborate scheme of matching. The series in Egs. (17)
and (18) converge for 0 < x < 2x, only, and the point

¥ = + o lies far from the circle of convergence. Hence,
we have to reexpress ®,; and &, so that the expansion

of the solution around x = x, will converge up tox = + .,

Using the transformation y = x-, we rewrite Eq. (11) as

) 4R
dy
+ [y + 0 + 1)y —3,)y2|R = 0. (39)

d2R
4 — 2 %2 4 —
y4(y —,) B2 +y4(y — v,

Its solutions ®’; and ®’, in the neighborhood of the
regular singular point y =y, = x;1 are (after resub-
stitution of y and y, with x~1 and x;1)

®’3(x) = explix, In|(x2/x) — x| ] - ®R3(x), (40)
2 1 1\~
®%(x) = nZ=)0 c;,(;c— ——x—s> , (41)

with ®,(x) and ®%(x) given by the complex conjugates
of expressions (4(;1) and (41), respectively. The coef-
ficients ¢/, are related by the recurrence relation
(co =
3 + 2ix)nc, + (4 —1 +ix)2 + 10U + 1)]ydc, 4
+[30 — 2 +ix)2 + 10 + 1)]2y2¢; ,
+[4r — 3 +ix )2 + 10 + 1)]y.c 5
+(n—4+ix)2c, ,=0. (42)

An easy calculation shows that the Wronskians of & ,, ® 5
and of ®,, ®} are zero and, consequently, ®; and ®} are
proportional to G, and ®& 4, respectively. In fact, in Eqs.
(40) and (41) we have normalized ®4 and ® so that
(whency=cg=1)

Ry =Ry, R, =Ry, (43)
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However, the expressions for ®; and & ; [Eq. (41) and
its complex conjugate] converge for 0 <y < 2y, or

x > x,/2, namely for x up to +, Hence, we can take
the limits of K5, K, 5, K34, K45 a5 x = + © and use the
asymptotic expansions for &4 and ® ;. The result is

Kyg= (;i)leixs 1n%s 1im | xet i@ **s1nix=2D) (@ » 4 id(R;; ,
X 00 3 dx

(44)
where the upper sign is to be taken when B = 5 and the
lower sign when B = 6. K, and K, are the complex
conjugates of K, and K., respectively.

An attempt to calculate K, 50 Ka5: Ky gs Ko along the
same lines as above results in highly complicated for-
mulas, because no simple transformation2 exists,
which will bring x = + @ on the circumference of the
circle of convergence of the solution around x = 0.
However, K 5, K, 4, K55, K54 Can be calculated indirectly
from the relation (36) in terms of the remaining eleven
Kij, for which formulas have already been given.

In the numerical evaluation of K, ,the formulas (38) and
{44) can be simplified by choosing appropriately the
values through which x goes to the limit. If, for example,
we set

x, = %, — exp(— 2mv/x.), x) =x, + exp(2mv/x,), (45)

where v is a positive integer, then

x —x, d®
— ix2 1i . s A —
K 5 = ix} ul—-"{‘:o [(RA +1 A ]qu (A 1,2)(46)
and
. i da ”
K,y = (Fi)e™s %% lim [xe*”‘(@[é’ £1 3)] 4n
psveo A
x—xu

(the upper sign if B = 5, the lower if B = 6). A different
choice of x/ can eliminate completely the factor e*# in
Eq. (47).

The next step in solving the complete boundary value
problem will be the selection of two solutions R{) and
Rfe) to represent the field in the “near zone” and the
“far zone”, respectively. R{) and R(®) will be called
“interior” and “exterior” and will play the roles of j,
and &, of Eqgs. (8) and (9). The interior and exterior
solutions will be linear combinations of R,, and R,_ and
in view of the results of the present section can be
expressed as linear combinations of ®, and &, or &4
and ®,. However, their selection has to be done after
the exact formulation of the physical problem we wish to
solve, since the boundary conditions will determine the
appropriate R{#) and Rf).

Some final remarks should be added here. Contrary to
the flat-space case, in a curved space the electromag-
netic 4-potential does not satisfy the same wave equa-
tion [Eq. (2)] as the scalar field ¥. Consequently, the
radial factor of the electromagnetic potential will satisfy
a radial wave equationl? different from Eq. (11).

The study of the solutions of this new radial equation
can be accomplished27 along the lines of this paper.
Beyond that, the methods of this paper can be used in
studying radial equations which are derived from equa-
tions similar to Eq. (2) (as the Klein-Gordon equation)
in spherically symmetric spaces. These spaces can
satisfy the Einstein or similar equations, e.g., in the
Brans-Dicke and Weyl theories.28 However, in these
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more general cases the study of the static field28 should
be completed before going to time-dependent situations.
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Note on Green’s functions for open lattices*
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The method of Horiguchi is modified to discuss the case in which functions become infinite. The
modified method is then used to derive Green’s functions for the diamond lattice from those for the

face-centered-cubic lattice.

In a recent publication! Horiguchi has shown how to de-
rive the Green's functions for the honeycomb net from
those for the triangular net. His method is essentially
as follows: The difference equation for an unbiased
random walk on a triangular net with probability of
motion v along each of the six possible directions,

F(x,y) = 6,00,0 + v [ Flx + 2,y) + F(x — 2,y)
+(Fx+1,9y +3)+ F(x+ 1,y —3) + Fix— 1,y + 3)
+ F(x— 1,y — 3)], (1)

is satisfied by a certain complicated integral. Hori-
guchi showed that, for the source and the two nearest
neighbors, the integral may be evaluated in terms of
complete elliptic integrals whose arguments are com~
plicated algebraic functions of v. Then, using the fact
that the honeycomb net is composed of two interpenetrat-
ing triangular nets (see Fig. 1), he demonstrated that

for those positions of the honeycomb net which coincide
with those of the triangular net containing the source,

FIG.1. The honeycomb net.
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FIG. 2. Difference Green's functions for the honeycomb net.
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the Green's functions for the honeycomb net are pro-
portional to those for the triangular net; furthermore,
the Green's functions for the other positions may be
found from the difference equations for the honeycomb
net. It follows from this that the Green's functions for
the triangular and honeycomb nets may be expressed
in terms of complete elliptic integrals.

It is unfortunate, in a sense, that the solutions are all
infinite for the physically important case, v = 1/6; in
that case the arguments of the elliptic integrals are
unity and the integrals diverge. It is the purpose of this
note to propose an alternate treatment of this case, and
to show how this treatment may be used to express the
Green's functions of the diamond lattice in terms of
those for the face-centered-cubic lattice.

It is known2.3 that the difficulties with divergence may
be overcome by defining a difference Green's function,

G{x,y) = F(0,0) — Fix,y), 2)

where, in the case of the triangular lattice, F(x,y) is a
solution of Eq. (1). The functions G(x,y) have been
evaluated for the square? and the triangular3 nets. ‘As
is obvious from the definition,

G(0,0)=0; 3)

furthermore, for unbiased random walks in which the
probability of motion is the inverse of the number of
nearest neighbors (i.e., v = 1/3 for the honeycomb net;
v = 1/4 for the square net and the diamond lattice; v =
1/6 for the triangular net and simple-cubic lattice), the
difference equations insure that

G(1) =1, 4)

where G(1) is the difference Green's function for the
nearest neighbors of the source. It is easy to show that,
for the open honeycomb net, the difference equations
require

G,2) =1, (5)

where the subscript 2 is to remind that this result is
valid only for the honeycomb net. The result! of Hori-
guchi is equivalent to the statement that, for those sites
of the honeycomb net which coincide with those of the
triangular net containing the source,

G,lx,y) =3G,(x,y), (6)

where the G,(x,y)} are given in Ref. 3. This follows from
the fact that if the G's for the two nets are proportional
where the sites coincide, the proportionality factor
must be given by the ratio G,(2)/G,(1) = 3/2. Again, the
G,(x,y) for the other sites are found from the appro-
priate difference equation. The results of this proce-
dure are given in Fig. 2, which shows the difference
Green's functions for the positions near the origin. The

Copyright © 1973 by the American Institute of Physics 1022
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table could be extended with little effort but numerical
values are most easily found by using the accurate
asymptotic formula for G t(x, y) given in Ref. 3.

In extending the method to the diamond lattice, we re-
mark first that Eqs. (3) and (4) still apply whereas
Eq. (5) is replaced by

6,2 =3 (7

The diamond lattice is composed of two interpenetrating
face-centred-cubic lattices, one centered at (0, 0, 0), the
source, the other centered at (1, 1, 1), one of the four
first neighbours; the odd neighbors of the diamond lattice
are located on the fcc lattice centered at (1,1, 1) and the
even neighbors of the diamond lattice are located on

the fcc lattice centered at (0,0, 0). In accord with the
prescription above, the Green's function for one half of
the diamond sites are given by

F,(2k, 21, 2m) = ; F,(2k, 21, 2m), (8)

where F; is the Green's function for the diamond lattice
and F; is the Green's function for the face-centered-
cubic lattice, The Green's function for the odd-neighbor
sites are found from the appropriate difference equation,
The calculations are sketched below:

F,(0) = F,(0,0,0) = § F,(0,0,0) =
X 1,344 661 183 = 1,792 881 58,

F,(2) ~ F,(2,2,0) =3 x 0.344 661 183 = 0, 459 548 24,

F,(4) ~ F,(4,0,0) = % x 0,229 936 054 = 0. 306 581 41,
Fy(6) ~ F,(4,2,2) = x 0,195 466 708 = 0, 260 622 28,
Fy(8) ~ F,(4,4,0) = % x 0.170 889 341 = 0. 227 852 45,

The values of F.(2%, 21, 2m) are taken from Ref. 4, where-
in they are designated F(&, I, m).

The difference equation

F(0) =1+ F(1)
yields
F,(1) ~ F;(1,1,1) = 0,792 881 58.
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The difference equation

F(3) = 3F(2) + §F(4) + 3F(6)
yields
F,(38) ~ F;(3,1,— 1) = 0.371 575 04.

The difference equation

F(2) = tF(1) + LF(3) + $F(5)
yields
Fd(5) ~ F(3,3,1) = 0.302 161 31,

The difference equation

F(4) = 3F(3) + 3 F(7)
yields
F,(7) ~ F(5,1,1) = 0. 241 587 78.

These values are complete through the first eight
neighbor shells except for a seventh neighbor of the
second kind, F,;(7') ~ F,(— 3,— 3,— 3), which requires a
knowledge of F,(4, 4, 4), or F(2, 2, 2), not tabulated in

Ref. 4. F(2,2,2) is, however, known in integral form

and the integral may be evaluated by the methods dis-
cussed in Ref. 4; thus, the tabulation may be extended in
an obvious manner. The values obtained may be checked
by various relations derived from the difference equa-
tions. The most interesting of these is

which is satisfied identically.

*Based on work performed under the auspices of the Atomic Energy
Commission.
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’E. Keberle and G. Montet, J. Math. Anal. Appl. 6, 1 (1963).
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Electromagnetic wave propagation in inhomogeneous
multilayered structures of arbitrarily varying thickness—

Generalized field transforms*
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To provide a suitable basis for the expansion of electromagnetic fields in multilayered structures of
arbitrarily varying thickness we derive, in this paper, the appropriate transform pairs for the
transverse electric and magnetic field components. Applying the technique utilized earlier for two
semi-infinite media, we first derive the transform pairs for the three-medium problem. Building on
these expressions for the transform pairs, we systematically extend our results for structures with an
arbitrary number of layers. The generalized transforms derived consist of two infinite integrals
(continuous spectrum) which correspond to the radiation and the lateral wave terms as well as a
finite number of terms (discrete spectrum) which correspond to the surface waves. Exact boundary
conditions are employed rather than surface impedance boundary conditions. In the analysis, the
sources and the observation point may be located in any of the structure’s layers. Thus for instance,
the derived field expressions are suitable for the study of antennas embedded in the earth’s crust or

submerged underwater.

1. INTRODUCTION

A full wave solution to the problem of electromagnetic
wave propagation over nonuniform boundaries was de-
rived recently using a Fourier-type transform pair that
provides a suitable basis for the expansion of the elec-
tromagnetic fields above and below the nonuniform in-
terface.1.2 In order to solve the problem of propagation
in inhomogeneous multilayered structures of arbitrarily
varying thickness (see Fig.1),we derive, in this paper,
the appropriate transform pairs for the transverse com-
ponents of the electromagnetic fields. To this end,we
first apply the familiar Fourier transform method to
derive the fields for a three-medium problem, with
source and observer in any of the three layers. Using
the techniques employed earlier,we deform the path of
integration in the complex plane to obtain the desired
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FIG.1. Inhomogeneous multilayered structure of variable thickness.
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transforms which consist of two branch-cut integrals
and a finite number of contributions due to the poles of
the integrand. Building on these expressions for the
three-medium transform pair, we systematically con-
struct the generalized transform pairs for structures
with an arbitrary number of layers, without any recourse
to the familiar Fourier transforms.

If the electromagnetic parameters of the uppermost or
lowermost layers are such that (1/€)/2 - 0 or

(e/u)1/2 — 0 (perfect electric or magnetic walls res-
pectively) or if one of the boundaries of the multilayered
structure is characterized by a (approximate) surface
impedance, the electromagnetic fields are expressed in
terms of a finite number of surface wave modes and
only one branch-cut integral. However, if both boundary
media are characterized by electromagnetic parameters
(u/€)/2 = 0 or (¢/u)/2 - 0, or both boundaries of the
multilayered structure are characterized by surface
impedances, the electromagnetic fields are expressed in
terms of an infinite set of waveguide modes. There are
no contributions from branch-cut integrals in this case.

These solutions are not restricted by approximate sur-
face impedance boundary conditions and, since in this
analysis the source and the observer may be located in
any of the structure's layers, the transforms may be used
to study the performance of antennas embedded in a non-
uniform environment such as the earth's crust or the
ionosphere.

2. TRANSFORM PAIR FOR A THREE-MEDIUM
UNIFORM STRUCTURE

In this paper we consider in detail the case of verti-
cally polarized waves and assume that there are no
field variations in the z direction (see Fig. 2). Using
duality considerations for electromagnetic fields, these
solutions can be applied directly to the case of hori-
zontally polarized waves.

For an exp(iwt) time dependence, the horizontal mag-
netic field H, a, generated by a z directed magnetic line
source J,, @, (analogous to the electric line current)
satisfies the wave equation

92H 92
2 4+ 2+ p2H, = iwed, = iweKb(x — x5)0(y — ¥o),
CE & (2. 1a)
Copyright © 1973 by the American Institute of Physics 1024
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Jn 1Y E= Exac+Eydy
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FIG. 2 Three-medium uniform structure.

where the magnetic line source, of intensity K volts, is
located anywhere in medium O(uq, €4), 1(114, €,;),0r
2(u g, €5) and 6(x — x4) and 8(y — y,) are Dirac delta
functions. The wavenumber is

E=w(pe)/2, Im(k) = 0, (2. 1b)
€0 S Ko Yy >hgy
€(y) =<€1, w(y)=4uy, forlhgy >y>hy,
€2 l#z hig >y
@. 1¢)

For p = (x2 + y2)1/2 - w0, H, satisfies the radiation
condition and-at the surfaces y = hy; and y = h;, the
boundary conditions are

Hy(%,h] ;.q) = H(x,h7 ;,q) (2.2)
and
18 10 ]
& oy Bl i) = o gy Bl ),
i=0and 1. (2.2b)

Using the familiar Fourier transforms with respect to
the unbounded variable x, we seek a solution of the form

H,(x,9) = 5= |2 H(B,y) expl— 8(x — xolds, (2.3a)

where H(B,y) satisfies

22
M + u2H(B,y) = iweK6(y — y;) (2. 3b)
ay2
and
u=(k2—82)1/2  Im(u)=< 0. (2.3¢)

On applying the boundary conditions (2. 2),the solution
for H(B,y) in the three layers 0,1, and 2, respectively,
are, for y, > hy 4,

H(B,y) = :Eu?

(" expl—iug |y = yol] + RE* exp(— iug(y + 3o,
(T§/TP) exp— iug(yo — hoy)

X J X {exp[iul(y ~— hoy)] + RP* exp[— duy(y — Ao}

(TRTY/TPH) exp[— tug(yo — ho1) — tu H, |

\_ Xexp[z'uz(y - hlz)]’
for hgy > yq > hqa,

(2. 4a)
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—Kwe,
H(B,y) = ———
Uy

(1 + AYT4[exp — iuy (hy — Yo)| exp[— ug(y — hoy)],
exp[— iuy |y — yol] + A exp[—du;(y — v,

Xq+ B expliuy (y — vo)l,
(1 + BYTY expliuy(his — vo)

X exp[iuz(y - hlZ)], (2 4b)

and, for hy, > yq,

~ Kwe,
H(B,y) = ——

((TgTif/Tﬁ’”) expliug(yo — hyg) — fuyH ]

X exp[— tug(y — ko1l

2uqy

o (T3/TY) expliug(yo — higllexp—iuy (y — hy)]
ﬁ + RY* expliug (y — hyo)l},

exp[—iuy |y — yol] +RY*
\X exP[iuz(y + yo)];

(2. 4c)

where RY and R?, the reflection coefficients in the ith
layer looking in the positive and negative y directions,
respectively, are given by

RE =(Ry o tRP¥)/QA +Ry oRPH¥), RP =R, ;,

RDH =R? exp(— i2u;H;), RP" =R?exp(i2u;h, ;.,),

RY = (R, , +RY#)/(1 +R, ,R{#), RY =Rgy 1,

RUH =RY exp(— i2u;H), RY* =RYexp(— i2u;h;_; ;).

(2. 5a)
The coefficients A and B are

A= [R’l”‘exp(— 2u4y ) —Rl.oRf”]/(l +R1’0R fH),
B =[RY{"exp(i2u;y5) —R; oR Ua1/(1 + Ry ,RYH),

and R, ;,,, the two-medium Fresnel reflection coeffi-
cients, are

R “Ri,nl=(“i€i+1”“i+1€i)/(“i€i+1 T u;€).

(2. 5b)

i+1,i —

The transmission coefficients are

TY=1+RY, TP=1+RP, TUi=1+RYH,
TPH=1+RDPH (2 5¢)
and the thickness of the ith layer is (see Fig. 2)
Hizhi-l,i ~hi i (2. 5d)

where i = 1 and 2.

The above Fourier expansion of H,(x, y) [(2. 3a)] is not
suitable for the full wave analysis of problems in which
the layers are inhomogeneous (¢, (x), yu; (x)) or when all
the surfaces y = £, ,., are not planes parallel to the
(x,z) plane. To obtain a suitable expansion, we deform
the path of integration (— © < g < «) in the lower and
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upper half g plane for x = x, and x = x,, respectively,as
indicated in Fig. 3.3:4 We note that, in all the expressions
(2.4), uo = 0 and u, = 0 are branch points; however,

u, = 0 is not a branch point since H(B,y) in (2. 4) is the
same for the values of #; on both Rieman sheets. The
poles of the integrand are at 1/R§ =0 (or 1/R¥ = 0).
Thus the modal equation for the surface waves is

RYRPI =R, 1R, ; exp(— iu;H;) = exp(— i2nm) (2. 6)

subject to the condition (2. 3c), Im(x) = 0.

Accounting for the residues at the N poles g = 8,

(Im B, = 0) and the contributions along the branch cuts
Im(u;) = 0 and Im(u,) = 0, we get, after some tedious
algebraic manipulations,

N
H,(x,y) = Ho(x,y) + Hy(x,y) + Zle"(x,y)

==K (S emiip1x 50 D¥olu, 3ot g

+ [ expl— iB1x — xo ) ¥y, oW (u, Y)duy
N
+ Z_)l exp(— iB, 1% — xo 1) ¥ (4, yo)¥ (1, y))

=5 I expl— iBlx — o ¥t 30 m 09,

m =0,2,ors, (2.7a)

where
21Z ¥ (u,y) =R 6”’ Yo(u,y)
exp(iugyy) + RE* exp(— iuyy),
(T(l))/TfH) expls(uy — ul)hm][exp(iuly)
=4 +RPD* exp(~ iuyy)],
(TBTP/TPH) expli(ug — uy)hoy
F i(uy — ugdh xp(iugy),
i(uy — ugdhy o] expliugy (2.70)
2"22‘1’2(“'1 y) =R ghlpz(“; ¥)
(TYTY/TYH) expli(uy — uxhyg + i(ug — u3)ho4]
X exp(— luoy) ’
=< (TY/T{#) exp[i(u; — up)h,;][exp(— iu,y) + R{*
X exp(iuly)]’

exp(— iuyy) + REH expliuyy), (2.7c)

and for the nth surface wave mode
‘I"s‘(u, y) = ‘//z(u; y) = ¥y, ho]_)
gexp[— uf(y —hoqlls
x < (1/TPH) exp(— iufthgy)exp(iuzy) + RP* exp(— iudy)],
z(Tf/Tf”) exp(— {ulH,) expliug(y — ki)  (2.7d)

The transverse wave impedance is

Zo, ¥ > hoy
Z(u,y) = p/we(y) =42y, hogy1>y>hyp, (2.8a)
Zyy hip>y
and
(@2, k)2 = [B(iuozo 2 L>_1] (2. 8b)
s &y g RB 55,
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It can be shown that

TD 2
[\I';‘(u,hlz)]z = [\I’g(u, hol) ;ﬁ exp(— zui'Hlﬂ
1

=|8 z'uzzzi 1) (2. 8c)
dp RY 88,

Substituting the expression (2. 7a) for H,(x, y) into the
wave equation (2. 1a) and noting that the one-dimensional
Green's function exp[— iB|x — x,|] satisfies the dif-
ferential equation

22
(5;5 + ,,2> expl— i |x — xo|] = — 1280(x — %), (2. 98)

we get the following complete expansion for 5(y — ygq):

éi Z(90) Y 4y Y0) ¥ (4, 3) = 6(y— 3¢)

where the summation symbol 2. is interpreted as in
(2. 7a). To derive the desired transform pair for the
three-medium problem, we multiply (2. 9b) by H,(x,y,)
and integrate with respect to y, over the interval
{(—o, @), Thus

(2. 9b)

H,(x,y) = Ho(x,y) + Hy(x,9) + 25 H*(x, )

= H,(x,uW,u,y), p=0,2,0rs (2. 10a)
and the transform functions H,(x,u) are
Hy(x,u) = 7, H,(%,9)2(,5)¥,(u, 3)dy,
p»=0,2,ors. (2.10b)

Using the transform pair (2. 10), we derive the impor-
tant orthogonal relationship

L2 200,909, 9)0 ,u*, 3)dy

8w —u"),

B#Bs

=6 Au—u*)=268

r.q p.q

6

Ou,ugr

* =
B” =B @ 11)

where p and g are equal to 0, 2,0r s and 8, , is the
Kronecker delta. The expressions for the functions
Hg 2(x,y) in (2.10a) can be written in forms that are
more convenient for integration by the method of
steepest descent.
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Noting that
Holx,ug) = REMH o(x, — ug) (2. 12a)
and
Hy(x,up) = RYMH 5 (x, — ug), (2. 12p)
we get
Ho(%,9) = [ Holx,u) exp(— iy, ug)duy, v > hoy,
(2.12¢)
and
Hy(x,9) = [ Hy(%,5) expliy, up)duy, 3 < hy,.
(2. 12d)

In the analysis of the two-medium problem,1.2 it has
been shown that the above expressions (2. 11) correspond
to the radiation and the lateral wave terms. We now
derive the corresponding transform pair for the trans-
verse component of the electric field E y+ Noting that

£y = 1 O
xX,y) = —
Al we dx

(2.13)

the appropriate basis function for E 3,(:c, y) is Z(u, y)
¥(u, y); thus
E,(x,y) = ? E,(x,u) Z(u, )Y ,(u, »),

where

(2. 14a)

Ey(,u) = [ E,(x,5)¥,@,3)dy, p=0,2ands,
(2. 14b)
and 7 is interpreted as in (2. 7a).
To obtain the corresponding transform pairs for the
dual problem (electric line current excitation I) in
which the waves are horizontally polarized, we make the

following substitutions in the above-derived transform
pairs:

H,— E,

€= p,

E,»—H
K- L

'L b€

As a result, the reflection coefficients for vertical
polarization R , are replaced by the reflection coeffi-

T y
o / E= ExTx +Eydy
H=H, G,
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FIG. 4. Multilayered uniform structure.
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cient for horizontally polarized waves R, ,and Z (u,y)
is replaced by Y{(u, y) = 8/ wp.

3. GENERALIZED TRANSFORMS FOR
MULTILAYERED MEDIA

On the basis of the derivations in the preceding section,
we systematically construct the expressions for the
generalized transforms for stratified media with an
arbitrary number of layers (see Fig. 4). We shall do
this directly, without recourse to the familiar Fourier
transforms (with respect to the x variable).

The m + 1 layers are characterized by the electro-
magnetic parameters ¢; and u; withi =0,1,...,m.
The wave parameters k; and u; are defined as in Sec. 2,
Egs. (2. 1b) and (2. 3c¢). Likewise,all the reflection and
transmission coefficients in the 7th layer are denoted
by the subscript ¢ (see Fig. 4).

As in the case of the three-medium problem, the ex-
pressions for the transforms for the multilayered case
consist of two infinite branch cut integrals [Im(xg) = 0
and Im(u,,) = 0] corresponding to the branch points
ug = 0 and u,, = 0. In addition the transforms consist of
a finite number of surface-wave (or trapped) waveguide
modes, characterized by the modal equation

1/R2=0 or 1/RU=0. (3.1a)
The reflection coefficient R? is the reflection coeffi-
cient at the ¢,7 + 1 interface for waves incident from
above and R7 is the reflection coefficient at the ¢,7 — 1
interface for waves incident from below. Thus

R§=0, RI=(R,;,+R')/1+R,, RV,
i=1,2,...,m, (3.1b)
and
Rﬂ =0, RiD= (Ri+1,i +Rﬁli)/(1 +Ri+1,iR¢p+1i)y

i=0,1,...,m—1, (3.1c)
whereR;,; ; and R, ; ; are the Fresnel reflection
coefficients (2. 5b) and RY*,RVZ, RP* and RP# are de-
fined as in Sec. 2, Eq. (2. 5a). The transmission coeffi-
cients TV, TV4, TP and TPH are given by (2. 5¢).

To obtain the expression for the basis function ¥, (u, ¥)
[corresponding to the branch cut integral kn (ug) = 0],
we begin with the expressions for the fields for y > hoy
and y, > hyy and work downward (in the negative y
direction), satisfying at each interface the boundary
conditions

Wl B 1ay) = Wl by ) 3. 22)
and

1 9 . 1 g -

r TV i) = i Ty ¥k ). (3. 2p)

Thus we obtain directly
27Z o¥4o(u, ) =R 8%y o(u, y)

exp(iugy) + RE* exp(— iugyy),
_ plil1(T‘£1/ T‘PH) exp {i "i:lup_l pPpa .p}

X [exp(iu,y) + RD* exp(— iu,y)],
for mediumr» =1,2,3,...,m,

for medium 0,

(3.3a)
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where

Uy g =Upq — Uy (3.3Db)
Similarly, to derive the basis functions y,,(«,y) [corres-
ponding to the branch cut integral Im(u,, ) = 0], we begin
with the fields for y <#%,_; , and y, < h -1.m and work
upward (in the positive y d1rect1on), sat1sfy1ng at each
interface the boundary conditions (3. 2). Thus we obtain
directly

21z, ¥, (u,z2) =R, (u,y)

m-r Tgnl—p .
I “ruE exP{Zz:um-p,m+1—phm—ﬁ,m+l—ﬁ}
p=1 TDH,
=4 X [exp(-— iu,y) + RY* exp(iu,y),

for mediumr =0,1,2,...,m — 1,

exp(— iu,,y) + RU* exp(iu,,y), for medium m.

(3.3¢)

To derive the basis functions ¥ _(«, y) for the (trapped)
waveguide modes, we can begin with the field expression
in either the uppermost or lowermost medium (0 or m)
and work downward or upward respectively, satisfying
the boundary conditions (3. 2) at each interface. Thus
for the nth waveguide mode, working downward from
medium 0, we get

‘I”s‘(u’y) = 4/'5‘ (u’ y) = ‘I"s‘ (u,h()l)
(“exp[— iu (y — hy,)], for medium 0
1
—— exp(— iuf hyy ) exp(iuf y) + RP* exp(— iuty)],
TPH .
for medium 1
X% 1

TD,
TDH exp(— iut ho3) Hz TDH

r
2o uly phy
<p=2 -1,p%p-1,p

X [exp(iuy) + R2* exp(— iupy),

\ for mediumr =2,3,...,m, (3.4a)
where
2 iZ d —1 N (3. 4b)
n = z — .
[‘I’s (u, hOl)] B 0“0 dﬁ Rg B=Bn

Alternatively, working upward starting with medium m,
we get an equivalent expression for ¥7% (u,y),

‘I"; (“’ y) = ‘ps” (u, y) = ‘1”; (u! hm-l,m)
1 , m-r Tgnl-p
exp(iu®, q ,) Il ——F
T2 "2 THE,

X eXPUL_y mi1-p Bomep, me1-p)

X [exp(— uzy) + RY* exp(iu? y)
x{ for medium r, wherer =0,1,2,...,m — 2,

T7H, exp(ittyy 1 b1, m) €XP(— 27, 19)

+RUR, exp(iun_yy)), for mediumm —1,

\exp[iul(y — Ry )

for medium m, (3. 4c)

where

d 1 \-t
i} . (38.4d
(2 Ry )2 = l:/3 <1Z”'u"‘ df RU ) ]a=en ( )
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Using the expression (3.3a), (3. 3¢c),and (3. 4a) (or 3. 4c)
for the basis functions, we can now write complete ex-
pansions for H,(x,y) and E (,y) in terms of their trans-
forms H(u,y) and E(u, y) as in (2.10) and (2. 14), res-
pectively. Thus noting that here the subscript 2 (for
medium 2) must be replaced by m, we get

H(,5) = Ho,3) + Byl ) + 5 H106,9)
=2 H,(x,ly j(x,4), p=0,m,ors, (3. 52)
where-
Hy(x,u) = f: H,(%,9) Z(u, ) ¥, (u, y)dy,
p=0,m,ors, (3.5b)
and
E (%,9) = ZE,(x,u) Z(u, ¥ , (u, y), (3. 6a)
where
E,(x,u) = [ E,(%,y)¥,(,y)dy. (3. 6b)

Similarly the orthogonal relationship (2. 11) is satisfied
for the (m+ 1)-layer medium. In this case we let p and ¢
equal 0,m,or s in (2.11). Note that all the normalization
coefficients are obtained automatically without actual
integration with respect to y over the interval (— o, ).

4, THE MODAL EQUATION

It was intuitively assumed in Sec. 3 that, for the wave-
guide modes,1/R8 =0 or Y/RY = 0 [(3. la)] In Sec. 2,
this was exphcltly shown to be the case for the three-
medium problem. We demonstrate in this section that
the same holds when the structure has an arbitrary
number of layers (m + 1). Beginning with the condition
1/R2 =0, (4. 1a)
it follows directly from (3. 1c) that, for the waveguide
modes,
1+R,RP#2=1—RYRPE=0. (4. 1b)
By substituting for R P, using the recurrence formula
(3. 1c), the above equation (4. 1b) can also be written as

[(1—RJ#R,y) + (Ryy —R{F)RPE]/(1 + Ry REA) = 0.
(4. 1c)

To satisfy (4. 1c),the necessary and sufficient condition
is

1—-RZRPH =0, (4.2)
where we have used the definition of R given in (3. 1b).
In a straightforward manner it can be shown that, in
general, the necessary and sufficient condition can be
expressed as

1 —RYR? exp(—i2u,H,) =0, p=1,2,3,...,m—1.

4. 3)
Thus for p =m — 1 we get from (4. 3)
1—R} RY,_, exp(—i2u,, 1H, ;)
=1+RYAR, ,1=0. (44a)

The above modal equation corresponds precisely to the
condition
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1/RY = 0. (4. 4p)
Thus, the roots of Egs. (4. 1a), (4.3),and (4. 1b) are iden-
tical. Equation (4. 3), which is satisfied in each of the
layers of finite thickness, is equivalent to the statement
that the waves associated with the trapped waveguide
modes undergo constructive interference in each layer
of the structure.

5. CONCLUDING REMARKS

In this paper,we have derived a systematic method for
constructing the transform pairs for the transverse com-~
ponents of the electromagnetic fields in a multilayered
structure. The complete expansion consists of two in-
finite (branch cut) integrals—the continuous part of the
wavenumber spectrum, as well as a finite number of
trapped waveguide modes—the discrete part of the wave-
number spectrum.

The method also provides all the important orthogonality
relationships (2. 11) that are satisfied by the basis func-
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tions and determines all the normalization coefficients
without performing any integrations.

In an earlier analysis of the two-medium problem,1.2
the infinite integrals are identified as the radiation and
the lateral wave terms.

The transforms derived in this paper for uniform multi-
layered media provide a suitable basis for the expan-
sion of electromagnetic fields in an inhomogeneous multi-
layered structure of arbitrarily varying thickness.5
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University of Nebraska. The author wishes to thank J. R. Wait and
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the manuscript.
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Electromagnetic wave propagation in inhomogeneous
multilayered structures of arbitrary thickness—Full wave
solutions®
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In this paper, we derive full wave solutions to the problem of electromagnetic wave propagation in
inhomogeneous multilayered structures of arbitrarily varying thickness. To this end, we employ
generalized transforms that provide an appropriate basis for the complete expansion of the transverse
components of the electromagnetic fields. The continuous parts of the wavenumber spectrum are the
radiation and the lateral wave terms while the discrete part is identified as the finite set of trapped
waveguide modes (surface waves). When the bounding media are characterized by perfect electric or
magnetic walls (u/e > 0 or e/u > 0, respectively) or surface impedances, the fields are expressed
exclusively in terms of an infinite set of waveguide modes. These solutions are not restricted by the
approximate surface impedance concept and the sources and observation point may be located in any
of the nonuniform layers of the structure. Exact boundary conditions are imposed and the solutions
satisfy the reciprocity relationships. Thus, the solutions are applicable to artificial layered structures
as well as natural structures such as the inhomogeneous ionosphere and the earth’s crust. These
solutions can also be used to determine the scattering from objects of finite cross section in free
space or embedded in the earth’s crust.

1. INTRODUCTION For the purpose of the full wave analysis, generalized
transforms! are used to provide a suitable complete
expansion for the transverse components of the electro-
magnetic fields. The continuous parts of the wave-
number spectrum (two infinite integrals) correspond to
the radiation and the lateral wave terms, while the dis-
crete part is identified as the finite set of trapped wave-
guide modes or surface waves. These solutions satisfy
the reciprocity relationships in electromagnetic theory.

Full wave solutions are derived to the problem of pro-
pagation of electromagnetic waves in multilayered
structures of arbitrarily varying thickness (see Fig. 1).
The electromagnetic parameters € and u, characteriz-
ing the medium of propagation in each layer, are also
assumed to vary along the propagation path (the x axis).
The sources and observation point may be located in
any of the (m + 1) media of the structure.

A wide class of problems such as propagation in the
nonuniform and inhomogeneous ionosphere layers or
the earth's crust as well as artificial layered struc-
tures may be solved using the analysis derived in this
paper. In the special case when the bounding media of
the structure are regarded as perfect electric or mag-
netic walls (u/€— 0 or €/u— 0, respectively) or when
they are characterized by surface impedances, the elec-

Exact boundary conditions are imposed and the solu-
tions are not restricted by the approximate surface
impedance concept.

Jm _ tromagnetic fields are expressed exclusively in terms
E=Exay +E,0, of an infinite set of waveguide modes and the radiation

/ and lateral wave terms vanish. Thus, in these cases,

HeHz 5 when m = 2 and the electromagnetic parameters ¢, it

are constant, our problem reduces to the problem of
o propagation in a waveguide of variable height which has
€00 poX) been treated extensively in the technical literature. On
h the other hand, when only one of the bounding media is
hgy =~ \_/T\/ o regarded as an electric or magnetic wall or if it is
(X) g ix) characterised by a surface impedance, only one of the

H

€

hip”” T | 3 M2 Poa infinite integrals in the field expansions vanishes.
2 Wy €300 paX) In the special case when m = 1, our solutions reduce to
hpg——diy r P34 those derived recently? for the two-medium problems.
baa b s €4X) prgX) " The solutions can also be used to determine the scatter-
Sl 5 4 ha5 ing of electromagnetic waves from objects of finite
___:?.(:)_'is_oi___ cross-section embedded in the earth's crust or in free
,a"— Bty « space (see Fig. 2).

) pf0 e
g | € %) pr B0 2. FORMULATION OF THE PROBLEM

/ w e
boeme e e _Er#llX) ppall
m-2 S ——

Poett e Propagation of vertically polarized waves in the non-
- o) gy uniform multilayered structure shown in Fig.1 is con-
P2, met N____T/“m-a- m-i sidered in detail in this paper. The solutions for hori-
' €m-1tX) _pm-fX} Hen—1 zontally polarized waves may be derived in a similar
Pm=l,m m EmiX) LX) hm-1,m manner or obtained directly from our present analysis,
m

FIG.1. Line source over a nonuniform multilayered structure.
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through duality considerations in electromagnetic theory
(€—> u,u— €,H— E and E— — H). The height of the

Copyright © 1973 by the American Institute of Physics 1030
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interface between medium 7 and medium » + 1 from a
reference planey = 0 is z, ., (x) and the thickness of
the rth layer is

H,(x)=nh

1,7 — R, 4(x). 2.1)

Furthermore, the electromagnetic parameters for the
rth layer (¢,, p,) are also assumed to vary arbitrarily
along the propagation path (the x axis). It is assumed
here that the excitation is independent of the z axis;
thus, the problem is two-dimensional and the scattered
fields are also vertically polarized. We assume, with-
out loss of generality, that the vertically polarized
waves are generated by a z-directed line source J,
(dual to the electric line current J) located at x = xo
andy =y, (see Fig.1):

Jm(x7y) = Kﬁ(x —xO)é(y "yo)y

where 6(x — x,) and 6(y — y,) are Dirac delta functions
and the intensity of the line source K is measured in
volts. For an assumed exp(iwt) time dependence, the
nonvanishing components of the electric and magnetic
fields E and H, respectively,are

(2.2)

oE oE

?y - a_y‘ = —iwpH,—J,, (2.3a)
oH
% = iweE,, (2.3b)
and
H, |
—_— .5;. = zweEy, (230)

where the electromagnetic coefficients are
€(x,y) = e,(x)}

wx,y) = u,(0f’
and

by 1 <y<hy i, r=L...,m—1,

ulx, ¥) = polx), ¥ > hgy,
“'(x,y) = ”'m(x), hm—l,m < Y.

€(x,y) = €4(x),
€(x,y) = €,(x)

’ men (2.4)
For p = (x2 + y2)1/2 o, the electromagnetic fields
satisfy the radiation condition and at each varying inter-
facey =k, ,,,(x), the boundary conditions are

Hz(x!h;,rﬂ.) =Hz(x! h‘;,r+1) (2‘ 5a‘)
and
Ey(x h; r+1) Siner,r+1 + Ex(x h; r+1) COS@, r+l
=E (x hr r+1) Singr,rd +E (x hr r+1) cose'r.rd’
2.5
where " ) (2.50)
d, alx
tangr,rd: "r r+1_#—1‘_' (2.5¢)
dx

Using (2. 3b) to eliminate E, from (2. 5b) and (2. 3a), we
get

. il g 1 g
[E E ]h, T, ay( H; <1 Hz) (2. 5d)
and
oE ] 92H
——4—’—[k2ﬂz+—z +d,, (2. 5e)
x we y2
where the wavenumber is
k(x,y) = wue)/2, Im(k) = 0. (2. 51)
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H=H, 5, €00
0
w—1
-—\—/_'\ho‘l
N €,(x), g1 y{x)
hy,2,h
3 h2:h23
hy 2.hp 3= == ~== €300 €(X)
#3()() Hy (x)
»X
FIG.2. Line source over a nonuniform structure with a layer of

finite cross section

In our analysis, we employ the following generalized
transform pair to obtain a complete expansion for the
magnetic field component! H,:

H,(x,y) = Hylx,y) + H,(x,y) + H (x,y)

=2 H WV, [, )
= [7 Hole, ) Wolu, y)dug + [ H,bc,u)y (6, w)du,,

N
+ Zng(x,u)w';(x,u) (2. 6a)
and
HyGe,u) = [ H,(6,9)Zu,9)¥ @, y)dy,
p=0,m,ors. (2.6b)

The basis functions satisfy the differential equation

32 2 —
<5y—§ +u )d/(u,y) =0 (2.7a)
and the boundary conditions at each interface,y = ky v
W(u’ kY = W(u; k)
and
g (1 N
v <€r ) =0. (2.7b)

The boundary condition (2. 7b) corresponds to (2. 5d)
only for the special case h, , , = const. Thus, in gener-
al the expansion (2. 6) for H (x,y) does not umformly
converge at the interfacesy =k, , ;. In general, the
basis functions are explicitly funct1ons of x (through

the height functions 1 and the electromagnetic

r.r+
parameters € and u).

The expressions for the basis functions ¥ ., y) are, for
g = 0, given by

21Z Vo (u,y) = RV o(u, y)
exp(iugy) + RS exp(— iuyy), for medium 0
r TD r
p-1 ;
= p=1 TDH e’cp(l‘,z:;l Up-1 PhP-I P)

X [exp(iu,y) + RD® exp(— iu,y)],

for medium » = 1,2, ...,m, (2. 8a)

for g = m

2nZ %, (u,y) = RUY _(u,y)
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p=1
X [exp(— iu,y) + RU* exp(iu,y)],
for mediumr =10,1,2,...,m— 1,

exp(— iu,y) + RY* exp(iu,y),

mey Tyml-p i
,,1;11 T UH exp (i 75 um-p.mvl-ﬁhm-p.md-p)
m-p

for medium m, (2. 8b)
and for the nth surface-wave mode (¢ = s),
Va(u,y) =¥ 2(wu,y) = ¥2(u, hoy)
(exp[— ud(y — hyy)], for medium 0,
1 . .
-7—‘?; exp(— ulhy,)[exp(iuty) + RQ*
x exp(— iu%y)], for medium 1,
1 wnthe ) 11 -1
x% T8 exp(— uthoy) I1, ‘,F?F
r
X exp(i ) “Z-1,php-1,p>
p=2
x [exp(iuzy) + R2* exp(— iuty)],
for mediumm = 2,8, ...,m, (2. 8¢c)
\.
where
. 2 . d 1\
[‘I’s(u,h(n)] =8 7'20“0—'—0 (2. 8d)
dB R/ |e-a,

and 8, [Im(8,) < 0] is one of the finite set of surface
wave modes that satisfies the modal equation

1/RE = 0. (2. 8e)

In the above expressions, the reflection coefficients at
the i, + 1 interface, for waves incident from above and
below, are respectively (see Fig. 1),

RD =0,R? = (R;,; ; + RPH)/(1 + Ry RTH),

i=12...,m, (2.93)
R§=0,R{= (R, ; + REA)/(1+ Ry, RYY),
i=0,1,...,m—1, (2.9b)

where R, ;and R, ; are the Fresnel reflection co-

efficients

Ry ;=—R; ;1= W€~ Uy 1€)/ i€ + Uy Eq)
(2.9¢)

and

RPF = R? exp(— i2u;H;), RP* = R} expli2up, ),

(2.9d)
RY# = RV exp(— i2u H;), RYy*= RYexp(—i2ur,, ;).
(2.9¢)
The transmission coefficients are
TP=1+RP, Ty=1+RY,
TPH=1+ RDA, and TV¥=1+ R}, (2.91)
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The wave parameter for medium r is

u,(x) = [k2—p2]/2  Im(u,) <0, (2. 10a)
and

Uppsl TUp— Uy . (2.10b)
The trangverse wave impedance is, for all y,

Z(u,y) = p/welx,y) (2.10¢)
and for medium »

Z{u,y) = B/we (%) = Z (u). (2.10d)

In a similar manner, the transverse component of the
electric field Ey can be expressed in terms of its trans-
form E(x,u). In this case, the appropriate basis function
is Z(x,y)¥ (u, y); thus,

E,(x,9) = 2 E, %, WZ(u,9)¥,(u,y)
and

E,x,u)= [ E,(x,5)%@,y)dy,

where }; is to be interpreted as in (2.6).

(2.11a)

(2.11b)

The transform functions H(u, y) and E (4, y) can be ex-
pressed in terms of the forward and backward wave
amplitudes a(x,u) and b(x, u), respectively.

Thus we define

H{x,u) = a(x,u) + b(x,u), E(x,u) = a(x,u) — b(x,u).
(2.12)

3. THE FORWARD AND BACKWARD WAVE
AMPLITUDES

The transform pairs (2.6) and (2. 11) provide a con-
venient basis for converting the partial differential
equations (2. 3c) and (2. 5e) for E (r,y) and H,(x, y) [in
conjunction with the exact boundary conditions (2. 5a)

and (2. 5d)] into a coupled set of ordinary differential
equations for the wave amplitudes (2.12). To this end,
we derive (directly from the transform pairs) the follow-
ing completeness and orthogonal relationships. Thus

the Dirac delta function 5(y — y,) can be expressed in
terms of the transforms (2.6) as

6(y _yo) = E Z(“,y)‘l’,(“,yo)lllp(“,y),

where 7, is interpreted as in (2.6). Using (2. 7a), the
orthogonal relationship between the basis functions can
be shown to be

(3.1a)

L2 2@, 9)%, @, ) ¥, @, 9)dy

= B—*z—_lj—? [‘/’q(u,y)z(u, y) sa; ‘I‘p(u*,y)

?
=¥, u*y)ZWu,y) —a; ‘I',,(u,y)}

S(u,u*), p*=8,,

(3. 1b)
6 B* =8,,

= GP.QA(u,u*) = bﬂ'q{

“,u*y

where g, is a solution for the modal equation (2. 8e),
p and ¢ are equal to 0,m,or s and 6, , is the Kronecker
delta,

To obtain the desired ordinary differential equations
for the wave amplitudes a(x, «) and b(x, u), multiply
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(2.5€) by ¥ ,(u*,y) and (2.1c) by Z(u*,y)¥ ,u*,y) and
integrate w1th respect to y over the mterval (— w, o),
Thus, for p = 0,m, or s we get
(a H,
ay2

©0
X W,dy + [~ J,%,dy

o,
= R T +k2H>
X ™ we

(3. 2a)

and
w OH

- L

In (3.2) we express E (x,y) and H,(x, y) in terms of
their respective transforms (2.6) and (2.11). However,
since the basis functions (4, y) and Z (u, y)¥ (4, y) do
not in general satisfy the boundary conditions for the
field components H , (x,y) and E (¥, y), respectively,

the expansions (2. 6a) and (2. 11a) do not converge uni-
formally at the interfaces h,_; , (r = 1,...,m). Hence,
since it is not permissible in general to interchange
orders of integration and differentiation, we apply
Green's theorem in one dimension (or integration by
parts) to the terms in (3. 2) that involve differentiation.
Thus, for instance, the first term in (3. 2a) is given by

(3. 2b)

axz Zv dy =i L, weE Z¥,dy.

o, d -

0 _ w ,

- [ & \Ildy___.f B+ [TE, 22 ay
- 72_)1 {E, %, 0, , — (B, %, 0, Yoy, (3.32)

and for the second term in (3. 2a) we can use the identity

w 1 82H w 1 32‘1'1,
f-°°e az‘ll’dyzf-“:H' ay? v
m oH, 1 o¥,
— — — Y 4 - ’
Eﬂe@*$”r[ﬁ“w]ﬂyﬂf

(3.3b)
On applying the boundary conditions (2. 5d) for H,(x, y)
and E (x,y) as well as (2.7) for ¥ («,y) and usmg the
orthogonal relationship (3. 1b), (3.2a) reduces to
dE (x,u*)
— ——’;x—— = iB*H ,(x, u*)

-2 G, (u*, WE (x,u) + J,(x,u*), (3.4a)

where the summation is interpreted as in (2.6). We
have

w 0¥
Gpotuti) = [T LD 20 5) 4,30y (3,40
and
I, u®) = [7 J,06,9)%, %, y)dy
= K\Ilp(u*,y)b(x —xg). (3.4c¢)

A similar treatment of (3. 2b) yields the equation

M =3 %, NP(u*) Gm(u,u*)H (x, u),
dx N, (u) "( 3. 5a)
where
S R3%/21Z,, p =0,
RUM27Z . p=m, (3.5b)

Np(u) = \I’p(u)y)/‘pp(uyy) ?
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and the following relationship derived from (3.1b) has
been used for u* = u:

d B*
2’_‘ Lo Z(“',y)‘l’,(“*,y)wq(“,y)dy =0= _B— qu(u*,u)

N *

+__2.M qu(u’ u‘)
N, @)

2 (u*

v [ 3Z(u*,y)
o ox
m

- ZD]. h'-l.'rq’p(u*’hr—l,r)wq(u’hr—l.r)
r=

¥, (u*, )V, (u, y)dy

X [Z,.,®) — Z, ") (3. 6a)
Similarly, for 4* = u = u% it can be shown that
d %0
™ [ 20w, 9)¥72 0, 9)¥10, y)dy = 0 = 2677
© 9Z(u,y
+ [ a'; ) [¥2(u, y))2dy
m
=Lk Uk (2, - 2,m)], (3.6b)
r=1 r-1,r
where
BZ(u,y)
[D === (1w, ») )2y
’ Z Z 6[
=’9—"— 0% rgnlg, + 2 (g
B, 2iuy€q v 24u,€, m=1,m
m=l Z €,
E (q,u )2 + yu2(\lm)2 qm\pn] r-1,7
r=1 € r,.r+ l
ey (3. 6¢c)

Thus (3. 6b) can be used to determine G%%(u", un).

We utilize the relationship between (3. 1b) and (3. 4b) to
determine the general expression for G, (u*,u). Thus,
for u = u*,

G wrw = | 2% 2
po(U* u) = m v, (u, ) oy NTARY)

W (u,y) ,(u ,y))] Z—l.m
[ 2w, ) 2
+ E BtZ_Bz (‘Pq(u,y) a—_a"_ ‘I‘p(u,y)

X0y
-
q:,(u*,yﬂ e 6
Expressing the transforms H(x,u) and E(x,u) in terms
of the wave amplitudes a(x,«) and b(x, ) [(2. 12)], we

obtain from (3.4a) and (3. 5a) a set of coupled ordinary
differential equations. Thus, for p,q = 0,m, or s,

0 0
x — u —
” v, u,y) »

— 2% ap(x,u"') - iﬂ*ap(x,u"‘)

=7, SBA*, wa,(x,u) + 25 SEBu*, u)b ,(x,u)

+J,(6,u%)/2 (3. 8a)
and
- —d% b,lx,u*) + iB*b,(x, u*)
=2 S4B @*, ub  (x,u)
+ 23 Sppru*, wa,(x,u) — J,(x,u%)/2, (3. 8b)
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where 7 is interpreted as in (2.6a) and the transmis-
sion and reflection scattering coefficients are defined
respectively as

SBA(u*,u) = SE(u*,u)
= }— w G, u,u*)—G,, (u* u)) 3.9
T 9 Nq(u) gpy pe " ! (3.92)

and

SPEu*, u) = Sf4(u*, u)

1 /N, (u*)
= — B
2 (Nq(u) GQP(t"u*) + qu(u*s u)>P'q=0'm'm's.

(3.9b)

In view of the normalization used in this paper, it can be
shown that

ng}(“*, u) =— S‘gg(‘l‘, u*)Np(u*)/Nq (’u) (3. 90)
and
S§S@*, u) = S5, w*IN,(*)/ N, (u) (3.94)

for p,g = Y, m,or s and C = A or B. Thus, (2. 8) satis-
fies the reciprocity relationships in electromagnetic
theory. The scattering coefficients (2.9) may also be
derived by imposing the continuity of H,(x,y) and E_ (x,y)
for any plane x = const. separating two multilayere&'
structures whose electromagnetic parameters are e(x),
plx) and e{x) + e’(x)dx, ufx) + p'(x)dx, respectively, and
with layer boundaries atk, . ,(x) and k, , ;(x) +

h, ,1()dx, respectively. s procedure has been

show to be rigorous.3

For any specific problem, G, (u*, ) depends upon varia-

tions of the parameters ¢,, u,, and &, , ;. Thus, for
example we can express oW p/ dx in (3. 4b) as follows:

2 i 2 2
L vt - v O ey O
ax L p0) [Eo (E’ de, U yaﬂ.')
Z d
+ h’ — 3.10
1?1 -l.r dkr—l,r] p(u’y) ( )

and a similar expression can be written for
02% ,(u, y)/ 3x0y.

4. THE SURFACE IMPEDANCE AND THE RELATED
WAVEGUIDE PROBLEM

In electromagnetic wave propagation problems, one
often encounters layered structures in which one or both
the bounding layers are regarded as perfect electric

or magnetic walls, u/¢— 0 or ¢/u ~ 0, respectively.
Thus, from {2.9) we get

1, y=hgy, perfectelectric wall,

RU=R =

1 0.1 {— 1, y=hy,, perfect magnetic wall.
) (4. 1a)
In this case, #, = 0 is not a branch point and the contri-

bution from the branch cut integral Im(u,) = 0 vanishes.!
Similarly for

Ry =R

m,m-1

1, y=h,;,, Pperfectelectric wall,

- 1, ; perfect magnetic wall,

=h
Y (4.1b)

m=-1, m
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the contribution from the branch cut integral Im(u,)=0
vanishes since #,, = 0 is not a branch point.

Furthermore, in problems of propagation over good
conducting earth (or sea water) for instance, it is con-
venient to characterize the interface ho1(ork, ;)
by an approximate surface impedance (t'angential elec-
tric to magnetic field ratio) which is assumed to be in-
dependent of the particular excitation. Thus, if Z so 18
the surface impedance looking upward into the boundary
y= ho,ls

RY= (uy/wey —Z o)/ (u/wey + Z ),
and the contribution from the branch cut Im{yy) = 0

vanighes. Similarly, when Z_, is the surface impedance
looking downward into the boundary y = &

(4.23)

m=-1,m

R?n—l = (um-l/wfm-l - Zsm)/(um-i/wfm-l + Zsm)’
(4. 2b)

and the contribution from the branch cut Im(x,,) = 0
vanishes. Thus, when the bounding media are charac-
terized by surface impedances (including perfect elec-
tric or magnetic walls for whichZ _=0or ¥, = 1/2Z,
= 0, respectively), the fields are expressed exclusively
in terms of an infinite set of waveguide modes that
satisfy the modal equation?

RIRRE =1, i=1,...,m=1, (4. 3)
For the special case when € and u are independent of
x and y and in addition Z_ = 0, the structure is a wave-
guide of varying height (a structure that is treated ex-
tensively in the literature), It is interesting to note
that the present analysis also provides a full wave solu-
tion to the problem of scattering by objects of finite
cross section embedded in the earth's crust (¢, * ¢,
iy # ) or in free space (e; = €,, p; = l,) (See Fig. 2).

5. FAR FIELD SOLUTIONS

To obtain the expressions for the magnetic field in a
muitilayered medium, it is necessary to solve the
coupled ordinary differential equations for the wave
amplitudes a,(x, ) and b ,(x, ) [(3.8)] and substitute
these results into the complete expansion for H,(x, y)
given by (2.6a). This procedure simplifies consider-
ably if the sources and observation point are at large
distances from the principal regions of wave scattering.
Noting that

Hyx,— u) = Hylx, u)/R3* (5. 1a)
and

H,(c,—u)=H_ {(x,u)/RE}, (5. 1b)

we can write the fields radiated into the semi-infinite
media 0 and m as

Hole,9) = [ Hol,u) exp(—iyug)dug, > hg 1,

(5. 2a)
and
Ho%,9) = [ H,(c,u) expliyu,)du,, 9 <hyq .

(5. 2b)

The above exact expressions for the radiated fields are
particularly conducive to integration by the method of
steepest descent. In this section, we shall consider only
far field solutions that are derived through an iterative
method.? The line source is assumed to be in free space
{medjum 0} at a large distance p, = (x§ + vy V2> 1/k,
from the nonuniform region — L <x <L,

wherex, < — L.
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The boundary conditions for the wave amplitudes are

p=0,m,ors,
(5.3a)

and in view of the line source excitation, the wave am-

plitudes are discontinuous at x = x,. Thus, we have

ap(_ ©,u) = 0, bp(w; u) = o,

ap(x; u)‘zi. = bp(x’u)l’;g = %K\I’p(ugy),

p=0m,ands. (5.3b)
Thus, neglecting wave scattering due to the nonuniformi-
ties of the structure, we solve (3. 8a) for a,(x,u) and
substitute into (5. 2a). Integration of (5. Zaf, using the
steepest descent method yields the following expression
for the primary fields in the nonuniform region?
L<x<L)

HE(x,y) = Hj exp(— i8%)REM¥(u, y). (5. 4a)
In (5.4a) R3*Y,(u,y) is given by (2. 8a). The amplitude
of the primary wave is

Kwe

Hi=— W exp[— i(kopo — 47], (5. 4b)
X9 = pg sinBY, g4 = py cosd, (5. 4c)
and as a result of Snell's law
pt==Fk, sing! and ui=~Fk,k cosfi,
r=0,1,...,m. (5.4d)

In the expression (5.4a), R3*¥(x,y) is implicitly a
function of x since €, and &, , , are functions of x in
the nonuniform region. Using (2. 6b), we determine the
wave amplitude ap(x, u) corresponding to the primary
field (5.4a). Thus,

ap(x,u)

H{RB* exp(— ifix)6(u — u’)ﬁp o
ablx, u)d(u— u')bp,o.

(5.5)

Substituting the above expression for a, on the right-
hand side of (3. 8), we obtain the following solutions for
the scattered wave amplitudes:

ayl,u) = — expl— iflx — L)] [ SBAw, udapix’,w)

X exp(i f:' ﬁdx')dx' = exp[— iB(x — L)]Apo(u,u‘)
(5. 6a)
for x > L, and
b, 0c,u) = exp[+ i8(x + L)] [ Sp8(u, u¥)ab(x, )
X exp(— i f: Bdx")dx' = exp[ig(x + L)|[ig(x + L)]
X B o, uf). (5. 6b)
forx <~ L.

To obtain the expression for the forward scattered
radiation field H{(x, ), we substitute the expression
ay(x, u) irom (5.62) into (5. 2a) and integrate using the
method of steepest descent.2 Thus, provided that Ago e,
u?) can be regarded as a slowly varying function of «,

it can be shown that

Hi(x,y) = Ago/, uh)p/(2n/kyp)1/2

X exp(in/4) exp(— ikop),  (5.7a)
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where

(x—L)=psingf, y=p coseé (5. Tb)
and

Bf =k, sindf, ufl=~Fk, cosbf. (5.7¢)

Hence, Ay, (u/, u?)p/ is the radiation pattern for the for-
ward scattered waves. Similarly, the backward scattered
radiation field is

Hj3(x,y) = Byo(u?,udp®(2n/kop)1/2 exp(in/4) exp(— ikyp),

where (5. 8a)
—{ +L)=psing}, y=pcos} (5. 8b)
and
p® =k, sin6d, ud =%k, cosfl. (5. 8c)

In general the terms Ao, u*) and B, u?) {(5.6)] may
be expressed in terms of infinite series.4 The expres-
sion for H (x,y) [(5.2b)] is identified as the lateral
wave term.2 For nondissipative media, for instance,

this term corresponds to waves that emerge in medium
m, traveling parallel to the interface &, _, .8 =%,

u,, = 0). This contribution to the total magnetic field is
associated with the phenomenon of total internal reflec~
tion.

The expression for the nth surface wave excited by the
nonuniform structure is

H'sl(x’y) = Aﬁo(“'éaui) exp[_ iBs(x - L)Wﬁ(u,y),

x>L, (5.9)
where ¥ %(u,y) is given by (2. 8¢), and similar express-
ions may be written for the backward scattered surface
waves.

By placing the line source far from the nonuniform re-
gion, it was only necessary to consider the scattering of
uniform plane waves into the radiation, the lateral wave
and the surface wave terms. In general, however, when
the source is located near the nonuniform region, it is
necessary to consider the entire spectrum of primary
waves excited by the source. These are obtained from
(3. 8b) on neglecting the coupling terms and noting that
the basis functions are also implicitly functions of x.
Thus,

ab(x,u) = —

8|

exp(— i fx: de) \Irp(u,yo)U(x —Xgq)

and (5.10a)

bh(x,u) = — g— eXP<i fx: ﬁdx)\llp(u,y)U(xO —x),

p=0,m,and s, (5.10b)
where U(x — x,) is the unit step function. The above
expressions (5. 10) determine the primary fields HP(x,y)
in this case.

6. CONCLUDING REMARKS

Full wave expressions for the electromagnetic fields in
nonuniform multilayered structures are derived. The
electromagnetic parameters ¢ and p as well as the boun-
daries between the layers of the structure are assumed
to vary along the path of propagation. The analysis em-
ploys generalized transforms?! that provide a suitable
basis for a complete expansion of the transverse com-
ponents of the electromagnetic fields. In general, the
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field expansion consists of two infinite integrals (the
continuous part of the wavenumber spectrum) which are
identified as the radiation and the lateral wave terms

as well as a finite set of surface wave modes (the dis-
crete part of the wavenumber spectrum). In certain
special cases, the contributions from one or both the
infinite integrals vanish. When both the radiation and
lateral wave terms vanish, the fields are expressed com-
pletely in terms of an infinite set of trapped waveguide
modes. In some special cases (two-medium problems or
propagation over a nonuniform impedance boundary), no
surface wave may exist and the fields can be expressed
in terms of the one or two infinite integrals.

By using the analysis derived in this paper a vast varie-
ty of propagation problems such as propagation through
the nonuniform layers of the ionosphere and the earth's
crust may be solved. Coupling into and out of artificial
surface structures as well as mode coupling in non-
uniform waveguides can also be determined by using the
full wave solutions. The analysis also provides full
wave solutions to the problems of scattering by objects
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of finite cross section embedded in the earth's crust
or in free space (see Fig. 2).

No restrictive impedance boundary conditions are used,
and the sources and observation point may be located
anywhere in the structure; thus, the analysis is particu-
larly suited to the investigation of hardened communica-
tion systems. It can readily be shown that the solutions
are consistent with the reciprocity relationships in
electromagnetic theory.
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In the present paper we discuss some mathematical methods which are nearly-best-possible in order
to extract as much as possible information from the numerical analytic continuation of the scattering
data. All the questions related to the stability are analyzed; in this sense we explicitly show some
cases where the continuity of the solutions on the data is very poor. Finally the error-bounds are

extensively explored.

1. INTRODUCTION

The purpose of this article is to explore in a quantita-
tive manner the rather precarious stability of analytic
continuation problems for scattering data (including
some in attempted use, which probably should not be);
to expose in the specific case of scattering problems
some nearly best possible methods of the first author
and others which are in use in the general mathemati-
cal field of ill-posed problems, and to give a critical
analysis of some of the expansion methods found in the
physical literature.

Chew?! and Chew-Low?2 were the first to emphasize the
role of analytic continuation of scattering data in deter-
mination of the pion-nucleon coupling constant! and of
cross sections with unstable particles as targets.2 Fol-
lowing these two initial papers Frazer3 and Ciulli-
Fisher4 pointed out the advantages of using conformal
mapping techniques; more precisely, they mapped the
cosine complex cut-plane into the unit circle. There-
after, many authors applied the methods of analytic
continuation to various phenomenological problems;
among these we recall Lovelace,5 Ashmore ¢f al.,® the
Hamilton group,?-8 Atkinson,? and Levinger, Peierls,
and Wong.10.11 Of course in these works the authors
went far beyond the original proposals of Chew and
Chew-Low. In fact, some phenomenological problems
were attempted which would have required analytic con-
tinuation of the data up to the cuts, i.e., up to the boun-
dary of the analyticity domain,

Bertero and Vianol2 (in a short note which appeared in
1965) recalled that analytic continuation of complex-
valued functions is one of the classical improperly-
posed problems in the sense of Hadamard;13 i.e., it is
completely unstable. However, this is one of the large
class of improperly-posed problems which can be sta-
bilized by restricting attention to those solutions satis-
fying a certain prescribed global bound (see Ref. 14

for references to the mathematical literature).

In Ref. 12 the Hadamard three-circle theorem and its
extension (the Carlemann inequality) were used to give
stability estimates for extrapolation of experimental
data for nucleon form factors. Thereafter, Ciulli,15.16
Cutkosky and Deo, 17.18 and Cutkosky1® returned to
these questions and proposed improved methods. Of
course this list of references does not pretend to be
exhaustive and we apologize to the authors who are not
mentioned here. In these papers the authors, after
mapping the analyticity domain into an annulus (Ciulli)
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or an ellipse (Cutkosky-Deo), devise methods with much
greater care regarding analysis of the stability.

We feel, however, that several relevant points need a
deeper analysis. In Sec. 2 we give a general mathema-
tical formulation (which includes most of the continua-
tion problems occurring in the physical literature) and
introduce the concept of “best-possible stability esti-
mate”. In Sec.3 we analyze this best possible stability
estimate for many of our examples of physical interest.

In certain cases stability can be shown to be so extreme-
ly poor that we feel that such continuations from physi-
cal data should never be attempted. For example, the
best possible stability estimate for continuation up to
the boundary, with a prescribed global bound on the
derivative of the boundary functions, is at best only
logarithmic, i.e., proportional to |loge -1, where € is the
data accuracy. On the other hand, continuation to points
well within the domain of analyticity usually has a

fairly satisfactory e* Holder type stability (0 < A < 1).
In all cases it becomes evident, however, that even the
best possible stability is sufficiently precarious that
one should proceed with great caution and use only nu-
merical continuation methods which are in a certain
sense “nearly-best-possible.”

In Secs. 4-6 we discuss two general classes of numeri-
cal methods of the first author, least-squares methods, 20
and method of partial eigenfunction expansions, 14,21
which turn out to be “nearly-best-possible.” Various
portions of these methods were also introduced by
Backus?2-25 and by Cutkosky.1? One fortunate property
of these methods is that only one of the two numbers ¢
(the data accuracy) and E (the global bound) is required
for the computation. We should emphasize, however,

that it is necessary to have knowledge of E in order to
have error bounds on the accuracy of our approximation;
moreover, this knowledge must come from information
completely outside anything which can be discerned from
the data itself. In Sec.6 we point out the inflexibility of
polynomial expansion methods, and in Sec.7 we will try
some conclusions.

2. MATHEMATICAL FORMULATION AND EXAMPLES

The usual problem is to approximately determine by
analytic continuation certain values of a function f0(x)
which is holomorphic in the domain € shown in Fig. 1a,
a cut x plane, but where measurements for f© are possi-
ble only at data points in the segment I = [— 1, 1] (or

[— a,b] in general) of the real axis, which segment is
called the physical region. We let I, the data set, de-
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note the set of data points actually available and used
in any particular instance. I" may be all of [ 1, 1] but
in physically realistic situations it is quite often a
finite subset of [~ 1, 1]. The boundary 3§ should be
thought of as consisting of both sides of both cuts, plus
x., and x__ (the points at « for the upper and lower
half-planes).

Physically f%{x) may correspond to the differential
cross section for a certain scattering process do/dA,
where A denotes the solid angle. One alsoc encounters
references in the literature to analytic continuation of
the scattering amplitude A(s, x) itself, where s in the
barycentric energy squared and x is the cosine of the
center of mass scattering angle. In actual practice the
f%{x) which we consider, however, will usually not be
exactly either of the above. One usually first adjusts the
considered function and data quite a bit; one first sub-
tracts off poles with known locations, or divides by non-
zero analytic functions of the proper form to reduce
certain unbounded behavior of our function at x — @ to
more nearly bounded behavior, etc, (see Cutkosky-Deol7),
In this way one hopes to apply analytic continuation only
to an unknown “background” function f0 which is as
small and as decently behaved as possible.

Of course, other physically interesting analytic continua-
tion problems, with different domains § and physical
regions I', also occur in scattering theory. Henceforth,
for the next several sections, we will attempt to refrain
as much as possible from physical interpretations and
terminology and to limit ourselves to purely mathema-
tical considerations,

Merely as a notational and mathematical convenience,
we choose to work in certain bounded geometries ob-
tained from the unbounded x-plane geometry by con-
formal mapping. In Fig, 1b we show the unit disc z~
plane geometry, which seems most notationally con-
venient in many instances. In Fig. lc we show the
elliptical y-plane geometry employed by Cutkosky and
Deo,17.18 In Fig. 1d we show the annular { -plane geo-
metry employed by Ciulli.15 The specific details and
formulas for these three mappings are available in the
literature,?€ A function f (x) holomorphic in the x-geo-
metry transforms into functions f(x(2)), f(x(y)), and
F(x&)) holomorphic in the 2,y, and { geometries. How-
ever, to avoid notational proliferation we adopt the
rather loose convention of using the same symbol f for
all three functions, and speak of the functions f(z), f (),
and f (). Likewise, we employ the same symbols for

s

v SERITETIA

, % /,/// 57 7

:

FIG.1. Geometries employed in the examples of Sec. 2.
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the sets @, 6, T, and I in the x plane and for their
images under the z,y, and £ mappings.

The general mathematical formulation may be stated
as follows: we desire to approximately determine an
unknown element f 0 of a certain space X of functions f
holomorphic on the given complex domain ; we call X
the solution space. For each f in X, Af denotes a cer-
tain function on the data set I" which can be approxima-
tely measured physically. Let 2 denote the data func-
tion actually measured on I"' as an approximation to
AfO. The possible Af and & lie in a certain space Y of
functions on I'; we call A the data operator and Y thedata
space. Of course Af and k are “vectors” or “discrete
functions” when the data set I' has finitely many points.
In order to stabilize the problem one usually requires
some sort of global bound on f0; in most cases this can
be interpreted as a bound on the boundary values of f 9,
For each f in X, let Bf denote certain “boundary values”
of f on 8f2 (this sometimes has to be interpreted in a
rather generalized sense, and it is sometimes worth-
while to consider other B, such as the tangential deriva-
tive of the boundary values for example). The possible
Bjf lie in a certain space Z of functions (or generalized
functions) on 3Q; we call B the constraint operator and
Z the constraint space.

We limit ourselves to a completely linear formulation;
this includes most of the methods found in the literature.
That is, we assume that X, ¥, and Z are normed linear
spaces, with norms | Il,, | lly,and || |, that A is a con-
tinuous linear operator mapping X into Y, and that B is

a continuous linear operator mapping X into Z.

We let { ) denote a norm or seminorm on X (or some-
times a family of seminorms) which will be employed o
measure the solution accuracy. For example, {f) might
denote the magnitude | f(2,) {, where 2z, is a fixed point
of interest in ©.

Problem: Suppose that f 0 satisfies
NAfO—hlly < ¢
IBfOll, <E,

2.1
(2.2)

where E is a “fixed” number and € is a “small” num~
ber. We assume, but only for the moment, that both €
and E are known. We want to find an element f1in X
which “approximates” f9, in the sense that {f1— f0)
is small when ¢ is small (and when the number of data
points in I is sufficiently high, although we choose not
to explicitly indicate in our notation the possible varia-
bility of I').

Suppose f ! is any other element of X satisfying the
constraints (2. 1) and (2.2). The error function f1 — f0
then satisfies (f1 — f9) < 2M (¢, E), where

M(e,E) = sup{(f): f € X and |Afly < ¢, |Bfll; < E},

(2.3)
and there is essentially nothing further that can be said
about the size of {f1 — f0), We call any decent upper
bound for M (e, E) a stability estimate for problem (2. 1),
{2.2), and M(e, E) itself we call the best possible sta-
bility estimate.

Before proceeding to the specific examples, it is worth-
while to mention several common features of them all.
The holomorphic functions f (x) [or £ (2), f(y), f({)] are
all real on the intersection of @ with the real x axis

(or z axis,y axis, ¢ axis) in the physical problems we
are considering. In the z-geometry such functions have
the Taylor series representation.
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f@) = Z} szJ (2.4)
convergent for 2 € @ with real coefficients x;. In the
y-geometry they have the representation

(3 (2.5)

>
= x @
2% (9,
convergent for y € Q with real coefficients x; and where
the @ j( y) are the normalized Legendre polynomials Pj
{orthonormal with respect to the weight 8(y) = 1 on
1,1]}, or the normalized Chebyshef polynomials T,
[orthonormal with respect to the weight g(y) = (1—y2)- 174
on [— 1, 1]}, or some other system of orthogonal
polynomlals In the ¢-geometry the image I'= {¢:|¢| =1}
is a symmetric 2-1 image of the original segment
[=1, 1] in the x-plane. The functions f ({) of interest
must therefore be holomorphic on = f{: 1 < ¢ < R},
real on I, symmetric on I'" about the real axis, and (as
stated previously) real on the intersection of & with the
real ¢ axis. Such functions have the representation
(2.6)

F©O =3 @+ 89),
j=0

convergent for { € , with real coefficients x;,.

In all the following examples Af and Bf will denote the
restriction of the function f to its values on I" and 9,

respectively. Many other choices are, of course, possi-
ble; Af could denote, for example, the derivative f’ re-

stricted to I,

Our solution space X will always then be the space of
all functions £ (2) [or f(y), f (§)] of the form (2. 4) [or
(2.5), (2.6)] and for which also a certain “boundary
value norm” | Bf]l, is finite. Notice that X will then
be a real linear space, that is, a linear space over the
real scalar field. Also Y and Z must be considered as
real linear spaces, even though we are often dealing
with complex valued functions. This sometimes leads
to slightly more complicated notation than would be re-
quired if complex coefficients were allowed in (2. 4)-
(2.6).

Possible norms or seminorms {f) in all the following
specific examples are the magnitude | f(z,)] of fata
given point z4 in @, or the magnitude |f’(z4)] of the
derivative at z, or the magnitude |I(f)| of any con-
tinuous linear functional I on X, or the uniform norm

I £l ¢ of f on a given closed bounded subset K in Q, etc.
Also, the particular norm used on X is not of great im-
portance, since it enters into the problem only qualita-
tively; we may, therefore, always choose

I/l = IBFl,.

We begin with examples using the supremum norms on
I’ and 2%2.

Example la:

2.7

Let © and T be the unit disc and the

real segment [ g, + @] in the z plane as shown in Fig. 1b.

Let I" = T and let X be the space of all functions f(z)
holomorphic in Q, real on the real z axis, and continuous
on 2. Let Y be the space of all continuous real-valued
functions on I', and Z the space of all continuous com-
plex-valued functions on 992, Let the norms for ¥ and Z
by the supremum norms on I' and 99, respectively.

That is,

”Af”y= Sup|f(z)|,
€T @.8)
”f”X: ”Bf“z = Ssup If(z“-
zEBQ
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Example 1b: As in (la), except let the data set I be
only a finite subset {d, ...,d,} of k evenly spaced
points on the segment I, In this case, Af and k are real-
valued discrete functions on I'.

Example Ic: As in (1a) and (1b) above except re-
place the supremum norms by weighted supremum
norms, with certain continuous positive weight func-
tions 8 and y defined on I" and on 90Q, respectively.
That is

lAflly = supB(e) | f(z)|

zel’

and

(2.9)
Iflx = IIBfll, = supy(e)!f(z)].

2€30

We next consider examples using inner product norms
n I" and 392,

Example 2a: Let Q and I once again be the unit
disc and segment [~ a,.a], as shown in Fig. 1b, and let
I' = I'. Let X be the Hilbert space of all functmns F(z)
holomorphic in §, real on the real z axis, and having
L, boundary values on 9§ (in the sense of radial limits).
Let Y be the Hilbert space of all real-valued L., func-
tions on I', equipped with the usual L, norm and inner
product. Let Z be the Hilbert space of all complex-
valued L, functions on 9§, but considered as a real
linear space, with an inner product equal the real part
of the usual complex inner product.

Let X borrow its inner product from Z;i.e., (f,8)x =
(Bf, Bg)z. 1t is convenient to normalize so that the
constant function f(z) = 1 has norm 1 in all three
spaces. Notice that X consists of all Taylor series
of the form (2. 4) with real coefficients x; such that
o 2
'=o|x 2 < e,

Example 2b: As in (2a), except let T be the discrete
data set {d,, ..., d,} and replace on I' the L, integral
norm of (2a) by the !, sum norm here.

Example 2¢c: As in (2a) or (2b), except replace the
norms there by weighted norms. That is,

Af,Ag)y = [_, f@)g(2)B2(2) |dz]| (2. 10)

or
k

(@r,48)y = T fd,)e(@)B2) (2.11)

when I is discrete, and
(f,8)x = (Bf, Bg); = Re{[__ f&)glhv2@)lazl}, (2.12)

where 82(z) and y2(2) are normalized to have total inte-
gral (or sum) equal 1 on I" and 8. Usually 8(z) and
y(2) are assumed to be continuous and positive on all

T and 382. It is sometimes convenient, however, to let
B(z) and y(2) tend to © or 0 at a few special points such
as—aand +a;2_,2,;2_,,2__. In this case, the detailed
specification of what the space Z of boundary functions
is, or in what sense f assumes its boyndary value Bf,
becomes somewhat obscure. It suffices for our pur-
poses to define the Hilbert space X to be the completion,
with respect to the norm (2. 12) of the space of “poly-
nomials” )71 %5 24 with real coefficients.

Example 2d: Under conformal mapping of Examples
(2a)-(2c) back into the x-geometry, one introduces an
additional factor of |dz/dx| into the integral inner pro-
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duct involved in (2. 10) and (2. 12). For example, f(x)
and g(x) have the inner product

(85 = BF, Bg), = Re [ f) 500 y2(2(s1) [ 2] lax .

{2.13)
Notice that the required behavior of f(z) as z tends to
8@ in the z-geometry imposes a restriction on the type
of singularities which f(x) may have as x — © in the
lower or upper half-planes. Thus, for example, the func-
tion f(x) = sinx, will not be in X, even though its boun-
dary integral (2. 13) in the x-geometry may happen to
be finite. Once again, it is best to keep in mind that X
is the completion, with respect to the norm (2. 13), of
the space of “polynomials” =1 x,(z(x))/ with real co-
efficients.

Exampie 3a: In the annular {-plane geometry of
Fig.1d,let Q@ ={¢: 1 < [¢|< R}, T ={¢:1¢|= 1}, and
92 = {¢:1¢i = R}. Let I' = T and let X be the space of
analytic functions f({) of form (2.6}, with real coeffici-
ents x; and with finite L,-norm on 3Q. Let [|Afll; and
i fllx = IBfll, be the L, norms of f on I and 39 res-
pectively, and let ¥ be the space of real L, functions on
I which are symmetric about the real axis.

This example, is, of course, a special case of Example
(2c) after conformal mapping, but it is particularly
simple and well suited to expansion methods since the
basis functions ({7 + £-7) are orthogonal with respect
to both the Y and the Z inner products. The norms
involved can thus be written as simple quadratic sums
of the Fourier coefficients x,. That is,

o= f)o x,(¢79 + ¢9), (2.14)
P2
-} 1/2
1asl, =(5, 21x,1) (2.15)
Ifllx = 1BfI, =( ji:io (B2 + R29)|x, 12) Y2 (2.18)

Example 3b: Under conformal mapping into the y-
geometry of Fig, lc, the basis functions ¢/ + ¢~/ trans-
form into the Chebyshef polynomials T ,(y) and the
unweighted L , inner product integrals on I" and 2Q
transform into inner product integrals in the y-geometry
with the weight functions B2(y) = |dt/dy| and y2(y) =
|d¢/dyl. Now B(y) is bounded, positive and smooth on
3%, but y(y) on T equals a constant times (1 — y2)-1/4,

Next we consider examples introduced by Ciulli and by
Cutkosky-Deo, which use integral inner product norms
on I'" and which (at least implicitly) employ various
other norms on Q2.

Example 4a: In the y-geometry Cutkosky and Deol?
consider a weighted L, inner product on I' = T with
weight function 8(y). Functions f(y) holomorphic on the
ellipse § can then be expanded as f(y) = 2,70 ¥,0,(y),
where the @ j( y) are the polynomials orthonormaf or
this inner product. The classical theory of polynomial
expansions, as described by Walsh, 27 then establishes
convergence properties for such expansions which are
closely analogous to the well-known convergence pro-
perties of the Taylor series expansions. The regions of
convergence, now, instead of being circles of radius p,
are the ellipses E o withfoci + 1 and “radius” p = semi-
major + semiminor axis. The moduli |®,(y)| are essen-
tially proportional to pf on E o+ The expansion converges
inside the largest ellipse within which 7 is holomorphic.
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Let us say this ellipse is E, = 3Q for our f of interest.
For each 6 > 0 and each 1 < p < R~ § there exists a
constant M = M, , . such that the truncation error after
# terms is boundod on E » by M[p/ (R — 8)J*. Moreover,
the jth coefficient then satisfies lim sup(x P 13 = 1/R.

Cutkosky and Deo assume that the x; are Gaussian ran-
dom variables with mean zero and variance v R-2J

(See Ref. 17). They also assume that the coefficients

h; of the data function k(y) on I are Gaussian random
variables. Moreover one is implicitly dealing here
with the conditions.

1470 =kl = ( f, 8200)17905) ~ h(y) Plasl)

=<§;0 Ix?—hjlz)l/z-s ¢, (.17)
I70he= 18701, = (35 1gre) < B (210

Example 4b: Ciullil5.18 considers the conformally
equivalent problem in the { geometry. In Ref. 15 his
norm on I' is the supremum norm; in Ref. 16 the norm
on I' is the L,-norm. He works with linear combina-
tions of the basis functions ({7 + {-/); these transform,
under mapping into the y plane, into the Chebyshef poly-
nomials. Moreover, the basis functions {7 + £-7) be-
have asymptotically like {7 as £ — <, or j — o for
{¢1> 1, and this suffices in the proofs for much of
Walsh's theory.

Ciullil® assumes that the pth derivative of the boundary
function BfC({) is a Hlder continuous function on 3Q
with exponent 0 < @ < 1. In other words, he is dealing
with the Holder norm

LFexg ) — FOE
g —Cole 7

In this case, Ciulli is interested in analytic continuation
with uniform accuracy all the way to the boundary; in
other words, he is using the supremum norm on £, as
the norm to measure solution accuracy.

IBfiiz= sup
£,.8,€00

(2.19)

In example (4a) it is quite possible that the boundary
function Bf(y) = 27-0 x,0,(y), where the coefficients
satisfy (2. 18), does not converge anywhere on 9.
Mathematically speaking, this should not bother us at
all, Bf is then merely some sort of “generalized func-
tion” on aQ. It is a well-known mathematical device to
define generalized functions on 3Q in terms of formal
series which converge in {2, but perhaps not on Q.
Identical considerations hold for Example (4b).

3. QUANTITATIVE ANALYSIS OF THE
THEORETICALLY BEST POSSIBLE STABILITY

At the outset, we point out that stability can be proved
for the above example, in every single instance, by em-
ploying the following elementary theorem on compact-
ness (Kelley?8): Let ¢ be a continuous map on a com-
pact topological space into a Hausdorff topological
space. If o is one-to-one, then its inverse map o-1 is
continuous. That is, we may prove that M (e, E) tends

to zero as €~ 0 (and as the number of data points tends
to « when I' is discrete), with E being fixed. See Mil-
ler?® and Miller-Viano2? for two worked out examples.
Such results are essentially useless, however, for they
are completely qualitative and can give no estimate at
all on the smallness or largeness of M(e¢, E). In fact,
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such results may often give the wrong impression in-
dicating stability in situations where the stability is so
poor as to be almost nonexistent. The purpose of this
section is to guantitatively examine the stability of the .
analytic continuation examples mentioned above and to
draw certain conclusions from that examination. We
assume now that the solution error seminorm of inter-
est is the pointwise error f) = | f(z)| at various points
z in Q. We begin with problems of analytic continuation
to points well inside Q.

Consider first the example (1a) using the unweighted
supremum norms and with I" being the whole arc T,
rather than a finite subset. Here we may apply the
Carlemann inequality12: if f(z) is analytic on £-T, con-
tinuous on 8, and |f(z)| < e on T, |f(2)| < E on 29,
then

| f2)| < eXDEQ-u(2)); 2z € Q, (3.1)
where w(2) is the harmonic function on -I" which is
continuous on £ and equals 1 and 0 on I and 8, respec-
tively. This inequality gives the best-possible stability
estimate for Example (la) (or any conformally equiva-
lent example) except for a factor of at most 2 (at least
at points z on the real axis and for a whole sequence
of values ¢/E tending to zero). To see this it suffices
to consider the functions f(£) = (1/2R¥)(¢J + £-J) in the
conformally equivalent {-plane geometry of Fig. 1d.
These satisfy | f({)l s e = RJionT, |f({)l < E =1 on 3R,
and yet for 1 < £ < R on the real axis we have | f({)| =
2(1¢1/R) = 3€=(%), since w(f) = log(R/|¢|)/1ogR in this
geometry. For ¢ off the real axis with 1 < |¢| < R, we
have | £(¢)| = $(1 — € |2§)e (<) which is nearly the same.

With unweighted L ,-norms on 3@ and on I = I = [— a,a]
in the z-plane geometry [i.e., with conditions of Example
(2a)], Miller20 obtains the stability estimate

|f(z)l < [c log(E/e) +(1-— lz|2)-1/2]€w(z)E[1-w(l)], (3.2)

where ¢ is a computable constant depending only on a.

The method of partial eigenfunction expansions allows
one to evaluate the best possible stability estimate
exactly (except for a factor of at most 2) in certain
cases with particularly simple orthogonal expansions,
In Sec. 6 we apply this technique to Example (3a) and
obtain a bound [see (6. 28)], which after simplification
looks much like (3.2). Prescribed L, bounds on deriva-
tives of f on 9%, it can also be seen, do not improve the
stability estimate greatly.

Notice that the error-bounds obtained by Ciullil5 and
by Cutkosky and Deo, 17 in all their work using the
Walsh theory of optimal polynomial convergence, con-
tain a dominant term of ~ E({¢|/R)* [consider the geo-
metry of Example (3a)], where the truncation order o
is usually chosen such that (1/R)e = ¢/E; thus the do-
minant term is once again = ew(OE[1-w({)],

We continue next to problems involving analytic continu-
ation all the way to the boundary. Ciullil5 obtains sta-
bility estimates for f(¢) on 9@ [Example (4b)]; the com-
plicated derivation somewhat obscures the fact that the
stability obtained is extremely poor. The results of
Miller14 yield stability estimates to the boundary in
the geometry of Example (3a), but with the L, bound
[DEf]| < E = 1 for the kth derivative with respect to

¢ = argl on 99 (the estimates there were actually for
harmonic continuation on the unit disc, but the changes
needed are minor). The bound obtained for | f(£)| on aQ
is essentially proportional to [|loge|/logR]1/2-*,
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To prove that the best possible stability is truly as poor
as our bounds seem to indicate, we switch to a simple
pathological example. In the { plane geometry the func-
tion f(£) = (E/2j*RJ)(¢/ + ¢-J) satisfies |D*f| < E on 29,
and | fl s € = ERJ on I'. Nevertheless,

o~ —»_ E (|log(e/E)|\-*
|7)| ~ E/2j4 = £ (——————logR )

on 3Q. Such logarithmic continuity is so poor as to be
intolerable in any physical problem. For example, with
k = 1,E fixed, and ¢/E initially equal 10-1, an increase
in solution accuracy by factor of 2,3,4, -+ would re-
quire increase in the data accuracy to €/E = 1072, 10-3,
1074, -- - etec.

Let us obtain an estimate of R for the specific case of
the nucleon-nucleon scattering. In this case the thres-
holds of the branch-cuts are located at x, = = [1 + (2u2/
k2)] (see Ref. 1), where u is the pion rest-mass and k is
the barycentric momentum. For geometries with the
thresholds x, of the cuts quite close to + 1 (i.e., for

high energies) we may use the approximate formulas
(10) and (24) of Cutkosky-Deol8, to approximate the
parameter R of our conformal mapping. In this way, we
get for the parameter R the value R =~ 1.77 for an energy
of 300 Mev in the Lab. system, the value R = 1.4 for an
energy of 103 Mev and the value R ~ 1. 14 at an energy
of 104 Mev.

Now we can try some conclusions.

(A) Analytic continuation all the way to the boundary
has such poor stability that it should not be attempted
in a physical situation. The authors can think of no
reasonable conditions for fO on 39, other than assump-
tions (which are not considered in the present discus-
sion) that O be bounded and holomorphic on a much
larger domain, which would raise this stability to a
tolerable level.

(B) The best possible stability estimate in all our ex-
amples can never be much better than ev(z)EL1~w(z)] (which
is nearly the best possible estimate in case of supre-
mum norms on I' = I" and ¢Q). This stability is also
very poor at points near the boundary (i.e., at z where
w(2) is fairly small). Therefore, one should not attempt
analytic continuation to points near the boundary.

(C) At points well interior to , it is sufficient in
all the above examples to assume that the best possible
stability estimate is essentially of the form C ew(z}

x El1-w(z)] (provided enough data points are used).

Let us return to the nucleon-nucleon scattering con-
sidered above and obtain an estimate for w(x) in this
case. Here the position of the poles in the cos# plane
is given by xf = + (1 + u2/2k2) (see Ref.1}. The exact
w(x) is the harmonic function which takes the value 1
on the physical region (i.e., on the interval [—1, + 1])
and the value zero on the left and right cuts (recall that
the position of the cut thresholds is given by x, =

* (1 + 2p2/k?)]. Let us estimate the value w(x?#) at high
energies where the thresholds of the cuts become
nearer to the physical region. In this case we may
approximate w(x) (in the gap between + 1 and x,) by the
harmonic function w*(x) which takes boundary value
w*(¥) = 1 on (— < + 1] and boundary value w*(x) = 0 on
the right-hand cut. Since the boundary values of w*
differ from those of w only at boundary points on (— <,
— 1], which are relatively speaking quite distant from
this gap, simple estimates reveal that the error w*—w
is small in the gap.
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Now we can say by symmetry that the value w*(x) on

the vertical line at the middle of the gap is w(x) = 3.

A simple use of the maximum principle on the vertical
strip 1 < Rex < 3(1 + x_) then establishes that 3 < w*(x?)
< 1. Thus at high energies the Holder coefficient w at
the point of interest x# is nearly equal the value w*(x?)
which can be reasonable estimated = 3.

|

(D) The stability of all analytic continuation problems
of scattering data is sufficiently precarious that it is
necessary to use “nearly-best-possible” methods, both
for generating the approximation f! and for generating:
bounds on the error { f1 — f9).

A method is “nearly-best-possible” if it always gives
us a f1 for which the error { f1 — f0) is nearly bounded
by the best possible stability estimate [i.e., it is < CM
(¢, E) where C is a constant not too much greater

than unity]. Since the stability derives exclusively from
the constraints (2. 1) and (2. 2), one way to insure this
is to design methods which always give us a solution
satisfying nearly the same constraints €, £ as the un-
known f9, Such methods will then be completely inde-
pendent of the particular seminorm ¢ ) used to measure
the solution error. In the next sections we consider
two such methods which are computationally efficient.

4. LEAST-SQUARES METHODS

The proofs of the following results may be found in
Ref. 20. Consider the general problem (2. 1), (2. 2) when
X,Y,Z are real Hilbert spaces, with (2.7) also holding
for the moment. We will keep Example (2c¢) in the back
of our mind as the typical example. We begin first
with the methods in an infinite dimensional setting be-
cause the exposition is clearest in that setting, later we
discretize to a finite dimensional problem and all com-
putations reduce to simple matrix calculations.

A. The method in general Hilbert space
If 7O satisfies (2.1) and (2. 2), then it also satisfies
lAfo —hl3 + (¢/E)21BfOI1Z < 2€2. (4.1)

Conversely, any f satisfying (4. 1) satisfies (2.1) and
(2.2) except for factors of at most v2. If we let My(¢, E)

3

2]

(€,E)
(€,E)
(€ e Eie/e)!
(€x.Ex)

FIG.2. The boundary curve 3¢&.
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denote the supremum of { f) with respect to (4.1) with
h = 0, then
M(e, E) < My(¢, E) < V2 M(e, E). (4.2)
Method 1: Let our approximation f1 be that element
of X which minimizes

lAf— Rl +A2|Bf||2 4.3)

with A = €/E. It is the solution of the normal equation

Cf = (A*A + A2B*B)f = A*h, (4.4)
In the present case, (2.7) implies B*B = [; this is not at
all necessary in general, it merely insures that C is
invertible.

If there does exist an fO satisfying (2. 1), (2. 2) as claim-
ed, then f1 must satisfy the a posteriori compatibility
check.

lAfL —RlZ + (e/E)2|BfL2Z < 2€2. (4.5)
Moreover, (f1 — f0) satisfies (4. 1) with # = 0, so
<f1'—fo>$M1(E,E) SﬁM(G’E)' (4-6)

Hence this is a “nearly-best-possible” method.

Suppose {f) is of the form {I(f)|, where [ is a real con-
tinuous linear functional on X. The Riesz representa-
tion theorem says that every continuous linear function-
al on a Hilbert space has a unique representation as an
inner product, i.e., there exists a unique » in X such
that

l(f) = (f5v)X'

Moreover, M, (¢, E) is exactly computable in terms of
v and C-1, We have

4.7)

M;(e,E) = V2 €(C v, v) /2. 4.8)
The preceding formulation has the disadvantage that
the error bound € and the constraint £ must both be
known. We show now that a satisfactory approximation
policy requires a knowledge of only one of these num-
bers. Let us call a pair of numbers (€, E) permissible
if there exists a f in X satisfying (2. 1) and (2. 2), and
let & denote the set of permissible pairs in the plane.
It turns out now that the solutions f, of the normal
equation, as ) increases from 0 to «, give complete
information concerning which pairs are permissible.
Let

ex=lAfx—hlly, (4.9)

E\ = |Bfllz, (4.10)
where f, is the solution of (4. 4). Clearly f, mini-
mizes ||Af — k||, with respect to the constraint |Bf],

< E, and likewise minimizes [|Bf||, with respect to the
constraint |Af — k||, < €,. Also, €, and E, are con-
tinuously increasing and decreasing functions of A. Thus,
& is exactly the set of points which are above and to the
right of the curve (¢,, E,), 0 < A < ®, as shown in Fig.
2. Moreover, § is a convex set, hence computation of
only a few points (¢,, E,) on its boundary curve should
give a good idea of its shape.

Recall that we are considering a particular element
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fO. Let ¢ and E denote the exact values [|[Af0 — hlly
and ||Bf9|,, respectively.

If good upper bounds € and E are known for both 2 and
E, then we may either let our approximation be f .z,
as in Method 1, or

Method 2: Let our approximation f1 be any f,
whose corresponding (€, E ) touches the shaded area
in Fig.2. The error is then bounded by (f1 — f0) <'M x
(e + &, E + E) < 2M(¢, E).

Method 3: Suppose a good upper bound € for € is
known, but none for E. Let our approximation f 1 be that
element in X which minimizes |Bf{, with respect to
|Af — k|, < €. That is, let f1 = f,, where A’ is the
value such that €, = € as shown in Fig. 2. Since ¢, is
monotone and continuous we can solve for the desired
Lagrangian multiplier A’ by a variety of iterative root
solving methods, interval halving for example. Now
E = E,, thus the error is bounded by (f1— f9) =
M(e + 2, Ey + E) < 2M(¢, E), which is essentially opti-
mal w1th respect to the given information, even though
E is unknown.

B. The discretized problem and methods in general

We replace the infinite dimensional X by an (z + 1)-di-
mensional “approximating subspace” X ., C X, with
basis elements ¢?, ¢!, ¢2, ..., ¢*. By “approximating
subspace” we mean that every f of interest has an
approximation f in X, ,; such that Af % Af and (f — 1)
&~ 0 (for all {) of interest) to within desired accuracy,
and such that |Bf{|, is either < or ~ ||Bf| ;. Thus f°,
for example, might satisfy

IAfO —ally < 1.1€,

180l <

(4.11)
1.1E,

and the best-possible stability estimate on X, will be
approximately that on X.

We are going to neglect all these discretization errors
since they can be made negligibly small by making »n
sufficiently large. That is, we assume that f0 and all f
of interest actually lie in X, ,, and that f0 still satis-
fies (2. 1), (2.2). One then merely proceeds with the
above least squares method but with X replaced by

X,.1; this is the general discretized method.

All computations reduce to linear calculations involving

the basis coefficients. The general f has the form
f=%09% + x0T + -+ + x, 07, (4.12)

where the coefficient vectors x vary over the para-

meter space R**1 of all (n + 1)-dimensional column

vectors with real components Xje We equip R+l with

its usual Euclidean inner product and norm. We define

maps @ from R*1 into ¥, and ® from R*+1 into Z, in

the natural way

Qx = Algp0 + x,01 + -+ +x,0m),
®Bx = Bxyp® + x,901 + -+« +x,0m), (4.13)
() = (x00 + 2,01 + - - - + x, 0%
Conditions (2. 1) and (2. 2) now become
lax0 —nl, <€ [®x0], < E, (4. 14)
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where x0 is the coefficient vector of f0. The (n + 1)
X (n + 1) real matrix @*@ is defined by
(@*AX,9) oy = (Al @0 + 7+ + % 0",

(4. 15)
Ay @0 +y 0t + -

for all x,y in R"*1, Letting x and y be all zero except
for values 1 in their ith and jth component, respectively,
we have

Tty M),

(Q*@)ij = (Apd, Ap¥)y.

Likewise B®*® is the (n + 1) X (n + 1) real matrix such
that

(4. 16)

®B*®),, = (Boi,Boh),. (4.17)
@*h is the vector in R7*1 defined by
((i*h,y)le = (h,(i.y)y for all y in R#+1,
(4.18)

@*h); = (b, Ap?)y.

Any linear functional on X,.1 has an immediate repre-
sentation as an inner product on R+l

W) =xUpO) + -+ x.1o") = (4,9) pay  (4.19)
where y is the vector in R**1 with components
¥o= U9, "3, = Uo™). (4.20)

We assume that one can somehow evaluate the above
terms by numerical means, and also [k[|3. All else
is merely matrix computation on R+, replacing the
X, f, f0, A*A, B*B A*h, f, and v of (4. l) (4.10) by R+l
x,x° a*a (B*(B @*h, x,, and y here.

Notice that evaluation of the (¢,,
culation in Rn+1;

E,) is also just a cal-

ei = IIGx)‘— hl% =
— 2(x)\,(t*h)

@*ax,,x,)
+ 2,

R1+L

(4.21)

RNHL

2 — 2 —
B2 = ||Bx, |2 = @*®¥, %) nu-

Example: We work out Example (2c) in detail, with
the discrete data set I' = {d, .. d,j and with (f) =
|Ref(z )| at some fixed z, of interest. We introduce
the functions ¢%(z) = 1, ¢ 1(2) = 2, ..., @"(2) = 2" as
our approximate basis. If 8(z) is nonzero and very
smooth, then » usually does not have to be very large
at all to make the discretization errors completely
negligible, for example see Ref. 20, p.65. We can also
allow singularities like (z — z,)"1/2 in B(z), but this
tends to make n quite a bit larger; we therefore feel
it would be best to take care of these singularities in
the original formulation of the problem, by adjusting
appropriately the function f(2) originally.

One initially computes

k
(G‘*G’)ij = Z; (dy)i+j32(dy): ,j=0,1,...,n,
=1 (4.22)
(8*);; = Re [__2/Ziy2(e)|dz], §5=0,1,...,m
, z€ 4.23)
kl2= 2 |n(d,)|262(d,), (4.29)

v=1
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k
(Q*h), = Z_ih(dy)(d")"ﬁz(dy), i=0,1,...,n

’ (4. 25)

(¥); = Re((z0)Y), R (4.26)

using numerical integration on (4.23). All else is ma-
trix calculations; one proceeds to solve the canonical
equations

i=0,1

Cx, = (A*Q + \2B*®)x, = Q*h (4.27)
by a Gaussian elimination computer program (Cholesky
elimination would be better here).

Since a decent upper bound E for the true E will usually
not be known, we adopt the strategy of Method 3. We
solve (4. 27) for a variety of A and plot the (¢,, E,) ob-
tained on a diagram like Fig. 2 with linear interpolation
in between, to get a precise idea of the shape of the
boundary curve of §. Since the matrix C;! will be readi-
ly available from the direct elimination solution of
(4.27), we can also compute the best-possible (but for a
factor of V2) stability estimate M, (e, (¢/A)) =

V2 €(C3ly, »)1/2 perhaps at many points z . Interval on
A, then gives'us a good approximate value of A’, and we
take x,/ as our approximation,

Notice that we cannot discover an upper bound for E
from the data, but only the exact lower bound E,..

5. EXACT DISCRETIZATION USING REPRODUCING
KERNEL™

There is one discretization which is exact for our
least-square methods when Y has finite dimension &.

It is imperative in this section that the two norms |if|l,
and | Bf||, be equal. Let (Af), denote the jth component
of the k-dimensional vector /{ f; since it is a real con-
tinuous linear function of f, there must exist a unique
element »J in X such that

(Af), = (f, )y

Let £ be the subspace of all linear combination of these
ul,...,u* Now for each f in X, let f denote its ortho-
gonal projection onto £. Since f — f is orthogonal to £,
we have

Apn, =

for all f in X. (5.1)

(4f), + A(f — 1), = (Af),
+(f_f,uj)x-(Af)j; vj.

In other words, for every f not in £, its projection f
onto £ has the same value Af = Af and moreover, has
smaller norm.

(5.2)

1t is thus immediately obvious that the solutions f, of
the least squares problem (4. 3) all lie in the finite
dimensional subspace £. Thus, if one discretizes by
using 41, ..., u* as our approximate basis, and solves
the canonical equations for the discretized problem,
then the solution f, obtained is the exact least-squares
solution not only for £ but also for X.

For the sake of error analysis we may want also to
include in our approximate basis the element v associ-
ated with our linear functional ! and corresponding
seminorm (f) = |I(f)| = (f, v)x. More generally, we
may have several linear functionals of interest, say

Ly, oooslye These then also have representations as
inner product
Li(f) = (fyv))y forall finX, j=1,...,p. (5.3)

Let £, be the subspace of all linear combinations of
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ul,...,uk vl ... v?; one sees immediately that for
every f not in £,, its projection f onto £, has the same
values Af = Af,1,(f) =1,(f), ..., 1,(f) =1,(f)and, more-
over has smaller norm. Thus, if one discretizes by using
ul,...,ub, vl .. . v?f as our approximate basis, and
solves the canonical equations and computes the sta-
bility estimates M, (¢, E) = v2 ¢(C3lvivi)1/2,j = 1,...,p
for this discretized problem, then the f, and M, (¢, E)
obtained are the exact least squares solution and the
best-possible stability estimates not only for £, but
also for X.

A. Numerical computation of u', . - -, uk v!, ... P

Consider any linear functional ! which we wish to re-
present as an inner product I(f) = (f, v)5. I an ortho-
normal basis ¥ o, ¥4, ...for X is available, the com-
putation of the coefficients y,,y,...0f v with respect
to this basis is automatic; as in (4. 19)-(4. 20), we have

1) =1 (E x wv) - g;oxyw)

o0
=2 %3, = (f, ) (5.4)
v=0
Thus the coefficients y, , must be given by
Yo =10, yi=101), - (5.5)

If an exact orthonormal basis is not available then we
can proceed to construct an approximate one by numeri-
cal orthogonalization, That is, we begin with an “approxi-
mate basis” ¢9, ¢1,..., ¢* as before. Using Gram-
Schmidt orthogonalization, one then construct on ortho-
normal bases Y0,y 1, ..., ¥"for X, ,. Therefore, the
element

=100 + It + - + LYY (5.6)
is the projection onto X,‘+1 of the desired v, and I(f) =
(f, v)x for all f inX,

In this way we can construct wl, ..., uk vl ..,
which are the projections onto X of the des1red

ul, ..,oPb. H(E+p)<(n+1) then we canuse u1,...,
_1_)1’ as our approximate basis and work the d1scret1zed
problem. Clearly, the results f, and M,(e, E) obtained
will be exactly those which would have been obtained if
one had instead worked the discretized problem using
®9% ..., 0" as our approximate basis; the advantage is
that the dimensionality of the canonical equations has
been reduced with little effort from (n + 1) to (¢ + p).

Example: Consider Example 2b. The ith component
of Afis (Af), = fd),?=1,...,k, whered,is the ith
data point in T, NoWd/O— 1 z[/1=z Y2 =22 --ig
an orthonormal basis, thus

f@,) = Z) x,d,)” = @ %,2%, i::ﬂ (Ji)”z") = (f, u)y-

5.7
The function u*

1
1—d;2’

ui(z) = u(d,,2) = é (Ji)"z" = (5. 8)

is called the reproducing kernel31! for the point d;, be-
case of the property that integration with respect to it
on 39 reproduces the value of f atd,,i.e.,

f@,) = [, fle) uld,, z) dz. (5.9)
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Despite the fact that use of the reproducing kernels
ul,...,ut vl ... vP as basis yields an exact discreti-
zation of the least squares methods, it is often much
more convenient (at least in the case of Example 2b to
use the approximate basis 0 =1, ¢l =2, ¢2=122,.
@" = z" instead). We need only take n proport1onal to
log(E/€) to make the truncation error essentially negli-
gible. On the other hand it seems that we should take

k proportional to [log(E/€)]? in order to make negligible
the effect of using a finite data set I" # I (see Ref. 20
for details).

6. METHODS OF PARTIAL EIGENFUNCTIONS
EXPANSIONS

Suppose that we have available for X a basis ¢ 0,¢1, -
which is simultaneously orthogonal with respect to both
the ¥ and the Z norms, i.e.,

b

(AV+, Apd), =
(B, BYd), =

(A*Al[/ i; W’)x = ajzétj ’ (6' 1)

(B*BYH,Wi)x = b, (6.2)

In that case, f9, the general f, and also k can be ex-
fanded in terms of this basis, with Fourier coefficients

g1, {x;}, and {n;}:

o= _E Wi =25 09,
j=0 j=0
(6.3)

h=h+h= 5 hAp) +h,
aj;O =

where £ is in the range of A and 4 is in its orthogonal
complement,

Thus (2. 1) and (2. 2) become

lAfO — R} ||Af° - hll2 +ik ”y
—n, )AWHZ + |Bl2 < €2, (6.4)
IBfolIZ = “;‘,0 x,f.)&wng < E? (6.5)

Thus the analysis reduces completely to a consideration
of Fourier coefficients. We have the weighted quadratic
sums

<j?=)0 (a,/€)2(x9 — h,)2> V2 <1, (6.6)
(i O/Erg - 02) /% < 1, 6.7)
j=0

and we assume that the basis has been prearranged
such that the ratios a /b are decreasing and also | 0 as
] - 0,

We now decompose each f in X precisely into a low
order part f, and a high order part f,,

f=7. +fg~2xw+2 x W4, (6.8)
F=o+l
where a is the largest integer such that (a,/€) = (b /E).

With this decomposition we notice, using (6.6) and (6.7),
that

lAf lly <€ IBf. I, < E

for every low order part f, and

implies (6.9)
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IBfgll; < E (6.10)

for every high order part f,.

implies [Afgly <€

Method 1': We let our approximation f1 be the low
order part k, of the Fourier expansion of the data

E i (6.11)

fl=h

In other words, we have used the Fourier coefficients
h from (6. 6) for the components where the weight

(a;/ €) is the larger, and we have used the Fourier co-

a
ff1c1ents 0 from (6.7) for the components where the
weight (bj/ E) is the larger.

From (6.9) and (6. 10) one obtains the following results:

max{L (e, E), H(¢, E)} < M(¢, E) < L(¢,E) + H(¢, E),

where (6.12)
L(e,E) = sup{(f,): |Af,lly < €}, (6.13)
H(e,E) = sup{{ f): I1Bfyll, < E}. (6. 14)

Moreover, if { f) is a linear functional |I(f)|, then
L(e, E) and H(e, E) can be exactly evaluated. We have,
using the Schwartz inequality

2\1/
()= ( [""”] )1 “= L, B),
% (6.15)
o0 J2\1/2
) = ( % [l‘;i”—’] > = H(e, B).
F=a+l j=a+l 7 (6. 16)

Moreover, our approximation satisfies

Ak, — fO);lly <€, B(h,— fO%l, <E,  (6.17)
and hence
(h,— f%) < L(e,E) + H(¢, E) < 2M(¢, E), (6.18)

which is the best possible error bound, but for a factor
of 2,

In general, let 7y denote the Nthe order truncated ex-
pansion (6.11) of the data function &, and let €, and E,
denote the fit to data, and the global bound of &,

N 2\ 1/2
ey = lAry — R, = (”h”%— _1Z=>O (ajhj) ) , (6.19)

¥ 1/2
EN = ”BhN”z = Z} (b 3 ) (6. 20)
j=0
From (6.9) and (6. 10) one can obtain
€,<2, E_ <2E. (6.21)

Hence, our method is the best possible but for a factor
of 2 in this sense also.

A plot of the (ey, Ey), N=0,1,2, - as the truncation
order is increased now yields nearly complete infor-
mation as to which constraints (¢, E) are in the set §
of permissible pairs. Instead of Fig. 2, we now have
Fig. 3; as this diagram illustrates, each point in the set

28 is above and to the right of at least one point (e, Ey).
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U
>

N

RX

XN

global. bound
MM

)

fit to data
FIG.3. Aplotof the (¢,,E,), N=10,1,2,--.

Method 2': Take hy as our approximation, where N
is any integer such that the point (¢,, E,) touches the
shaded area in Fig. 3. The error is then limited by
(hy — f0) < M(ey + €, Ey + E) < 3M(¢, E).

Method 3': If a good upper bound € for € is known,
but no good upper bound E for E, then take k,, as our
approximation, where N’ is the first integer such that
€y' < 2¢. Then Ey, < 2E, Thus this approximation has
the error bound

Chy'— fO) < M(ey + €,Ey» + E) < 3M(c,E)  (6.22)

which is essentially best-possible but for a factor of
three, even though E is unknown.

Example: Consider Example 3a. The basis 0= 2,
Yl=r+¢L,y2=02+ (2 ---ig orthogonal with res-
pect to both the Y and Z inner products. Expanding both
the unknown f9(¢) and the data function k(¢) on I = I
in terms of this basis, we have

o) = f_:‘/o @1 +¢9), 1< |[CI<R, (6.23)
k(S = é hygf + 87 onlfl=1, (6.24)

and the conditions (2. 1), (2. 2) can be written in terms
of the coefficients

IIAf°—h|Iy=( (6. 25)

ils

2(x9— h,)2> 12 < ¢,

1B£0 — ol =<§ (RY + R-)(x, — o)z) Z
(6. 26)
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Our approximation by Method 1’ is the ath partial ex-
pansion

ha®) = 2 hy(e! + £, 1<Itl< R, (6.27)

where a is the largest integer such that 2/€2 = (R2 +
R-2)/E2 i.e.,Ra=~ E/e. If f in X satisfies |Afll, < €
and [|Bf|, < E, then we have

(=110 <

T x@ + c-f)‘ ¥
570

i . x,(C’ + C'-’)'

F=a+

1 « 1/2
< €<E 2 (gl + l(l")"’)

i=0

o (Jeld+ [g]2z\ 2
+ E(J%ﬂ)+1 "R TR, 77) ) (6.28)

This equals L(¢, E) + H(e, E) when ¢ is real, and hence
is the best-possible stability estimate but for a factor
of two.

A. The simultaneous diagonalization (6.1) and (6.2) in
general

The simultaneous diagonalization (6. 1) and (6. 2) is
theoretically always possible in general. To begin with,
we may always assume that X borrows its inner pro-
duct from Z by (2. 7), thus making B*B the identity.
Then A*A is self-adjoint and so has a spectral repre-
sentation; in Ref. 20 the general case using the spectral
integral representation is treated. However, in every
case of interest A*A is also compact; its spectrum is
discrete and X has an orthonormal basis of eigenfunc-
tions Y0,y 1, - .- for A*A with corresponding eigen-
values a2 > a} = a3 = ++* = 0 tending to zero, as de-
sired.

B. Discretization in general of these expansion methods

We discretize these methods just as in Sec.6. That is,
we introduce an “approximate basis” ¢, ¢1,..., ¢"
spanning the “approximating subspace” X, ,; we assume
that £0 and all f of interest actually lie in X ;, and we
then merely proceed with our previous expansion me-

thods, but with X replaced by X, ;.

The advantage is that calculation of the basis ¢ 0, ¢/1, ..,
y* for X, ; which simultaneously diagonalizes the
quadratic forms A*A and B*B in (6. 1) and (6. 2) now
becomes merely a matrix eigenvalue problem. Let

the (n + 1) X (n + 1) matrices @*@ and ®*® be defined
and numerically computed just as in Sec.6. It suffices
then to find vectors y0,y1,...,9" in R»1 guch that

*Qyt yl = g2
(@*ayt,y ) pna “,5,,’
(6.29)
(R*®Ryt,y ) gnet bjzs“ 5“

(with b; = 1 for the sake of normalization); for these
are then the coefficient vectors of a basis 0 =8¢0 +
y?(pl + e + y,?fp",llll - y3¢o + yi(pl + ces + y’]l.(pn
satisfying (6. 1) and (6. 2) as desired. This simultaneous
diagonalization of two quadratic forms, with the second
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positive definite, is a well-known matrix computation.

In this first place, one may use the Gram-Schmidt ortho-
gonalization to exchange the original basis for one which
is orthonormal with respect to the Z inner product. To
avoid a bit of notational complexity, let us assume that
this has been done in advance and that @0, ¢1,..., ¢*

is already orthonormal; ®*® is thus the identity ma-
trix. Secondly, one must then compute the eigenvalues
a} = a§ = --- 2 a2 2 0 and corresponding orthonormal
eigenvectors y0,y1, ..., y of @*@, (6. 29) will then be
satigfied as desired.

C. Exact discretization using reproducing kernels

When Y has finite dimension k& and ||f| y = |Bfll ;, as in
Sec. 5, recall that X decomposes into the two subspaces
£t ={f € X:Af = 0} and its orthogonal complement £.
Notice, however, that this is exactly the orthogonal de-
composition of X which occurs when one divides the
orthonormal basis of eigenvectors ¥ 0,¢/1, - .. into those
Yo, ¢l ..., ¢ 1(r = dim range (A) < k) for which ag =
-++2 a2, > 0and those ¢ 7, "+, - -- for which a2 =
a2, =---=0. Thatis span Y7,y 7+, y7+2 ...} is
clearly equal £+ and hence its orthogonal complement
span {$ 0, %1, ..., ¥ "1} must equal (£+)* = £, which
then equals span (ul, ..., u*}.

It is then easy to see that if we perform the discretized
version 6B of our expansion methods using ul,...u* as

our “approximate basis,” then the eigenfunctions ¢°, ...,
¥ -1, the eigenvalues a2 = *** = a2_; = 0, the partial
expansions ky,N = 0, 1, ..., the fits to data, and the

global bounds (€,, E,) obtained are exactly what would
have been obtained with no discretization at all. Simi-
larly, if we perform the discretized version of our ex-
pansion methods using u#l,...,u* and v1, ..., v?, as our
“approximate basis,” then the stability estimates M(e, E),
L(e, E), and H(e, E) for the discretized problem are also
exactly what would have occurred with no discretization
at all.

D. Inflexibility of polynomial expansions

The classical theory (Walsh27) of orthogonal polynomial
expansions, with data given on a fairly arbitrary data
set I and with respect to a fairly arbitrary positive
weight function 8 on I', establishes convergence proper-
ties for such expansions which are closely analogous

to the well-known convergence properties (on circles) of
the Taylor series expansion. According to this theory,
the shape of the regions of convergence is completely
and rigidly determined by the shape of I'. We men-
tioned a special case in Example 4a, where I' = [— 1, + 1]
and the regions of convergence are confocal ellipses.
This difficulty can be circumvented by conformal mapp-
ing of the original region of holomorphy of the physical
problem into one of these regions of convergence, as
pointed out by Cutkosky-Deol7? and Ciulli.15

However, there is then the further difficulty that, given
the weight function 8 on I, the orthogonal polynomials
are then uniquely determined and, in general, these will
not be orthogonal with respect to any natural norm on
Q.

The method of partial eigenfunction expansions is in-
stead much more flexible. One is free to choose na-
tural inner product norms independently on both I' and
Q. Then, instead of expanding the data in polynomials,
we expand them in eigenfunctions of the operator A*A
(see also Cutkosky19 at this point).
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7. CONCLUSIONS

Various portions of the least-squares, partial expan-
sions, reproducing kernel techniques of the preceding
sections have been discovered independently by several
different authors. The methods of Backus22-25 are
essentially equivalent to the least-squares Method 1,
combined always with the reproducing kernel discre-
tization. He gives a probabilistic interpretation to the
data accuracy (2. 1), the prescribed bound (2. 2), and

the error bound (4. 8).

The partial eigenfunction expansion Method 1’ (with
exactly the same choice of truncation order) occurs in
Cutkosky.1? Cutkoskyl® also uses the reproducing ker-
nel technique. This corresponds to a “minimal decom-
position” of the operator A in his terminology. How-
ever, much of the complication of his paper can pro-
bably be attributed to the fact that he seeks explicit
integral formulas for the kernel functions, rather than
the more simple device of Sec. 5A.

The approach of Cutkosky!® as to choice of truncation
point when the “scale factor” E is unknown seems to
differ from that of Method 3’. Cutkosky assumes that
the coefficients of (Af — &) are independent Gaussian
random variables. He also assumes that f is a Gaussian
random variable in the Hilbert space X. From these
assumptions he detrives a series truncation order N
(and also error estimates for {f — 4, )) using a statis-
tical test involving ratios of the computed Fourier co-
efficients.

This Gaussian hypothesis may be too restrictive for
some of the problems mentioned in Sec.2. There is
some reason to believe that the ratio test of Cutkosky
would lead to a choice of truncation point similar to
that of Method 3’ if the coefficients of f truly have a
Gaussian type distribution. However, it is unclear to
us what effect departures from Gaussian behavior will
have in this ratio test. Can this ratio test lead to trun-
cation point N with E; much larger than E,,? If so, we
fear for the stability of the process.

The authors prefer to take a much more conservative
and pessimistic point of view. Ultimately, it seems to
us, that any knowledge of the value E of the global bound (in
order to have error bounds) must come from a priori
sources, that is, sources completely outside anything
which can be discerned from the data itself. The data

h can only disclose that E below a certain value E,, =
E(¢) (given by Method 3) is impossible. For the purpose
of computing error estimates one may then wish to
make the assumption that E = E(¢); however, there is no
reliable basis for this assumption. On the other hand,
there always remains the possibility that fits to data of
greater accuracy would reveal greater oscillation and
pathology in f.
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A formal series solution to the Kirkwood-Salsburg equation and its radius of convergence are
derived. This solution leads naturally to the establishment of an approximate hierarchy of equations
for the distribution functions which needs no closure. The asymptotic behavior of the solutions to
this approximate hierarchy is studied as well as the behavior of the derivatives of the pair function

with respect to the interparticle distance.

I. INTRODUCTION

In order to facilitate the study of the N particle distribu-
tion functions, many hierarchies of equations have been
developed which admit the set of distribution functions
as a solution. These equations have been studied from
various points of view. For pairwise additive potentials
the Kirkwood—-Salsburg! equations have yielded both
approximate numerical information2 and rigorous
results.

Ruelle32: P has made progress by formulating the
Kirkwood-Salsburg as an operator equation in a Banach
space. Iterating the equation generates a power series
in the activity z, which Ruelle proved converged in a
region of the complex z plane centered about z = 0.

The purpose of this paper is to present an alternate
solution to the Kirkwood—Salsburg (K-S) equation which
shows some promise of having a larger radius of con-
vergence and of yielding some information about pro-
perties of the distribution functions such as their asym-
ptotic behavior.

We also consider the K-8 equation as an operator equa-
tion in a Banach space. By making some modifications
to the equation and separating the operator into an un-
perturbed part and a perturbation, we obtain a series
solution to the equation. This method of solution, which
for positive potentials generates a resummation of the
activity series of Ruelle, leads naturally to the establish-
ment of an approximate hierarchy which is identical to
the first covering sphere approximation of Sabry2. The
solution for py,({x,s) of the approximate hierarchy is
shown to be the first nonzero contribution to p N({xN}),

the solution to the exact hierarchy, generated by the per-
turbation expansion.

Various properties of the approximate hierarchy are
studied. We also argue that certain of these properties
studied are identical in the solution of both approximate
and exact hierarchies.

il. INTRODUCTION OF THE BANACH SPACE
APPROACH

The N particle distribution functions are defined in the
grand canonical ensemble as

o = ’?:Ml:l—m! fAm dXy,q. .. dx,, exp[-BU{x,,.,})/E,

== f,,, 9%q-..dx, exp[—U({x,}D],

m=0

2=efr/A3, B=1/KT, A =h/@2mmKT)1/2,

A™ is the m particle configuration space. p,{{x,}) can be
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shown, for pairwise additive potentials, to be a solution
of the K-S equation

© 1 n+l
pix;) =2 (1 + 2 = foutxs- 'xn+1)jI}2f1jdxj>’

N
pyxy) = 2 jl;lz (1 +f1j)<pN_1(x2. o Xy)
& 1 N+n
+nz=: 1-n_i fp”"”'l (xz' *Xyen )jgN+1fljdxj> ,

fi; = exp[—Box, —x,)] — 1, (. 1)

¢(x; — x;) = two particle potential.

We require, with Ruelle,3b three properties of the inter-
action potential.

(1) The N particle potential

Uy(xq...Xy) =§j o(lx; —x;1) > —NB,
where B is a positive constant.
@)

[Ifylax, =c@) < =
(3)

olx; —x;) = ¢(Ix; — x;|) > —A,
where A is a positive constant.

The K—S equation can be considered as an operator
equation in a Banach space¢ composed of the vectors

fl(x]_)

f N({XN})

with the norm
If (=]
171 = sup L8]
vi S
Vixi}
The f,({x,}) are bounded measurable functions and § is
an arbitrary positive constant. The K-8 operator is

defined by its effect on an arbitrary vector in the
Banach space

Copyright © 1973 by the American Institute of Physics
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frxp)
Kf=| . ,
JRT)

o0 n+l
fitxy) = Z<§1 ;;17 ff"(xz- . 'Xn+1.)jr=12 fljdxj) ’

Fulkye . xy) = z;lilz A +5,,) (fN_l(xz. ..x,)

1 N+n
+nf:,1 = Juewea e %) jrzlmlfljdxj> . L2)
Employing definition (II. 2), we can write (IL 1) as
p =2z +2Kp, (I 3)
where
p1(x,)
b= .
pN.({XN})

is the vector of N particle distribution functions.

From their definition we usually understand that the N
particle distribution functions are invariant under the
interchange of particles. Arbitrary vectors in the
Banach space, however, need not have this property.
Consequently, the Kirkwood—Salsburg operator must be
specified with more care. The first term in each of the
sums of the right-hand side of Eq. (II. 2) is of the form

ffN(XZ' Xy 1, N0 19Ky a1

These terms can be considered as operators which, in
addition to the integration with a kernel fl, N+1»eplace
particle 1 by particle N + 1. They will be written as

ffN(xN+1,x2‘ XN S1, ye19Rye g

Terms with kernels which are constructed from pro-
ducts of two or more fij will be considered as operators
which replace particle ¢ with ¢ + 1;

Ofy(x1. . . Xy) = ffl,Nfl,mlfN(xz- o Xy, Xy, 1 )AXNAX 1

Due to the symmetry of the distribution functions under
particle interchange they will be a solution of Eq. (IL. 3)
with the above modifications.

K is clearly a linear operator. By generally following
Ruelle, a bound for the norm of zK can be obtained as
follows

| SN-1
SN-1
nSN+n-1]
[y

I.fN+n~1(x2' . -xN+”)lc(B)| Eﬂ__l

suplf,f,(xl...xN)lslzlezBBN[ sup  |fyy(Xp. . .Xy)

by viya

supM <lzle28mv| 7| exp_[_c_(f_)_ﬂ .

V(XN) SN S
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The term e285N jg obtained by bounding:
N N
QA +f;)= exp<— B olx, "xj)>
j=2 j=2
N N
— B inf X, —
< exp 5{::,} 12:’1 &, 0 =)
v(xj)
< expl— 28Uyx,. . .x,)]
< exp(28BN). (I1. 4)

For positive potentials B = 0 and zK is bounded. K the
potential has an attractive part, Eq. (II. 4) becomes
infinite ags N - «,

For B =0 the operator cannot be bounded in this manner.
Ruelle5 avoided this difficulty by defining a permutation
operator 7 which permutes particle 1 with that particle
which makes

N
i1 (1 +£,)< e288,
Jj#i

By virtue of their symmetry under particle interchange
the distribution functions will also satisfy.

p =z + z1Kp.

In addition to the disadvantages of the series expansion
mentioned in Sec. I, the permutation operator employed
by Ruelle complicates the equation in such a way that
its utility for numerical computation is greatly reduced.

We avoid the divergence of Eq. (II. 4) by limiting the
class of potentials considered to those which satisfy

¢(|X‘) =0, 'XI < o,

o(lxl) =0, Ix|<a,a>o.

This class, of course, includes repulsive potentials.

We take advantage of this restriction by multiplying the
Kirkwood—-Salsburg operator by a projection operator

1 0 0 0
p_|0 1 0 0
“\0 0 Pyx,,x3) O I
0 0 0 P3(xz,x3,x4)
where
Py=1 for |x,—x;|>0,

vi;je {xyh i#j,
Py=0 if|x;,—x;|<0o

for some i andj e {x,}, i =j.

Since the distribution functions are symmetric under
particle interchange, they will also be solutions of

p =2 + 2PKp
with these modifications

N
Py }A':lz (1 +f1].) = Py exp(-— BZ}Z ¢lx, -—xj)>s e2pB’,
! = (I1. 5)
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The role of Py is to insure that in a finite region of
space there can be only a finite number of particles.

The finite range of the potentials considered limits the
volume within which a particle can have a nonzero inter-
action with particle 1. Therefore the sum

N
2 o=, —x;)
i=2
in the exponential of (II. 5) will truncate at a finite N = N,
and will be finite.

The modified K-S operator has a norm bounded by
| z K| < e28B’/exp[C(B)S]/S.

The value of B’ depends on the details of the potential.
The relationship between B’ and the B of Ruelle is also
potential dependent. It is clear,however, that

B'=>B

and that, for potentials for which the lower bound for
the energy per particle is achieved in the close packed
configuration,

B' =B.

1. PERTURBATION SERIES SOLUTION

The K-8 operator (II. 2) can be written as the sum of
two operators. Including the projection operator P,we
define

f1xy)
: 0
PK? P (1 + f15)f1(x5)

2 ( ) =2 B

f izt ﬁz (A + 1) y-1(Xs- - - Xp)
(L. 1)

fl(x]_) f’1(x1)

z2PK, f N({XN}) =zP f’N( {XN}) ’

’ 21 n
f1(xy) =,,Z=>1;LT ffn(xz...xn+1)jl'=lzfljdxj,
I pxy. .0 xy)

N & 1 N+n
=IT(1 + — o1 (KXo s e Xpryn) I1 .dx
j=2( flj)(vxzﬂ.n! ffN n 1( 2 N n) j=N+1f1] j) ’

f" =z2PKf =zPKyf + zPK'f.
The contribution to f"y(x,) from zPK'f is
N
ZPy (L +£1,)f o1 Gy %), (111 2)
=

Outside of a finite range, small in comparison to the re-
mainder of configuration space,

N
I1 (1 + ) =1.
faes
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In addition f_,(x,...xX,) is only defined over a subspace
of the N particle configuration space. These considera-
tions suggest that the contribution of (III. 2) to f,"(x,) is
small compared to the contribution of zPK,f and that
zPK' might be treated as a perturbation.

Multiplying 2 PK’ by an arbitrary perturbation parameter
€ gives
p =2 +2zPKy,f + e2PK'f. (1. 3)

We assume that p can be expanded in a power series in
€,

p= g €. (Tm. 4)

Inserting (III. 4) in (IIL. 3) and equating powers of € gives
the recursion relation

¢y =2PK'¢py.y +2PKoon

(II1. 5)

Equation (II1. 4) will be a solution of the K-S equation if
each of the equations of (IIl. 5) has a solution and the
expansion (III. 4) is uniformly convergent for € < 1.

Satisfaction of the first condition can be guaranteed® if
lz2PK Il < 1.

Since
lzPK |l <z PH Kl

< |zl K,
and {[K,ll can be bound by the same procedure outlined

in Sect. II to bound the entire Kirkwood-Salsburg
operator,

Il zPK oIl < 1z1e88" {exp[C (8)S] — 1}/5. (ITX. 6)
Choosing

S=cCleri,

I zPK ol < |z]e88 (e — 1)C(B).
Restricting z so that

lz] < [ee2'(e — 1)C(B)] 2, (L. 7)

we find that each of the equations of (IIL. 5) has a unique
solution. From (I. 5)

o =(1 —2PK,) 1z,
oy = [(1 —2PKo) 12 PK' Vo,

The second condition will be satisfied® if
T —zPK)12PK'|| < 1.

We assume z satisfies (Ii. 7). Expanding and taking the
norm of both sides, we have

10— 2P 1 =15 PRl
< ijouszoun

< 1/(1 — [lzPK ,|).
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Therefore,
(1 —z2PKg) 2l < 1/[1— |z| 88 (¢ — 1)C(8)].

lzPK’ll ean be bounded by noting that if for an arbitrary
vector ¢

I ¢i0(x1' . ox,;o)l

| ¢6x .. %)
sSUp ——————— = su 510

S

Vi i vixg ’
vic;}
then

Ipi}ilz @ +f1;) ¢r(xp. .. x))]

sup
Vi st
vix} . - [ @100z - - X;041)]
“supe - .
V{Xi) §i0*1
Therefore,

lzPK'l < |zle8®/S = |z|eB2C(p).
Since

laBl < Al IBH,
for the second condition to be satisfied,

|zleBBC(B)
1= 1z1e® —11CE) ©

or
lz] < (eBFeC()),

which is consistent with (III. 7).
Therefore the only solution to the K-S equation for

lzl< (e G2 DE(g)?

can be written as

N
P =i [(1 —zPK,1 zPK'] (1 —zPK,)1z.
N=0

IV. THE STRIP OPERATOR APPROXIMATION

The perturbation series solution defined in the pre-
vious section leads very naturally to the definition of
an approximate hierarchy. The components of the
solution vector of this hierarchy are the first nonzero
perturbation corrections to the corresponding distribu-
tion functions.

To derive this approximate hierarchy, one must note that
for the range of z we are considering

|z|<lexp(BB’ + 1)C(B)]*
operators of the form
N
zPle'_Iz(l +fiy) LY JVC ST OO SNT Y.

have a norm less than 1.

This coupled with Eq. (IIl. 6) allows us to construct the
solution to

$o =2 +2PKo¢y
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by requiring that all components of ¢, except the first
are 0; and the first component satisfies

pre=2 +z [py(x5)f1,0%,. (Iv.1)

The same procedure can be used to solve
¢1 = ZPK,¢0 + ZPKO¢1o

We demand that all components of the solution vector
except the first two be zero and that they satisfy

P1s1lxy) =2 fplsl(xz)fmdxz
+z szs(Xers)fizfladxzdxsr

Pas(x, %) = 2(1 +f12)(p1§(x2) + [p54x3, xz)fladx3> .

(Iv. 2)
This procedure can be continued to all orders of the
perturbation expansion.

Two points can be made about the above 'solution' to the
K-S hierarchy. First: p, and p,, could have been
obtained by simply solving the pair of equations

p1slxy) =2 +2 fpls(xz)f12dx2’

P25, X5) =z (1 +f12)(91s (x,) + .{st("a:xz)flsd"a) .

If in fact the procedure of (IV.1) and (IV. 2) is continued,
it is clear that the first nonzero contribution from the
perturbation expansion to any of the distribution func-
tions can be obtained by solving the approximate
hierarchy:

pysxy) =2 +2 fpls(xz)fmdxz’
PrnsXy. - Xy) =2 }le(l +flj)PN<p w-1sXz- .- Xy) (V. 3)
=

+ [ pyoEye1sXse - -xu)f1,1v+1dx1v~1>-

We call this approximation the strip operator hierarchy.
It is identical to the first covering sphere approxima-
tion of Sabry.2

The second point we wish to make can be illustrated by
solving Eqgs. (IV. 1) and (IV.2). The solution of Eq. (IV. 2)
is obtained by solving

PouE1sX,) =2 (4 + f10)(PrRa) + [ 02 Koy Xo) Fradxy),
(Iv.4)

inserting p, (x;,X,) in

Pls.(il) =2 [ 03y, %3) fra fradxadns + 2 [ p1s, ®2)f120%5,

(Iv.5)
and solving. Equation (IV.5), which gives the second
order peturbation expansion contribution to the single
particle distribution function, is quite similar to Eq.
(Iv.1) which gives the first order contribution. They
are similar in that (IV.1) and (IV. 5) are integral
equations of the same form with identical kernels but
different inhomogeneous terms.

In general any contribution to the Nth distribution func-
tion is obtained by solving an equation of a form identi-
cal to the Nth equation in (IV. 3) except for the inhomo-
geneous term.
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The significance of this lies in the fact that certain
properties of the solution of an integral equation depend
entirely on the kernel and others are strongly influenced
by it. Consequently, each term in the perturbation ex-
pansion for p{x,...x,) will have particular properties
in common with contributions to p yx,...x,) of all
orders and therefore with p y(x,.. .x,ﬁ

In the remaining sections of this paper we will investi-
gate some of the properties of the solutions to the strip
operator hierarchy. In this way we will obtain informa-
tion about the integral equations whose solutions generate
the distribution functions.

V. PRODUCT PROPERTY

The first property of the solutions to the strip operator
(S-0) hierarchy that we will investigate is its behaviour
when clusters of particles are separated by large
distances.

The question is complicated by the fact that the three
particle, and higher, S-O distribution functions are not
symmetric under interchange of particles. An outline
of a proof of this statement follows.

We have

p,=2 +2PKp, (v.1)
where p is the vector of solutions to the S-O hierarchy
and X _ is the strip operator. By a method identical to
that employed in Sec.II

lzPK <1
for
lz|< (exp[BB’ +1]C(B)1L.

This guarantees that (V. 1) has a unique solution which
can be written as

o0
ps =Z> [ZPKs]nZ'

n=0
Performing the indicated operations generates? a power
series in z for each distribution function. It can be seen
by inspection that the fourth iteration generates a term
for p,, {X;,X,,X3) which is not symmetric under particle
interchange. By virtue of the independence of the terms
in the generated power series pg,(X;,X,,X3) is not sym-
metric under particle interchange. Further iterations
indicate the same for p, (X, X;, X3, X,) and higher order
functions.

This complication forces us to be more precise in the
definition of

PusXi1e o X0
Pus (X;1.+ - X;y) is defined as the solution of Eq. (IV. 3) with

the variable dependence altered by the permutation
operator

We are now in a position to prove the following.

Theorem: For

lz|< [exp(8B’ +1)C(B)I'2, (V.2)
PpXy- e Xy) Op Xy, X X ) (X, Xp. L Xy,)
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whenever

min
Vi € {xs}
VB e {x¢}

|x, — x4l =R ~ o0,

where

x}o i} ==

Proof: 1t is always assumed that particle 1 is in
{x,}. The proof proceeds by induction.

The function p, (x,) is a constant for the range of z
considered and therefore trivially has the required
behaviour which is called the product property. For an
arbitrary N

N
lim Gxlotsd) =slim Py fim 1144y
®<;Lr2) Py-1(Zp. . . Xy)
+ gfg S oa®yess X3 - 'xN)fl,N+1de+1>‘

py&X;...Xy) is a bounded function and ® is meant to signify
simple multiplication. Therefore the integral

fPN(xzvu:xz- . ‘xN)fl,N+1de+1

is uniformly convergent. Assuming that p,.;(x,...xy)
has the product property (V. 2), we have

$
lim X ;D X,5) =2P P Il 1+
o Pjv({ s} { ¢}) s ¢+1j€{xs-1)( f]_j)
® <p ¢{x¢} Ps- l{xs-l}
+ f lim ppXy,1,Xg. - .xN)fl,N+1(kN+]_> (v.3)
R0

where {x, — 1} refers to the set {x } with particle 1
removed and P, will be zero if any of the particles
{x4} are closer together than a hard core diameter.

(V.3) can be rewritten as
(I—96) ELig: Py(xy. .. xp)
S
= ZPSP¢+1 I (1 +f1])p¢({x¢})ps-]_({xs—1})
je{xs-l)
where

s
OY(xy...Xy) =2P. Py, 1l
i

€
{xs_l

RORTP

ff1,N+1‘P(xN+1:x2- X)Xy,

In the range of z considered
loll< 1
so that
1i e
leg PN(xl xN)

S
=2P Py, pgfxgbo ifxei} 1 —0y1 11 (1 +1y)).
jelx _}
But

S
zPsps_l{xs_l} (1 —9)1 . {l'[

jelx
s

(1 +f1j) =ps{xs}
-1}
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and
P10 glXgl = P glxgl.
Therefore

-xy) = pyixglo ix}

Vi. LONG RANGE BEHAVIOR OF S-O DISTRIBUTION
FUNCTIONS

Having determined that the solutions to the S—O hier-

archy have the product property, we are in a position to

investigate the long range behavior of the distribution

functions. To be more precise, we know that, in the

limit as R — ®,

lim p,dx.} @ {x}) —p {x.}o.dx + Cylx),

R0

lim Cy(x}) -0,

R0

li ..
n Palm

and we are interested in the form of C({x,}).

We will prove the following.
Theorem: For
lz] < (exp(@B’ +1)C(g))2

and strictly finite range interactions

A, eiKqR
lim plix} @ fxd) = o, dx, ool +0 ( " )

Ka is the root with the smalles positive imaginary
part of

1-— Zf(K, ﬁ):
f K, p) = [evhxf (x)dx = fK).
A 4, is a number dependent upon K, but not R.

[+

The proof proceeds by induction. Since p, (x,) plays no
part in the analysis we start by proving p,(x,, x;) has
the required property.

In the relevant range for | z| the distribution functions
depend on the distances between particles. Consequently

p1(xy) = 2/[1 — 2f (0)] = p.

Dividing both sides of

Polxy, X5) = 2(1 +f12)<p «f pz(x3,x2)f13dx3) (VL1)
by (1 +f,,), we obtain
Py (xy,Xp) = Z(p + fpz(xs,xz)flsdx3>. (V1. 2)

Since we have restricted the allowable potentials to
finite range interactions, we can define
pz'(_xl:xz) = pzll(x]_: xz) + pzo'(xp xz):
(V1. 3)

pz(xlsxz) = pzj(xpxz) + pzo(xls xz):

where
pz](xl’xz) =pz1l(x1;x2) =0, lxl '—lez a,

Poo(X1sX,) =00’ (%1,X,) =0, |x; —x,1<a.
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Clearly
P2o(X1,X;) = pyg’ (xy,X,).

Substituting (V1. 3) into (VI. 2), taking the Fourier trans-
form with respect to x,, and employing the convolution
theorem, we obtain

521' (K) 921 (K)Zf(K)
1 —zf(K) 1—2f &)

pzo(l() = zpb(l()
1—2f (K)
Writing
1/[1 —2fK)] =1 + 2f (K)/[1 — 2f (K)]
and taking the inverse Fourier transform, we have

pZO(xl'XZ) = £p

1-— zf(o)
—pzll(xl,xz)+fc(x3;x2)F(x1 —x3)dx3, (V1. 4)
Glxz, Xp) = Pps(X3,X5) — 0y (X3, X,),
iK, (x1 xa) K
F(xl - 33) [—ﬂ'—f—(-)— d(K)
1 —2zf (K)
iK. (x~x9z (f (K))2
_zf(xl_x3)+fe =V d(K)
1—2f (K)
= 2f(x; — x3) + F' (x; —x;). (VL. 5)

Taking the limit as |x,,| = © of (VI.4) and inverting the
order of limit and integration8 gives

lm  pyollxy,l) = —22
I x5l -r00 1 ——zf(O)

+fG(|xzal) lim fllxy, —xp31)dxy5

+fG(|x23|) 1m§1 F'(Ix;5 - X551)d%55,  (VL.6)
—+00

Ix)z

where the dependence of p,,, G,f,and F’ on only the dis-
tance between particles has been made explicit.

K the required integral in (VL. 5) is performed in the
complex K plane on a semi-circular contour closed in
the upper half-plane,8 then
| iK alXy g™ Xgg!
lim F'(|x;, ~x )—EA lim ——
1x 1) >0 12 23 l1x21 00 |312 —Xp5l

K , are the roots of 1 — zf (K) and A me“‘"""”"‘z3| is the

residue at K .
Returning to (V1. 6), G(Ix,5/) demands that

lx23l <a
so that

Ixy,1200

lim f(lxlz—'x23|) =0.

1xy51 200
Therefore
lim p, (Ix;,]) -—59?
1x,51—>00 1 — zf(0)
iKolxlzl
+2A G(lx,4l)dx, s &— ).
o %(f 23 23 |x12'
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K a AT€ those roots of
1— 2 (K)

with the smallest positive imaginary parts. Since
p =2/[1 —2f ()],

p zs(xl,xz) has the required property.

Assuming that p ) (x;...Xy._;) also has the required
property, we investigate the solution of

N
Py Ey...xy) =2PyI1 (1 +£;))
s j=2 J

X(P(N- 1, XK. . Xp) + prs(xI\Hl' XN S 1, ne1 BENe ).

(VL. 7)
Before proceeding it will be useful to modify VI. 7
slightly. We define
oy &y . xy)
PE (x). .. xy) = —= (VL 8)

P -1y, Xz- - - Xy)

and divide particles 1 to N into the clusters
{2,3,...,a}

(The generality of the argument is not affected by this
arbitrary choice.) When the two clusters are separated
by an infinite distance we know from the previous
section that

{1,0,a +1,...,N},

P(a—l)s (xz. . .Xa)P(N-a+1)s (Xl,xa+1. . .xN)

pf &xy...x,) >
Ng¥1 e o 7N P (1), o+ - XD v-ay Bowr s - - Xn)

=0 Fy-ar ), s ZXge 10 - Xn)-
We can now define a function C(x,...xy) by
a
Pﬁs (x;...Xy) = Py _HZ (1 +fy;) P{N-wl)s(xlxwl' . -Xy)
j=

+Cplx1...Xy). (VL 9)

Clearly if R is the minimum distance between the two
clusters

lim C y(x;...x,) = 0.
R-»00
From (VL. 7), (V1. 8), and (VI. 9),

o
Cy&xy...xy) +PNpP(N_a+1)s(x1,xa+1. . .xN)jI_Iz(l +f1,)
N
=zPer_12(1 +fy)) (1 + [ Cy®yur- - X f1, ne18Eyey

+ (11 @+ )
=2

»
X P @W-ar1), L TS TR XN)f1,N+1de+1> .

Since
5 N
PyPiy-ar1y, X1 Xgey- - - Xy) = ZPle;Iq+1(1 +f15)

?
X (1+ fP(N-onl)s (X 19 Xga1e o - X)) f1, ye 10X ya1)-

We have

N
Cylxy. . .xy) = ZPer_Iz U +£1,) [ CyRyaye - - XFy, o1 @Ry
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+ 2P, ;r'lz A +fy,) f( _ﬁz A+ fyur,) — 1)
j=

xp(g‘l-oc+1)s(xN+1’xa- . -xN)f1,N+1de+1; (V1.10)
which is of the form
C=a +KC.

The correspondence between the linear operator K, the
unknown vector C, and the known inhomogeneous vector
o and their counterparts in (VI. 10) is obvious.

The K operator can be written as the sum of two
operators

ol
Ko =2zPy n (1 +f1,)
j:

R R NP X f1,ne19K 01

=+

K'Yy =2zPy fI:Z (1 +flj)<jﬁ ) (A + )~ 1>

X [ Wy ®yore- X1, ne1 © Fyap. (VI11)

The term (Y. ., (1 +f;;)—1Dactstorestrict the range

of K’ so that its effect is small in comparison to that of
K,. We can,therefore,treat K’ as a perturbation,

C=a+K,C +eK'C.

With a procedure identical to that of Sec.III we find that
for the indicated range of |z |

c=% e,
n=0
¢p = +Kydg,
¢y =K'¢y-y +Kq by
which is uniformly convergent for € < 1 as long as

1K'/ —K o)l < 1.

(V1. 12)

(V1. 13)

After performing the required manipulations, we find
(VL. 13) to be valid as long as

|2| < (2 exp(8B")C (8))"1> (exp(8B’ + 1)C (8))1.

Since (VI.12) is uniformly convergent, we can investigate
the limit of C , (x,...x,) as R — © by taking the limit of
each term of (VI. 12) and summing the limits.® In this
spirit we state the following.

Theovem: For |z|< [exp(8B’ +1)C (B)]'L,
lim ¢y(x,...x,) 2A® gikaR/R,
R—c0 o

Ag? depends on K «, and the interparticle distances of
particles within the same cluster, but not on R.

Again the proof proceeds by induction:
bolx;- .. Xy)

=zPy I+ S ooxyar- - XN f1, N+ 19Ky 1
i=2
N -]
+2Py T (1 +f;,) f(n a +fN,,1,j)—1>
=2 =2

4
XPN-ar1Eye1r Ko - Xp) ®fy g, 10Ky, (VI.14)
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Dividing by I1%,(1+ f;,)and noting that ¢,(x;...xy) =0
when TE, , (1 +fld) = 0, we can write

¢ oxy. .. xy) = a&m)-

(VL. 15)
(1 +f;
j=2

By means of the following equations we can also define
four functions ¢4 g P01y ¢ 0 (0p ‘P'ou):

¢'olx1.. . Xy) = ¢/ X1 X)) T ¢ oK1 X)),
¢0(x1- . .xN) = ¢0 (o)(xln . .XN) + ¢0(I)(x1. . .xN),

o)X+ Xp) = ¢ g (& . xpy) =0, (VL. 16)

if particle 1 is not within the potential range of at least
one of the particles {2,3,...,a},

¢0(0)(x1' . -XN) = ¢'0(x1. . .xN) =0,

if particle 1 is within the potential range of one of the
particles {2,3,..., a},and

¢>0(0)(x1. . .xN) = ¢,0 (o)(xl. . -xN)-

Designating the inhomogeneous term in (VI. 14) by o
employing definitions (VI. 15) and (VI. 16) and taking the
Fourier transform of both sides with respect to x;
gives R
azP,f (K) n~ A
Nf +a— ¢,0(I)(K,x2.. .xN)
1 —zPuf (K)

¢0(0)(K,x2...xN) =

+ ZPNf (K)

AT [¢0(I)(K’ x2. . .XN) - ¢’0(I)(K’ x2. . XN)].
1—2zP,f(K)

In this development x,...x, are variables, the value of
which can be adjusted at will. Since it is clear that the
solutions to the S-O equations are identically zero if
any of the above set are closer together than a hard
core diameter, we will exclude this possibility from con-
sideration and set P, equal to 1. There is no loss of
generality in the argument.

Employing the identity
of (K)/[1 — 2 (K)] =2f (K) + 22(f (K))2/[1 — 2f (K)),

taking the inverse Fourier transform and the limit as
R — ©8 we have

( EBa iK o 1xy,0
lim X,...X) = | lim
R-00 ¢0(0)( 1 N) " R-oo o |le|
@
N a
x| zPy Il 1+ i1 1+ )—1
[ ol @l @ )
XPN-or1Eye1s g1 'xN)fN+1,v
17
® (VI.17)
iK o I1xy0l

® dxy,dx, + [ imD
R

-0 O lxlvl

x<¢o(,)(x,,x2. . .XN)— ¢'0(,)(x,,,x2. . .xN)>dx,,.
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We have made use of

lim ¢ X....X,) =0
Lm Fouyxy. . -xy) =0,

lim o =0,
R—e0
. N o
Jm [f,ePy T A +1,) f(,EL (A +fav1,) — 1>

?
® pN-a+1(xN—+1’xa+1' . 'xN)fNu,ydequy =0,

51_1.12 [ fi,v (¢0(1)(x,,,x2. Xy — ¢ o)y s X5 - -xu))
® dx, =0,
In the limit as R — ©of term @) of (VI. 17)
Ix;,1 = R.
This is a consequence of the restrictions
’fN*l,v =0
unless v is within the potential range of N +1,and
>3
1132 (1 +fN+1,j) —1=0
unless N + 1 is within the potential range of at least one
of the particles of the cluster {2...a}. Therefore, par-
ticle v is a finite distance from the cluster {2. .. af and

hence a distance approximately equal to R from par-
ticle 1, for large R.

Term@ becomes

i R
e

szNII!l

jrat+

lim 2B,
Rowag O

xf(fizu + Fren,) —1)

(a+5)

® p pN-aka+1’ . 'xN)fN-o-l’yde-bl’ﬂy (VI- 18)

plus terms which damp faster than e*¥o"/R.

Since [¢g y(Xys Xz - - Xy) — &0 (1) X5 Xp- - - Xp)]
restricts particle v to the potential range of at least
one of the particles in the set {2... a},term B becomes

KoR

i
lim 2 B, €
R-*00 ey o R

x [ }z_lglo [¢0(,)(x,,x2. xR = ¢ o Xus Xy - -xn)] ax,

plus terms which damp faster than ei%o®/R.

Consequently,
iK_ R
)€ % .

lim ¢o(X,...X,) > 2 lim AQ
R—0 Gy R—>o0

AW is a function of a and distances between particles
w?ghin the same cluster, but not R.

Assuming that ¢ y_,,(x;...x,) has the required pro-
perty, we investigate the large R limit of

Oy, .. Xy = zPI,,jIc':I2 Q1 +_f1j)

X f Oy Eyip- - X1, v 18N
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-3 N
+Py fl 47y (j[‘l’l(l +f1j)-1)

Xf LIVIRY: SUCTRRS ) PYVT.. PP

With a procedure identical to that used for (VI. 14), we
find

ik R
. - W e %
lim x,...xy) 22 lim A% &2
Hm dnixy N Yk R

iK_R

plus terms that damp faster than e~ % /R:

A(I’(’) = [ lim [Syg)Eye1,Xz- - - Xp)
% R-»o0

- &' nayRy1s Xg - - Xy ] 0K,

I a+f,,— 1) F(lx, —x,1)

-1)
X fA;(:Lo fu,ne10Ky 10X,

As previously noted, the perturbation technique produces
a uniformly convergent series.

Therefore,
) o Kao?
lim Culx;...xy) 2> LAL lim &2
R-»c0 N

R—o0

(VI.19)

Equations (VI.19), (VI. 8), and (VI. 9) and the agsumption
that p (1), (x;...X,-;) has the requisite property com-
bine to produce the result

lim oy, (x,} ® {xz1) - 0, (x,Do 7, Gxr)

ik 2R
+3 lim A %o

dg R—+o0

%

VIil. PROPERTIES OF DERIVATIVES

In this section we investigate the properties of the
derivatives of the S—-O distribution function as a function
of the interparticle distance R.

We restrict our considerations to hard sphere potentials,
i.e.,

¢(x) =,
¢(X) =0,

Stillinger10 has argued that the pair distribution func-
tion, in the fluid phase,is C* in no interval on the real
line. For the S-O pair function will prove that neither

Pz, (X 5) =2 (1 +f12)<P + fpzs(xzs)fwdxa) (VIL 1)

x< o,

X=0.

or

p,2s(x12) =z [p + fpzs(xzs)fmdxa] (VIL 2)

are C* at integral multiples of the hard sphere dia-
meter o.

In what follows we will make use of the theory of gen-
eralized functions!! ¢r distributions.

If we differentiate both sides of (VIL. 1) and interchange

integration and differentiation,15

dp 2 (xlz)
S

———— =hd(xy54)

ax, 9

dp, (x,3)
+2( +fy,) [—a 22 X23

dx23 dx12

139%13,
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h = [z fpzs(xzs)fmdxs + ZP:IX

12=0=1

Differentiating again

d2p,(x;,)
— 2912 pp'(Rypeq) t 2h5(Xy5.1)
dx3,
dpys(xp3)  dx3s
+ 2(1 +f12) f ® f13dX3 —Z(1+f12)
dx, 5 daxi,
, Xy, dx
X‘/ deS(x23) 23 13 5(X13 — 1)dx3- (VIL 3)

dxs3 dX;p dX; 5
If (VIL 2) is inserted in (VIL 3), it produces a term

dx,. dx
—2 (L +fy,) [6xy5—1) %23 13

6(X13 - l)dX3,
12 9X12
which has discontinuous behavior at x,, = 2.

This can be proven by changing to bipolar coordinates
and noting that

ax,; dX;3 X)3X53

ax;, Xy, Xy
<(x12 —(x3, +x§5 —x33) (xyp — (xI, + %35 —x§3)>
x1,

is infinitely differentiable as a function of X, , and x,
so that the integral

—27 [6(x,5 — 1)5(x;5 — 1)

< (xy5 — (x5 + X33 —x33)) (x5, — (x§, +x}; _X%a))>
4x3,

X dXy 30X, 3

can be performed.

For x,, > 2, (VIL 4) must be 0 because x,4 and X,
cannot simultaneously equal 1. For x,, <1, (VIL.4) is
continuous and at x;, = 2, Eq. (VIL 4) equals — 7 /4.

Knowing that d%p, (x,,)/dx%, has step function behavior
at x,, = 2, we can continue the above process to show
that d?p, (x,,)/dx,,2" is discontinuous at x;, =

(n + 1).

Consider the equation
plzs(xlz) =2 <p + fpz(x23)f13dx3> .

From the above analysis the fourth derivative will con-
tain the terms

dip’, (x,5) dx,3\3 dx, 3
—s =z [5 (xzs-z)(_— 6(xy3 —1)
dxi, ax,, | dxy,
VII. 4
@xmxzsdx d ( )
139%23,
X12

which has discontinuous behavior at x,, =3 andx;, = 1.
K x;, < 1, the above integral is 0 since x,; cannot equal
2 and x; 5 equal 1 simultaneously. Equation (VIL. 4) is
cont/inuous for x;, > 1,and, at x;, =1, (VIL. 4) equals

— /4.

Therefore p’, (x,,) also shows discontinuous behavior
in the fourth derivative at X,, = 1. This behavior is also
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exhibited by the solution to the Percus-Yevick equation
for hard sphere potentials.13

ViH. DISCUSSION OF RESULTS

A perturbation scheme has been introduced which gen-
erates a solution to the Kirkwood—-Salsburg hierarchy of
integral equations. The power series in z obtained by
Ruelle3®:P can be recovered by expanding each term

in our perturbation expansion in a z series.

The advantages of this expansion are twofold. We gen-
erate an approximation scheme which can be improved
step by step with a well-defined procedure.

The second advantage is the possibility of obtaining for-
mal properties of the solutions of the Kirkwood-Salsburg
equation by examining the structure of the solutions of

an approximate, much simpler hierarchy.

Two properties of the approximate hierarchy were in-
vestigated, and the results are consistent with what is
expected from the distribution functions.
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APPENDIX

It is the purpose of this appendix to justify three
assumptions employed in Sec. VI.

(1) The assertion that
A et¥alxl

F(lxly=222"

o x|

(2) The assumed uniform convergence of this series
which enabled us to take the limit of F(|x|) term by
term.

(3) The often used assumption of commutability of
limit and integral.

At the outset it should be clear that for finite range
potentials

SHlx)e ™ > ax

is an analytic function of |K| and hence bounded. The
analyticity guarantees that the singularities of

1/[1 — 2f (IK])]

are isolated poles.12

FIG.1
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Clearly for the range of |z| considered
lzl 17101 < 1

for all real |K| so that for real |K|
1/[1 — zf (IKD] < M.

We are now in a position to prove the first assertion.
By definition

ety st 2 TUED?

= (A1)
1 —zf (1K)
Performing the integrations over the angles gives
4122w |K|(F(IK])2 sin(IK] |x])
F(lxl)=—/ dlKl-  (A2)

Il 70y _zf (k)

Recognizing that f (|K]) is an even function, (A2) can be
written as
41 o |KlEf(IK])2e! EIx!
F'(Ixl) = I"x—l f

™ 1—zf(IKl)

dIK|, (A3)

where |K| now denotes a variable which can assume all
values from — © to + . We will evaluate the integral
over the contour in the complex |K| plane (see Fig.1).

We have

IFUKD) = fe-i""f(lxl)dXI

e 4 .
SBIOI_K| sin(|Kl| |x]) |dlx|,

where a is the radius of the potential.
¥ |K| is complex with 2 modulus R, then

IFUKD| < Br [ e™'*'alx|
< aB8refRa

for R > 1. Consequently, if |x| > a, the contribution from
BCA goes to 0 as R — o and

Fls) DA (a9)
« x|
where we have assumed that the roots K of
127 (IKl) (45)
are of the first order, and
AaeiKalxl

is the residue of the integrand at K.

The roots of {A5) were assumed to be of first order.
Clearly it is irrelevant what order they are for in the
limit as R — @ multiple roots will only change the fac-
tor A, but not the form of the large R behavior. It will
also not affect any of the following analyses.

Turning to assumption (2), consider the integral

omz? (L IKl(;?(K))ZeilKI Ix|

. = diK|.
x| 1—zf (IKI)

1,(x) = (A6)
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From the above analysis

ND A eilzlxi
I(x)=2 ————0

a=1 ' I

+ R gca (A7)

where R 5., is the contribution from BCA in Fig. 1.

As the roots of (A5) are isolated clearly, either the
number of terms in (A7) is finite or N(L) is an increas-
ing function of L. Since R gz, becomes smaller as L
gets larger, the series in (A7) becomes a better repre-
sentation of I,(x) as L increases. The series can, in
fact, be made arbitrarily close to I L(lxl) for arbitrary
Ix| as long as [x| is larger than the range of the po-
tential. Clearly if

w K| (FK])2eHE =

. x dIK| (A8)
1—zf(IK[)

is uniformly convergent then (A7) is a uniformly conver-
gent series.

Within the range of |z| with which we are concerned and
for real |K|,

|1—zf(lKl)I<M<°°.

Clearly (A8) will be uniformly convergent if

~ 1KI(F(IK])? sin(K| [x])
0 1—2zf(IK])

is. We can guarantee the uniform convergence of the
above integral by finding a function,4 independent of
{x| which bounds the absolute value of the integrand
throughout the range of integration and whose integral
over that range converges.

K| (A9)

The function we propose is
H(KI) =MIKI (D)2, IKI<1,

=MIKI(F(IKD2, K> 1.

The integral of H(|K|) will clearly converge if
S IRI2(F (KD K]

is convergent:

[FIKI2GURD2alK] = 2 [ (70 kD)2ax.
T

Employing Parseval'sll theorem, we have

JUURINZEK = [ (Fix))2dx,
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which is clearly convergent. Therefore, (A4) is a uni-
formly convergent series.

Assumption (3) will be justified by examples. We will
justify the limit integral interchange of (VI.6).

We have

lim [ G(xy3)F'(Ix,, — X,51)dxy,.

Ixyp o0

(A10)

The interchange is justified if the above integral conver-
ges uniformly.

G(|x,5!) is defined only over a finite range of |x,,| and
is bounded. F'(Ixm —X53 |} is also bounded. Therefore,
a positive semidefinite function D({x,;!) can be found?
which bounds the integrand in (A10), is independent of
Ix,,|,and for which

fD(|x23|)dx23 <=
One choice for that function is
MH(Ix,51),
where M is the product of the bounds of G(|x,31) and

F'(1x,, —x,51) and H(|x,,|) is the characteristic
function of the range of integration.
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The enumeration problem that arises in the derivation of low-temperature and high-field expansions
for the Ising model of a ferromagnet and antiferromagnet is studied. The method of partial
generating functions (complete codes) is developed and a principle of complete code balance is
explicitly stated. The detailed application of the method to a number of lattices is described and
substitutions given that interpret the generating functions of certain lattices on the corresponding
shadow lattice. It is shown that in zero-field and two dimensions some of these substitutions reduce

to the well-known star triangle and magnetic-moment results.

1. INTRODUCTION

In this paper we continue our investigation of the enu-
merative problem that arises in the derivation of low-
temperature and high-field expansions for the Ising
model of a ferromagnet and antiferromagnet; a general
introduction is given in the first paper! of this series,
hereinafter referred to as I.

Following I, we write the free energy per spin (F) in
the form

F=—3qd —mH — kT InA(p,u), (1.1)
where ¢ is the coordination number, J the interaction
energy as defined in I, » the magnetic moment per
spin, H the applied magnetic field, # Boltzmann's con-
stant, and T the absolute temperature. The expansion
variables # and p are defined by

u =22 = exp(— 4J/kT)
p = exp(— 2mH /kT) }

Series developments for In A arise from a study of per-
turbations on the ordered state; a detailed description
of their direct derivation is given in I. The expansion
is there studied as a development in powers of u in the
form

1.2)

InA =2 L (u)ps, (1.3)
s
where the coefficients L, are polynomials in #. Con-
tributions to L, arise from all the possible perturba-
tions of s spins and this arrangement of the expansion
we call the p-grouping; alternatively it may be regarded
as a field-grouping providing high-field expansions in
the magnetic parameter p (p = 0 when H = ») for fixed
temperature. The expansions are valid for both the
ferromagnetic and antiferromagnetic problems. We call
the coefficients L high-field polynomials.

For many applications to the ferromagnetic case, for
example the derivation of the spontaneous magnetization
and the specific heat and susceptibility in zero field, it
is more convenient to group the expansion in powers of
u (or z) and we shall write

InA =25 ¥, (pus. (1.4)

1060 J. Math. Phys., Vol. 14, No. 8, August 1973

This we call the #-grouping; alternatively, it may be
regarded as a temperature-grouping providing expan-
sions in the temperature parameter «, for fixed values
of the field-variable u. We call the polynomials
ferromagnetic polynomials. For the honeycomb lattice
fractional powers of # occur in (1.4) and to avoid these
we modify the definition of Y, by replacing « by z.

An important generalization is to the case of lattices
which can be decomposed into two equivalent sublattices
A and B. We distinguish the spins on these two sub-
lattices by writing

exp(— 2m H RT) =
A/ L (1.5)
exp(— 2mBH/kT) -y
For the field grouping we define a set of sublaltice
polynomials, L, ,
(1.6)

InA = 3 L, s,
s,t !

and for the temperature-grouping a corresponding set
of polynomials in 4 and v

InA =25 ¥, (u, vus. (1.7

One application of these sublattice polynomials is to the
ordered region of an antiferromagnet. (# < H_, the criti-
cal field); J is assumed to be negative and we write

J' = — J. We introduce new variables

y = exp(— 2J'/kT), w=y2 (1.8)
and the free energy per spin is now

F=— 3qJ' — kT InA*(p, w). 1.9)

In the temperature-grouping p and 1/u occur symmet-
rically and it is convenient to write

6, = ur +pn, (1.10)

and define a new set of antiferromagnetic polynomials,
s by
InAs = 35 2 (0ws. (1.11)
$

Copyright © 1973 by the American Institute of Physics 1060
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As in the ferromagnetic case we introduce a modifica~-
tion for the honeycomb lattice; fractional powers are
avoided by replacing w by y in (1.11).

To derive a useful number of terms in all the above
expansions we introduced in I a method of partial gene-
rating functions. In Sec. 2 we summarise the method.

2. METHOD OF PARTIAL GENERATING FUNCTIONS

The method is to provide partial generating functions
F, for the sublattice polynomials L, ,; each F, corres-
ponds to the exact solution when the number of spins
overturned on one sublattice, by convention the B sub-
lattice, is equal to ». The contributions can be set out
in an array (omitting the field variable):

Fo=Log+Lyg+Lag+tLag+Lyg+
F, = Loy + Ly +Lyy +Lgy +-

F,= Log+Lyg+Lyy+ e

F, = Lo +Lyg+ (2.1)

Log +

where Lo.0 = 0.

An important step is to exploit the symmetry condition
(2.2)

which holds because the two sublattices are equivalent.
It follows that the first » partial generating functions
are sufficient to determine the expansion of lnA cor-
rect for all s + ¢ < 2n + 1. To take a specific example,
the polynomials through L can be derived from the
generating functions through F,. In the sequence of
sublattice polynomials contributing to Ly

L, = Lt.s’

S,

Lgo+Lyy +Lgy+Lyg+Ly,+Loy (2.3)

the last three follow from the symmetry condition,

The generating functions are conveniently written as
sums of integer sequences, which we have called codes,
each code being multiplied by an occurrence factor,

F,=200a,8,y,°%%), A=a+B+y+-- (2.4)

For example, on the honeycomb lattice

F, =1¢,3,3) +9(7,5,2) + 1(7,6,0,1) — 308, 7,1)
+194(9,9). (2.5)

We shall not introduce a notation for the occurrence
factors; the length of the individual integer sequences
never exceeds the coordination number of the lattice

by more than one, so that all honeycomb codes, for
example, contain at most 4 parameters. We call F, the
complete nth code;the codes are interpreted by the sub-~
stitution

()"ayﬂy'}” v ') = Y"(l + bX)a(l + bZX)B

X (1 +83X)r---/(1 + X)X, (2.8)

when after expansion of the right hand side the coeffi-
cient of XsY”"b” represents the contribution of s-over-
turned A-spins,n overturned B-spins having 7 nearest
neighbor links between them.

The expansion can be obtained explicitly in powers of

i, and z by making the further substitutions
X = uz4, b=1/z2,

Y = vz9, 2.7
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The zeroth code is anomalous and we must write
=In(l + X) = In(1 + pz9). (2.8)

For convenience we adopt the convention that each sub-
lattice has N sites; thus, in (2. 5), and the sublattice poly-
nomials that follow after the substitutions (2. 6) and
(2.7),we work on a 2N site lattice. When we particu-
larize to the simple model with » = v, we employ the
same codes and take half the resultant polynomials to
obtain the L, (u).

We also assume that the sublattice equivalence or sym-
metry condition (2. 2) is always exploited. For example,
if we suppose the array (2.1) to be generated by the
complete codes through F, it is immaterial whether

L, 3 is supplied by symmetry or from F; we assume
the first method, because later we shall introduce gene-
rating functions which are not complete codes (partial
codes) and the second method could then give an in-
correct contribution.

An important consequence of the symmetry condition is
that any complete code F, must reproduce the sublattice
polynomials L, , correctly for all m <=. For example,
F must when expanded give values of Lo 2 L1 3 L2 3
whxch agree with their symmetric counterparts derived
from F,, ¥, and F, in the array (2.1). This principle of
complete code-balance provides a check on the correct-
ness of each new complete code as it is added. It im-
plies a set of constraints on each complete code or par-
tial generating function.

In the development of the theory we shall often require
certain properties of the individual codes which con-
tribute to a complete code; we define at this stage some
concepts we shall use throughout our treatment.

If a code (A, @,B,y ---) occurs in F, we call s the order
of the code. The complete sth code is then the total of
all codes of order s and is appropriate for the deriva-
tion of field-groupings. For temperature-groupings

we shall find that an important property is the highest
power of b that occurs in the coefficient of X* in the
expansion of (2. 6); we call this the nth rank of the code.
Finally, for any code (A, a, 8, v, 6, €, « + + ) we define the
quantity

y+20+3€+ - (2.9)

as the class of the code. We show later that the class of
a code, and its successive ranks (forn =1,2,3.-.), are
of importance in a systematic treatment of the u-
grouping.

The first few complete codes on a lattice can readily be
derived by classifying all the possible arrangements of
the appropriate shadows; the complexity of this work
increases very rapidly with the order of the codes. In I
we introduced a classification based on a partially iso-
morphic Ising problem on a related shadow lattice. In
Sec. 3 we summarize some shadow systems and derive
new substitutions which interpret the codes in a different
way and provide results for the Ising problem on the
shadow lattice.

3. SHADOW LATTICE TECHNIQUE

The shadow lattice is the lattice formed from the sites
of the B sublattice with a bond system chosen to repre-
sent the different possible overlappings of the shadows
cast on A-sites by overturned B-spins.

Honeycomb-triangular code system

As a first example we take the honeycomb lattice. The
complete shadow system is illustrated in Fig.1 (a) and
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(a) (b)

FIG. 1. (a) Honeycomb lattice and its complete shadow system; the full
circles represent the B-sites. (overturned B-spins), (b) Correspond-
ing shadow lattice. This is a triangular lattice with the original B-
sites as vertices. The triangles have alternate parity; those marked
with a cross are of the significant parity and correspond to three
shadows that meet at one point.

(@ (b)

FIG. 2. o B-spins, e overturned B-spins. (a) Honeycomb with 5 spins
overturned on the B sub-lattice. The five shadows correspond to the
code (10,6, 3,1). (b) Corresponding shadow graph.

the corresponding shadow lattice in Fig.1 (b). It should
be noted that the shadow lattice is not the triangular
lattice delineated by the edges of the triangular shad-
ows. Figure 2 illustrates a particular situation in
which 5 B-spins are overturned; each casts a shadaw on
3 A-spins, but some A-spins lie in more than one
shadow. The corresponding code, (10, 6, 3, 1) simply
expresses the fact that a total of 10 spins are affected;

6 lie in only one shadow, 3 in two shadows and 1 in three.

Each triangular shadow can only touch another at a
vertex (and never along an edge) and no more than three
shadows can meet at any point; thus, the codes involve
at most four parameters. For any code (A, a, 8,y) we
have the relation
A=a + ﬁ + b% (3. 1)
which merely defines the dummy parameter A intro-
duced in I as a consistency check on the data. The
three parameters «, 8,y are the number of A-spins
which lie in 1, 2 or 3 shadows, respectively. If s is the
number of B-spins, that is the order of the code; then,
since each B-spin casts a shadow on 3 A spins,
3s =a + 28 + 3y. 3.2)
The parameter B8 arises from pairs of triangles with a
vertex in common; each of these implies a nearest
neighbor bond in the corresponding graph on the shadow
lattice (shadow graph). The parameter y arises from
triplets of triangles with a vertex in common; these
imply a nearest neighbor triangle in the shadow graph.
Only alternate triangles can correspond to contacts of
this type and we regard each triangle of the shadow
lattice as having a parity; the parity corresponding to
y we call the significant parity. We have the scheme:

JANERVAVANSS
/\

§ U]
Triangle in (Significant (Insignificant
shadow lattice parity) parity)
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Any set of overturned spins on the honeycomb B-sub-
lattice corresponds to a set of sites on the shadow
lattice; if this set of sites is regarded as a strong em-
bedding the total number of bonds, 7, in the embedded
graph (the shadow graph) is
ry =8+ 3y, (3.3)
because each bond will correspond to the contact of
two shadows unless it lies in a triangle of significant
parity; and each triangle of significant parity has three
bonds but contributes only once to y.

The last result has an important application. The com-
plete honeycomb code F, corresponds to the complete
set of all graphs with s sites on the triangular shadow
lattice; since the number of bonds in each shadow

graph can be deduced from the corresponding code, F,
contains all the information required to determine the
high-field polynomial L, on the ¢riangular lattice. From
(3. 3) we obtain the corresponding power of « for the
Ising model on the triangular lattice as2

3s—r=a +8. 3. 4)
It follows that the substitution
(A, @, B,y) = p(@+2843y)/3yass 3.5)

interprets the honeycomb codes in an alternative way
and provides the high-field polynomials for the triangu-
lar lattice. We develop the theory of this substitution
in Sec. 4.

To obtain a complete F, for the honeycomb lattice it
would suffice to find the codes corresponding to every
low temperature configuration of #» spins on the tri-
angular lattice; this is a straightforward but fairly
intricate operation because of the parity problem. The
details of the first five complete codes are fully listed
inl. '

The division of triangles into the two parities is clearly
symmetric, but if more than one triangle occurs in a
shadow graph the distribution into parities £ and 7 can
be quite involved. For example the two component graph

VAVANIIRWAN

has a total count of 12N2 — 282N, but divides as
(3N2 — 72N)¢3y,
(6N2 — 138N)£272,
(3N2 — 72N)én3,

(3.8)

which is not quite symmetric, in the sense that the
division is not the same as that for &n(¢ + 1)2.

In this particular system, once the configurational data
on the shadow lattice has been encoded it is not possible
to recover the topology of the shadow graph although it
is possible, as we have seen, to recover the number of
sites and bonds. Because of the substitution (3. 5) the
codes can be thought of either as honeycomb or tri-
angular codes; we refer to the honeycomb-triangular
code system,

For the honeycomb-triangular code system the last

parameter () determines the class of the code; in this
system this is equivalent to the number of triangles of
significant parity in the corresponding shadow graph. °
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Diamond-face-centered cubic code system

As a second example we take the diamond lattice. The
shadows are tetrahedra and the complete shadow sys-
tem is a straightforward generalization of that des-
cribed for the honeycomb lattice. The shadow lattice
is the face-centered cubic lattice formed by the B-sites
alone, joined by first neighbor bonds. The B-sites lie
at the centers of the tetrahedral shadows and the edges
of these tetrahedra also delineate a face-centred cubic
lattice, distinct from the shadow lattice. The only pos-
sible contacts are at a common vertex; never a com-
mon edge or common face. As in the previous example
mutual contacts between two tetrahedra correspond to
a bond in the shadow graph; mutual contacts between
three tetrahedra (at a common vertex) correspond to
half the triangles on the face-centred cubic (significant
parity); mutual contacts between four tetrahedra also
occurs in two ways in accordance with the following
scheme:

A

£ n
Tetrahedron in (Significant (Insignificant
shadow lattice parity) parity)

The general code (A, @, B, y, 6) now contains 5 para-
meters; if a shadow graph has s sites and » bonds a
generalization of arguments used before establishes the
results

4s = a + 28 + 3y + 40, 3.7

r =8 + 3y + 65, (3.8)
and the corresponding substitution to (3.5)

(A, @, B,yad) = p(a+28+37+46)/4y(3a+ape3y)/2 (3.9)

interprets the diamond codes in an alternative way and
provides the high-field polynomials on the face-centered
cubic lattice.

We can now regard the codes as 1 diamond-face-cen-
tered cubic system. The parameter y is the number of
triangles of significant parity in the shadow graph, it
being understood that none of these form part of a tetra-
hedron of significant parity. The parameter 6 is the
number of tetrahedra of significant parity. The class

of each code is now y + 25 and is determined by the
number of triangles and tetrahedra of significant parity.

All the results for the diamond-face-centered cubic system
apply directly to the white tin-close-packed hexagonal
system,; these two systems are so close numerically
that we have restricted our treatment to the former.

Simple quadratic code system

As a third example, we take the simple quadratic lat-
tice. The general shadow system is composed of
squares the edges of which delineate another simple
quadratic lattice. The shadow lattice is formed from
the B-sites of the original lattice which form a simple
quadratic array. First neighbor bonds of this array
correspond to two shadows touching along an edge;
second neighbor bonds correspond to two shadows
touching at one corner only. The shadow lattice is
therefore a simple quadratic lattice with first and
second neighbor bonds. We illustrate a particular situ-
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(@) )

FIG. 3. o B-spins, e overturned B-spins, (a) Simple quadratic with 4
spins overturned. (b) Corresponding shadow graph. e————e , first
neighbor bond. e——+—=e | second neighbor bond.

ation in Fig. 3 (a) and the corresponding shadow graph
in Fig. 3 (b).

As in the previous example, the general code has 5
parameters. If ; and 7, denote the number of first
and second neighbor bonds in the shadow graph corres-
ponding to (A, &, 8,v, 6), we have the relations

(3.10)
(3.11)

d4s = a + 28 + 3y + 40,
ry +r, =4+ 3y + 60.

It follows that the simple quadratic codes can be used
to derive the solution for the simple quadratic lattice
with second neighbor interactions if the first energy
is twice the second. Unlike the two previous shadow
systems, the representation requires the introduction of
second neighbor bonds and this greatly complicates the
treatment, All mutual contacts of three squares at a
common vertex correspond to a triangle on the shadow
lattice, all mutual contacts of four squares at a com-
mon vertex to a tetrahedron; the problem of parity no
longer arises.

Simple and body-centered cubic code systems

The shadow systems for the simple cubic and body-
centered cubic lattices may be developed along the same
general lines, The codes (A, a,8,y, * + + ) that contribute
to F, must evidently all satisfy

gs=a+28+3y +46 + .., 3.12)
where ¢ is the coordination number of the original lat-
tice, not of the shadow lattice. A second equation can be
derived which relates the codes to some special Ising
problem on the shadow lattice; the body-centered cubic
lattice is described in more detail in I,

4. GENERAL RESULTS: g = 3 SYSTEMS

In this section we investigate some general results that
follow from the substitutions derived in the previous
section.

We take the honeycomb-triangular system as the model
of a g = 3 system,; in general, the results of this section
will apply to other ¢ = 3 systems such as, for example,
the hydrogen peroxide-hypertriangular system.3 In this
section we use u for the triangular lattice variable and
z for the honeycomb variable in their usual sense; that
is, we shall assume # = exp(— 4J/kT) and z =

exp(— 2J* /kT), where J and J * are the interaction ener-
gies for the triangular and honeycomb lattices, respec-
tively.

As we have shown in Sec. 2, each honeycomb code
admits of two fundamental substitutions. First,from
(2.6) and (2.7),
()\1 a, Br '}’)
= (vz3)2 (1 + pz)(l + pz 1)8(1 + pz=3)r/(1 + pz3)a+s+y,
(4.1)
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which yields formally, after setting p = v,

2InA,.=In(1 + pz3) + 20 F,, 4.2)

where the 2 on the left-hand side arises because the
shadow lattice has half the original number of sites;
the summation ) is taken over all possible codes,
interpreted by (4.1).

Second, from (3. 5),

(*, ayBr'}’): prust8, (4.3)
which yields
ll’lAT:EIF”, (4-4)

where again the summation 2’ is taken over all possible
codes but now interpreted by (4. 3).

We now observe that in zero field the substitutions
(4.1) and (4. 3) reduce, respectively, to

(Ao, B, y) =[z2(1 + 2)/(1 + 23)]**B = wars, (4.5)

A, a,B,y) =uxs, (4.6)

1t follows that in powers of the variable w defined by
(4.5),

w=2z(1+2z)/(1 + 23), 4.7)
the honeycomb expansion for In A [apart from the
In(1 + 23) term] will be term-by-term identical with
the triangular expansion. This formal equivalence
corresponds to the well-known star triangle relation-
ship4

21InA, (2) = In(l + 23) + InAp(w). (4.8)

To extract the spontaneous magnetization, we require
the quantity

I=11{1_,rg (1_2“7—2V_17>’ L =1nA. 4.9)
To evaluate this, it is convenient to exploit the sub-
lattice symmetry; the substitution (4.1) is not symmet-
ric in p and v, but the resulting full series expansion
must be. It will, therefore, suffice to replace (4.9) by

I=lim (1—4va—li>,

Lim 57 4.10)

and from (4.1) and (4. 3) the corresponding substitu-
tions that correspond to this operation become for each
code simply

Honeycomb: — 2nw<*8, (4.11)

Triangular: — 2nu®-8, (4.12)
which is equivalent to the standard result5

I 2) = I{w). (4.13)
The reduced susceptibility is derived from

X = 11{1_9(1) [4(;4 % +v %) 2L:| (4.14)

and this reduces because of the symmetry of the resul-
tant function afler summation to the evaluation of

2
+ ?_L_)
opoV

lim 8 4.15)

H=0

2
(a_§+a L
v dv2
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Explicitly, each honeycomb code makes the contributions

2
ZQ_I_':nwOL*B’ 22..14:)1(”_1)@(1'5’
ov av2
2
2 2L _puars[(g + )1 — 29)
oMoV

+{a —B)z(1 — 2)]/(1 + 23). (4.16)

It should be emphasised that these results only hold
because there is an implied summation over all the
codes; an individual code will generate an asymmetric
function of u and v. We now use the result that follows
using (3. 2),

(B+ 7)1 ~23) + (@ —B)2(1 — 2)

=n(l —23) — 3@ — B)1 — 2)3, (4.17)

to derive the final result for the ferromagnetic sus-
ceptibility x/:
Xfic = 423 weB{n2 + nfn(l — 23)

— 3la — B)@ — 2)3]/(1 + 23)}. (4.18)

The corresponding antiferromagnetic susceptibility,
x%, may be extracted in an analogous manner. The for-
mal isomorphism between the two problems enables
us to obtain the result by replacing z by 1/y. The
result is found to be

X4e =42 wa+]{n2 —n[n(l —y3)
— 3@ — 81 —»)3]/(1 +33)},

where @ =y(1 +y)/(1 +y3).

(4.19)
(4. 20)

The ferromagnetic susceptibility of the triangular lat-
tice is simply

Xp =22 4n2uc+8, 4.21)
On taking the average of the ferromagnetic and anti-
ferromagnetic susceptibilities of the honeycomb lattice

at any temperature the numerical values of y and z are
equal. The numerical values of w and w are also equal,

Thus, in (4.18) and (4. 19) the second term cancels and
from (4. 21) we obtain

u=2z(Q1+2z)/Q + 23)
{4.22)

which is the well-known magnetic moment result of
Fisher.6

Hxtc @) + (@] = xp ),

g = 4 systems

The code systems that arise for ¢ = 4 are more varied
than those for ¢ = 3; the theory becomes more complex
and less generally useful. We confine our treatment to
a few observations on the two systems we have already
described.

Each code (A, ¢, 8,y, 6) of the diamond system, or the

simple quadratic system, has a direct substitution which
reduces in zero-field to the form

(A; asﬁi'}'; 5) = [Z(l + 22)/(1 + 34)]‘}“7[222/(1 + z4)]ﬂ

(4. 23)
to yield the expansion in z on the diamond or simple
quadratic lattice respectively. Each diamond code can
also be interpreted in zero-field on the face-centred
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cubic lattice by (3.9), which reduces to
(A, 0, B,y,0) = 232+48+3y = [23]x+7[24]8 (4. 24)

and, thus, there is a formal isomorphism between the

resultant expansions if sufficient detail is retained.

Explicitly, if we write
w}=2z(01+22)/1 +24), wf=1222/(1+ z4) (4.25)

and make the substitution

(, a;B)'Y;G) = [wi]“”[wﬁ]ﬁ, (4. 26)
we have the relationship
2InAL(2) =1n (1 + 24) + InAgoclwy, wy). 4.27)

This is the low temperature three-dimensional star
tetrahedron substitution analogous to the two-dimen-
sional star triangle substitution. Because of the neces-
sity of distinguishing between w; and w, it is apparently
of little practical use. A similar formal relationship
can be given for the simple quadratic lattice and its
shadow lattice (when for the latter the first interaction
energy is twice the second).

The results of this section are simple in form and we
have developed them for application to our subsequent
theoretical treatment. They are not suitable for the
practical problem of obtaining series expansions since
they do not exploit the sublattice symmetry and, there-
fore, uneconomic use is made of the codes. The objec-
tion can be countered by expanding each code in a special
way, but it is just as simple to work in the presence of a
field and take the zero-field limit afterwards.

In the particular instance of the honeycomb-triangular
pair (or the hydrogen peroxide-hypertriangular pair)the
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code treatment is closely analogous to the star-triangle
substitution in the presence of a field and can alter-
natively be treated as such; the resultant substitutions
are no less cumbersome.

5. CONCLUSIONS AND SUMMARY

We have summarized the notation of I and outlined the
method of partial generating functions. We have stated
explicitly the principle of complete code balance; this
provides a check on each new partial generating func-
tion. We show in subsequent papers how the principle
may be exploited in the derivation of further codes.
The shadow systems of a number of lattices have been
described and substitutions given that interpret the
generating functions of certain lattices on the corres-
ponding shadow lattice, It has been shown that in zero-
field and two dimensions some of these reduce to the
well-known star triangle and magnetic moment results.
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The derivation of series expansions appropriate for low temperatures or high applied magnetic fields
for the two-dimensional Ising model of a ferromagnet and antiferromagnet is studied as a field
grouping. New results are given for the high field polynomials for the triangular lattice to order 10,
the simple quadratic lattice to order 15‘, and the honeycomb lattice to order 21.

1. INTRODUCTION AND SUMMARY

In this paper we extend the series expansions of three
two-dimensional lattices, the honeycomb, simple quad-
ratic and triangular, as a field or u-grouping. We have
already introduced the problem and given the general
theory in previous papers,1.2 hereinafter referred to
as I and II, respectively. It is our main object to com-
municate the results since these have many applications;
the actual intricacies of the calculation we give only in
outline. Few will wish to repeat such calculations and
each lattice has to be treated on its merits, sometimes
adopting one method, sometimes another. The extension
of field groupings is a first logical step towards the ex-
tension of temperature groupings which we describe
subsequently.

We give new results for the high-field polynomials Lg
and L, , on the triangular lattice, for the complete code
F, and L,, and L, 5 on the simple quadratic lattice, for
F7,Fg,Fg,F19 and Lyy, Lys, L6, L7, L1gs L19s Lgos
Ly, on the honeycomb lattice.

2. DERIVATION OF COMPLETE CODES FOR
HONEYCOMB AND TRIANGULAR LATTICES

As we have shown in Paper II, Sec. 3, the partial generat-
ing functions or complete codes for the honeycomb
lattice can also be regarded as codes for the triangular
lattice. We begin by formalizing the concept of the
honeycomb-triangular code system.

We observe that #» triangular shadows that do not touch
will correspond to the code (3n, 3%); if any two have a
common vertex, and p is the number of such pairs of
contact, the code will be (3n-p, 3r-2p,p); finally if £ is
the number of vertices common to three triangles the
most general possible code will be

(3n-p-2t,3n-2p-3t,p,t) 2.1)
and this defines what we shall call the algebraic code
system, The final parameter ¢ is the number of triangles
of significant parity in the corresponding graph on the
shadow lattice; the general form of (2.1) follows from
equations (3.1) and (3.2) of 1I.

Ifweset n =09, p =12, t = 0 in (2. 1) we obtain the
code (15, 3, 12) which corresponds to an arrangement
of nine triangles with 3 free and 12 single-contact ver-
tices. This can be realised as illustrated

1066  J. Math. Phys., Vol. 14, No. 8, August 1973

and we shall say that the code is graphical;at least one
graph can be found on the shadow lattice to correspond
to it. On setting n = 9, p = 13, ¢t = 0 we obtain the
code (14,1, 13) which we shall call rnongraphical since it
is not possible in practice to arrange nine triangles to
correspond to it.

In the first example, the underlying shadow graph can
also correspond to a second arrangement of nine tri-
angles

with code (18,12, 3, 3). In this latter case, the three
triangles of the shadow graph are all of the significant
(£) parity and correspond to triple contacts.

The algebraic code system is a finite set of codes for
fixed n, since clearly limits can be placed on the para-
meters p and ¢; the graphical code system is a smaller
subset, obtained by deletion of the nongraphical codes.

Since the shadow lattice is a first neighbor lattice, it

is not difficult to derive the first few complete codes

in a straightforward manner by enumerating all the

low temperature configurations on the triangular lattice.
The number of configurations increases rapidly withn;
the number of distinct graphical codes in a complete
code only slowly. Details of the enumeration up to

n = 5 are given in I together with the result for F;. We
have completed F, and Fy in essentially this way. Be-
yondz = 8 we proceed indirectly.

The triangular polynomial Ly has 17 coefficients but
these are not all independent; since the high tempera-
ture specific heat and susceptibility expansion are
available to adequate length these coefficients must
satisfy 11 constraints (I, Sec. 2) and these constraints
can be used to fill in any 11 coefficients of Lg if the

Copyright © 1973 by the American Institute of Physics 1066
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remaining 6 are known. The method, in its simplest
form, was first described by Domb,? and subsequently
developed by other authors.4 It is convenient to provide
the lowest powers of u by direct counting since these
correspond to graphs with the most bonds. We provide
the first six coefficients and find

Ly = 2Tu1l + 160u12 + 483u13 + 228u14 — 4 181ul5
— 16 704416 — 11 109417 + 43 868 % 418
+ 375 483u1? + 408 072120 — 3 019 394u21
— 6438 150422 + 40 681 902423 — 72 302 016u24
+ 63 438 876u25 — 28 314 960u26 + 5 157 414 5 u27,

(2.2)

For the corresponding Fg it is found by inspection that
there are 47 graphical codes; in other words, there are
47 nonzero coefficients to be determined. These coeffi-
cients cannot all be independent since, by the principle
of complete code balance (II, Sec. 2), F, must generate
all the sublattice polynomials L, o, 7 <9, correctly in
agreement with F, through Fg. The determination of the
number of linearly independent simultaneous equations
that must be satisfied to ensure this consistency requires
some detailed analysis and is found to be 36. The com-
plete code must also reduce correctly, under the substi-
tution II (3. 5), to the corresponding low temperature
polynomial on the triangular lattice (2. 2) which we have
completed by the method of Domb. This last condition
yields a further set of 17 linearly independent equations,
not necessarily independent of the previous set. Of the
combined total of 53 constraints only 44 are found to be
linearly independent; direct determination of a linearly
independent set is difficult. To complete F, it is only
necessary to supply 3 coefficients although these cannot
be chosen completely at random. We have supplied the
three codes

6(15,4, 10, 1)
1(15, 3, 12)
27(16, 5, 11)

(2.3)

by direct counting, and completed Fy by solving 44
linearly independent equations.

In F;, we find 58 graphical codes with 45 linearly inde-
pendent constraints arising from the previous 9 com-
plete codes (principle of complete code balance).
Direct calculation of the corresponding L, for the
triangular lattice by the method of Domb is difficult.
L, is a polynomial with 20 coefficients. Instead,
therefore, we have exploited the fact that F,, must re-
duce correctly to L, for those powers of « which are
conveniently counted directly (up to 16 inclusive); and,
furthermore, must generate correctly all those powers
of 2 in L, and Ly, for the honeycomb lattice which are
conveniently counted directly (up to 216 inclusive). In
other words, we supply the partial information

Lo = 3ull + 86ul2 + 432ul13 + 837ult + 449ul5

— 10 353u16 + ... (2.4)
for the triangular lattice and
Lyo = 433212 + 5829214 + 125 3363216 + ...
(2.5)

Ly, = 387213 + 26 111215 + ..

for the honeycomb lattice. These results yield a further
6 independent constraints, leaving 7 counts to be pro-
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vided, In the direct procedure for obtaining L, by the
method of Domb 12 constraints on the coefficients would
result; 10 of these from the previous polynomials
through Ly and 2 that arise from the requirement that
the high temperature susceptibility and specific heat
must expand correctly. The first 10 of these constraints
are found to be linear combinations of the 45 constraints
derived from the codes;the remaining 2 are linearly in-
dependent and reduce the number of counts to be pro-
vided to 5.

We supply the five codes

6(17, 4, 13)
259(18, 6, 12)
96(17,5,11, 1)
2376(18, 7, 10, 1)
—1029(19,9,9,1)

(2.6)

and complete F,, by solving 53 linearly independent
equations. On substitution, we obtain at the same time
the polynomial (for the triangular lattice)

Lyo = 3ull + 86ul2 + 432ul3 + 83Tul4 + 449415
— 10 353416 — 42 315417 — 48 618 3 u18
+ 205 386419 + 663 28842C + 1 680 030421
— 4 347 964 S22 — 22 703 382u23 + 20 150 48724
+ 236 013 5012 »25 — 741 600 943 Fu26
+ 1 012 339 456027 — 745 686 690,28

+ 290 732 760u29 — 47 346 4491430, 2.7

The above results have been obtained by sacrificing all
the advantages of the powerful consistency check that
follows from the principle of complete code balance.

To check that our data are correct we have overcounted;
that is, we have counted further codes and coefficients
in every case and verified that these are consistent with
those obtained by solution of the simultaneous equations.

We give the expressions for F, through F,, in the
Appendix, together with the honeycomb high-field poly-
nomials derived therefrom. The corresponding sub-
lattice polynomials to order 21 are of course also de-
termined by the F,

3. DERIVATION OF COMPLETE CODES
FOR SIMPLE QUADRATIC LATTICE

The simple quadratic code system is more complicated
than the honeycomb-triangular system. The algebraic
system is based on the most general possible code which
is now

(4n —p — 2t — 3T,4n — 2p — 3t — 4T,p,t, T), (3.1)
where for the shadow graph T is the number of tetra-
hedra, ¢ the number of triangles which do not lie in tet-
rahedra, and p is the sum of twice the number of first
and once the number of second neighbor bonds that do
not lie in either. Again the codes that, in fact, occur are
limited to the subset of graphical codes.

Because of the greater complexity of the code system
(63 graphical codes in F, in place of 27 for the honey-
comb), we have found it convenient to provide most of
the codes by direct counting. To do this we have used
a computer program developed by one of us (CJE). The
underlying problem is to enumerate, count, and code all
graphs with seven vertices on the simple quadratic lat-
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tice with first and second neighbors. It would be possi-
ble to do the whole operation by computer; in practice

it is more convenient to supply the contribution of many-
component {separated) graphs by exploiting the principle
of complete code balance.

We give in the Appendix the value of F, and the poly-
nomials L,, and L, ;; these, together with the known par-
tition functionS in zero-field, determine the first 16
coefficients of the high temperature susceptibility ex-
pansion and these are found to be in agreement with
previous direct estimates.®

1068

In conjunction with the 17th coefficient of the suscepti-
bility all the field derivatives are determined to order
17 inclusive. (Likewise the results of Sec. 2 determine
all the field derivatives of the honeycomb lattice to
order 23, of the triangular lattice to order 12). These
results will be published subsequently.
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APPENDIX: COMPLETE CODES £, AND HIGH-FIELD POLYNOMIALS L(u)

Honeycomb lattice

F, = 1(12,6,3,3) + 15(12,5,5,2) + 15(13,8,2,3) + 6(12,4,7,1) + 6(14, 10,1, 3) + 93(13, 7,4, 2) + 120(13, 6, 6,1)
— 78(14,9,3,2) — 18(15,12,0, 3) + 15(14,8,5,1) + 36(13,5, 8) — 615(15,11,2,2) + 396(16,13,1, 2)
— 3507(15,10,4,1) + 429(14,7,7) — 5536(15,9, 6) + 2286(16, 12, 3,1) + 243(17,15,0, 2) + 18789(17,14,2,1)
+ 2379(16, 11, 5) + 94 851(17, 13,4) — 30981(18,16,1,1) + 13167(19, 18,0, 1) — 320 643(18, 15, 3)

+ 437997(19, 17, 2) — 275184(20, 19, 1) + 65718} (21, 21),

Fg = 6(13,4,7,2) + 3(18,5,5,3) + 3(14,4, 10) + 48(14,5,8,1) + 123(14, 6,6, 2) + 57(14,7,4,3) + 3(14,8,2,4)
+ 255(15, 6,9) + 609(15,7,7,1) + 324(15,8,5,2) + 104(15,9,3,3) + 6(15,10,1,4) + 411(16, 8, 8) — 2 691(16,9, 6, 1)
_ 21674 (16, 10, 4, 2) — 252(16, 11,2, 3) — 31143(17,10,7) — 19 392(17,11,5,1) — 3117(17,12, 3, 2) — 267(17,13,1,3)
+ 1014364 (18, 12, 6) + 62901(18, 13,4, 1) + 10122(18, 14, 2, 2) + 240(18, 15,0, 3) + 320037(19, 14, 5)
+ 68703(19, 15, 3, 1) — 933(19, 16, 1, 2) — 23112384(20, 16,4) — 3781705(20,17,2, 1) — 4 245(20, 18,0, 2)
+ 5039 827(21, 18, 3) + 403 392(21,19, 1, 1) — 5324130(22, 20, 2) — 134 802(22, 21,0, 1) + 2778 678(23, 22, 1)

— 5742057 (24, 24).

Fo = 3(14,4,7,3) + 1(15,3,12) + 6(15,4, 10, 1) + 51(15,5,8,2) + 80(15, 6, 6,3) + 21(15,7,4,4) + 27(16, 5, 11)
+ 384(16, 6,9, 1) + T74(16,7,7, 2) + 444(16,8, 5, 3) + 80(16,9,3,4) + 3(16,10,1,5) + 1431(17,7,10)
+ 2055(17, 8, 8,1) — 628(17,9, 6, 2) — 426(17, 10, 4, 3) — 12(17,11,2,4) — 8421Z(18,9,9) — 29502(18,10,7,1)
— 20007(18, 11, 5,2) — 3911(18,12, 3,3) — 126(18,13,1,4) — 131952(19, 11, 8) — 53354(19, 12, 6, 1)
+11022(19, 13, 4, 2) + 1311(19, 14,2, 3) — 27(19, 15,0,4) + 950 214(20,13,7) + 621735(20, 14, 5,1)
+ 108 376(20, 15, 3, 2) + 5940(20, 16, 1,3) — 206 232(21, 15, 6) — 492 309(21, 16,4, 1) — 114 300(21, 17,2, 2)
— 27312(21, 18, 0, 3) — 12829 824(22, 17, 5) — 21786429(22,18,3,1) — 49833(22,19, 1, 2) + 45721839(23, 19,4)
+ 6391 674(23, 20,2, 1) + 63 267(23, 21,0, 2) — 73 688 570(24, 21, 3) — 5039 937(24,22,1,1) + 63438 876(25,23,2)
+ 1386554(25, 24,0, 1) — 28 314960(26, 25, 1) + 51574143(217,27).

Fyo = 1(15,3,9,3) + 45(16,5,8,3) + 42(16,6,6,4) + 3(16,7,4,5) + 6(17,4,13) + 96(17,5,11,1) + 489(17,6,9, 2)
+ 660(17,7,7,3) + 342(17,8,5,4) + 42(17,9,3,5) + 259(18, 6,12) + 2376(18,7,10,1) + 38053(18,8,8,2)
+1679(18,9, 6, 3) + 246(18, 10, 4,4) + 45(18,11,2,5) + 1(18,12,0, 6) + 6165(19,8,11) — 1029(19,9,9,1)

— 22716(19, 10,7, 2) — 12822(19, 11,5, 3) — 1719(19, 12, 3, 4) — 69(19,13,1,5) — 93903(20, 10, 10)

_ 211086(20, 11,8, 1) — 1154625 (20, 12, 6,2) — 23463(20, 13,4, 3) — 14323 (20, 14,2, 4) — 307582(21,12,9)

+ 291018(21, 13,7, 1) + 373461(21,14,5,2) + 66768(21,15,3,3) + 1482(21,16,1,4) + 62251543 (22,14,8)
+4015188(22, 15, 6, 1) + 564 444(22, 16, 4, 2) + 36846(22,17,2,3) + 846(22,18,0,4) — 16 289 049(23,16,7)

— 11272290(23, 17, 5, 1) — 2054 709(23, 18, 3, 2) — 98 271(23, 19, 1, 3) — 44 874 801(24, 18, 6)

— 7836459(24,19,4,1) + 699 171(24, 20, 2,2) + 27133(24,21,0,3) + 333 890 8203 (25, 20, 5) + 65891 508(25, 21,3, 1)
+ 1422 126(25, 22, 1, 2) — 802927 1774 (26, 22, 4) — 97877 319(26, 23,2, 1) — 866220(26,24,0,2)

+ 1026671 572(27, 24, 3) + 61 326234(27, 25,1, 1) — 745 686 690(28, 26, 2) — 14 332116(28,27,0,1)

+ 280 732760(29,28,1) — 47346 449’; (30, 30).

= 131210 + 12935212 + 10239214 — 2907013216 — 1 1063304218 + 51 659 5875220 — 485 686203222

+ 25311865443 224 — 8650 5679753226 + 20696184 1893 228 — 35683 078192230 + 44736 7562983 232
— 40504 4061284234 + 25838073978236 — 11026 631 670238 + 2827427 86645240 — 329 5328092 242,
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Lys = 99211 + 4659213 + 9388215 — 1045935217 + 589 338219 + 153 554 339221 — 1800 298 839223
+ 10943 966 6552225 — 43143 273 8954 227 + 119462 312907229 — 241026 687060231 + 359 986482 721233
— 398 673 658 6512235 + 323 656 860 471237 — 187 344453913239 + 73 256077056241 — 17351 332 869243
+ 1880 893 5292 245,

Lyg= 13210 + 5563212 + 149053 214 — 53 3613216 — 3392069218 + 15503 661220 + 418 763 238222
— 64087524133224 + 45527194 980226 — 205702 882038228 + 652 083 122787230 — 1516436 885 79013232
+ 2643 388622025234 — 3480 793494422236 + 3451237800 210238 — 2539 062 705 1323240 + 1345061 569 3543 242
— 4853070262933 244 + 106 803 960 2233246 — 108213604215 248,

Ly, = 21211 + 2631213 + 41309215 — 438 600217 — 9879492219 + 91306 307221 + 992263 377223 — 21838 264 746225
+ 182569 837122227 — 941971 969 341229 + 3391104 621 762231 — 8985390 852061233 + 18 000 662937 195235
— 27608021 297097237 + 32496618 829231239 — 29161173 313 776241 + 19 612 241942 373243
— 9576892 709 804245 + 3207513 868 233247 — 659 192 238 825249 + 62 695314 181251,

Lig= 178212 + 10809214 + 91 1503216 — 21717654 218 — 24921147220 + 408 173 802222 + 1712 263 8963 224
— 701771816 5705226 + 706 222 874 7283 228 — 4156 643 653 890230 + 16895 223 554 2543 232 — 50 556 121 8454753 234
+ 115018 592 769 0035 236 — 202 287 903 687066238 + 276 8804279884663 240 — 294 576 336 961 7503 242
+ 241383 297055 5463 244 — 149496753 984936246 + 67703 117221 632248 — 21157312980 3913250
+ 40783627100293 252 — 365492 690 5042254,

Lyg = 3211 + 1122213 + 39217215 + 103503217 — 8836677219 — 47879 154221 + 1583499405223
— 146126940225 — 215505 807 132227 + 2633 706 637 839229 — 17714 835415059231 + 80983 222 780 567233
— 271 801 098 256 650235 + 695714 339542968237 — 1386184993907 707239 + 2171920169 846733241
— 2683391375444 535243 + 2 604051 889 539 049245 — 1963 104 873 705786247 + 1126 607 002 232 820249
— 475676123479 201251 + 139 322037300 339253 — 25287455 348415255 + 2142512 683 69155257,

Loy = 433212 + 5829214 + 1253363216 — 3984675218 — 316638355220 — 24213138222 + 5537 628 6163 224
— 20522547531226 — 602189 7777375228 + 9449997391 6642 230 — 73015594 4770805232
+ 374 633 325888 6763234 — 1403030743989 1033236 + 4010 730 984 549 060238 — 8 966 600 232 733 1503 240
+ 15886396461 688 8873242 — 22436409786964 1125244 + 25255816116 533 859246 — 22526 577970 085 3094 248
+ 15722 693 103 596 6141250 — 8405918707 839 228252 + 3324 082 711 885887254 — 916112238 5831623256
+ 157101 6914011185258 — 12 621887453 7355 260,

L,, = 387213 + 26111215 + 341706217 — 3777609219 — 101 586109221 + 390 691035223 + 17571739 110225
— 132031 6625765227 — 1462 742482599229 + 32493 226019064231 — 291 212 949 840 308233
+ 16765251629270972 235 — 6979 999 379 245 722237 + 22153962 836019 194239 — 55146 611 831987088241
+ 109 406 684 141966 184243 — 174460 339 883 721 134245 + 224 224 576 208023 365247 — 231 759 900926 189 8542249
+ 191225786576 790 611251 — 124246173 735835959253 + 62171 572 759 884 333255 — 23119019 544 235833257
+ 6016310713 749 579259 — 977768 139 593 331261 + 74 691 681980 346, 263,

Simple quadratic lattice

F, = 16(14, 5,6,1,2) + 6(14,6,4,2,2) + 4(15,5,7,3) + 8(15,5,8,1,1) + 64(15,6,6,2,1) + 8(15,6,7,0,2)
+ 80(15,7,4,3,1) + 16(15, 8,2,4,1) + 2(16,4,12) + 20(16,5,10,1) + 108(16, 6,8, 2) + 8(16,6,9,0,1)
+ 256(16,7,6,3) + 148(16,7,7,1,1) + 188(16,8,4,4) + 168(16,8,5,2,1) — 40(16, 8, 6,0, 2) + 40(16,9, 2, 5)
+ 28(16,9,3,3,1) + 40(17, 6,11) + 340(17,7,9,1) + 1060(17,8,7,2) + 24(17,8,8,0,1) + 860(117,9, 5, 3)
—472(17,9,6,1,1) + 204(17,10,3,4) — 616(17,10,4,2,1) — 88(17,11,2,3,1) + 160(18, 8,10) + 288(18,9,8,1)
— 2040(18, 10, 6,2) — 536(18,10,7,0,1) — 2764(18,11,4,3) — 1368(18,11,5,1,1) — 584(18,12, 2, 4)
— 1852(19,10,9) — 11792(19,11,7,1) — 15608(19,12, 5,2) + 360(19, 12, 6,0,1) — 2804(19, 13, 3, 3)
+ 2320(19,13,4,1,1) — 256(19,14,1,4) — 10016(20, 12, 8) — 8108(20, 13, 6,1) + 16810(20, 14,4, 2)
+ 2848(20,14,5,0,1) + 4080(20, 15, 2, 3) + 339(20,16,0,4) + 28 072(21, 14,7) + 99468(21, 15,5, 1)
+ 31776(21, 16, 3, 2) — 2992(21,16,4,0,1) + 112332(22,16,6) — 16820(22,17,4,1) — 29 824(22, 18, 2, 2)
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— 212788(23, 18, 5) — 206 644(23, 19, 3, 1) — 370 616(24, 20, 4) + 140 144(24, 21, 2,1) + 718 328(25, 22, 3)
+ 217 696(26, 24, 2) — 800968(27, 26, 1) + 320 879% (28, 28).

Ly, = 22u® + 864u% + 7372110 + 11536411 — 257378412 — 1557816413 + 1314978414 + 62452942415
— 2072348416 — 1354656 284u17 — 785938 734ul8 + 48542073 472u19 — 250471 809 9113420
+ 7007264079662421 — 1278321 358994422 + 1613014033 334023 — 1429 269 896 596u2¢ + 877 614 310 18425
— 356891 308 190426 + 86670538 138427 — 9 532 294 5563428,

Lys = 6uB + 456u® + 6404u10 + 24436411 — 94 888,412 — 1 677728413 — 3997457u14 + 34493 5105 415
+ 267958908416 — 885175436617 — 5903 060 8707 u18 + 16408972 700419 + 177977 336 6895 420
— 1388708571 6294 121 + 4917742574 549122 — 10990 712090 268423 + 16983 610970 8725 u24
— 18741629 318 887} u25 + 14 825042097 211426 — 8245969418 4263 27 + 3071 337 551 T62u28
— 689136584 016429 + 70528 002 1022 430,

'M. F. Sykes, J. W. Essam, and D. S. Gaunt, J. Math. Phys. 3C. Domb, Proc. R. Soc. A 199, 199 (1949).
6, 283 (1965). ‘M. F. Sykes, J. Math. Phys. 2, 52 (1961).
M. F. Sykes, D. S. Gaunt, J. W. Essam, and D. L. Hunter, J. L. Onsager, Phys. Rev. 65, 117 (1944).
Math. Phys. 14, 1060, (1973). M. F. Sykes and M. E. Fisher, Physica (Utr.) 28, 919 (1962).
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The derivation of series expansions appropriate for low temperatures or high applied magnetic fields
for the two-dimensional Ising model of a ferromagnet and antiferromagnet is studied as a
temperature grouping. New results are given for the ferromagnetic polynomials for the triangular
lattice to order 16, for the ferromagnetic and antiferromagnetic polynomials for the simple quadratic

lattice to order 11, and for the honeycomb lattice to order 16.

1. INTRODUCTION AND SUMMARY

In this paper we extend the series expansions of three
two-dimensional lattices, the honeycomb, simple quad-
ratic, and triangular, as a temperature or u-grouping.
We refer to previous papers!~3 as I, II and III respec-
tively. As in III, it is our main object to communicate
the results; the techniques we have used are rather spe-
cialised and are not, in general, applicable to three-
dimensional lattices.

We give new resulis for the ferromagnetic polynomials
¢, ; through ¥, ; on the triangular lattice, y; through

¥, 1 on the simple quadratic lattice, ¥, , through ¢, 4 on
the honeycomb lattice. We also give the corresponding
antifervomagnetic polynomials Y2 to the same order,
and expansions for the ferromagnetic and antiferromag-
netic susceptibilities x/ and x@.

2. DERIVATION OF PARTIAL CODES FOR
HONEYCOMB AND TRIANGULAR LATTICES

When for the honeycomb lattice the double series ex- .
pansion in? p and z is regrouped in powers of z, only a
small part of the information in the higher codes is ex-
ploited; this is because quite low powers of z can come
from higher codes. For example we can complete
from the p-grouping derived from the first 9 codes
since the highest power of u that occurs is 19. But, to
complete ¥, , requires contributions up to 424 and could
therefore involve F; ,. The codes that contribute are
not numerous; in the present instance, a simple swffi-
cient condition can be given for finding all the codes
that might contribute. It follows from the star-triangle
substitution II (4. T} whereby effectively

u-z(1 + 2)/(1 + 23) (2.1)

that to obtain a given power of 2 it will suffice to en-
code all those triangular configurations which contri-
bute to the corresponding power of # (or less). Thus,
on the friangular lattice

Yyg = 2u12 + 24u11 + 86pl0 + ... (2.2)
and by encoding all the graphs that contribute to these
three leading terms, together with the leading term of
¥y, we derive partial codes Fy, 12, F,, U2 F, ,12)
which contain sufficient information to derive Y, , on
the honeycomb lattice correctly. We find

F,,42 = (18,6,6,6) + (19,9,3,7),
Fy, 92 = 12(17, 6, 6, 5) + 12(18, 9, 3, 6),
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Fy o2 = 3(16,7,4,5) + (15,3,9, 3) + 42(16,6,6,4)
+42(17,9, 3,5) + (18,12,0, 6). (2.3)

These partial codes are based on a sufficient condition;
not all the above codes are necessary. In fact, for

F; ¢@2 the last two only contribute to 212 because their
expansions contain X8b2! and X6b18, respectively; these
coefficients correspond to less than 20 overturned spins
in all and, provided the sublaltice symmelry is consis-
tently exploited,5 they will be correctly supplied by Fy
and Fg, respectively. We can, therefore, write

F, 092 min = 3(16, 7,4, 5) + (15,3,9, 3)
+ 42(16, 6, 6, 4)
and, similarly,
F;{,12min = (18, 6, 6, 6),
F{1 42 min = 12(17, 6, 6, 5).

An elaborate detailed theory can be developed for par-
tial codes and the relationship between the ranks of a
code and the topology of the associated configuration
on the shadow lattice. In practice, for the present lat-
tice pair, it is slightly more convenient to evaluate the
Y directly.

3. TEMPERATURE GROUPING FOR HONEYCOMB
AND TRIANGULAR LATTICES

To extend the z-grouping on the honeycomb lattice
directly, we require an enumeration of clusters of
spins with constant Ising perimeter (the power of z);
in particular, we need those clusters with near the
maximum number of spins since the contribution of
those with a small number are supplied by the com-
plete codes. For example, the polynomial ¥, ¢ for the
honeycomb lattice has two extremes: (1) 2 maximum
of 42 overturned spins with 55 nearest neighbor bonds
between them, contributing 3u42, and (2) a minimum of
6 overturned spins with one bond contributing 3363u6.
We illustrate the actual graphs:

(2.4)

{(2.5)
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We can interpret the graphs that contribute to Y6 in
another way by introducing the well-known duality pro-
perty® of the honeycomb triangular pair. The honey-
comb polynomial ¥, 4 then corresponds on the friangular
lattice to all the no-field graphs with 16 edges grouped
by area (in unit triangles), each unit of area contribut-
ing one power of u. To derive the polynomial we re-
quire an area classification of all such graphs. By
reference to the figure it will be seen that the graph

of highest area corresponds to a polygon of 16 sides,
the graph of lowest area to five polygons with a total
of 16 sides. Closer inspection reveals that all the
graphs on the honeycomb lattice that contribute to u390
or more correspond to polygons. An analysis of all the
polygons on the triangular lattice by area is given by
Hiley and Sykes? up to 16 sides. In terms of a dummy
variable x the 1930635 polygons with 16 sides divide as

3r42 + 27x40 + 147¢38 + 609x36 + 2079x34 + 6156x32
+ 16017x30 + 37086x28 + 77040526 + 142737x24
+ 235662¢22 + 341796x20 + 419913x18 + 406608x16
+ 244755¢14, (3.1)

The leading terms of this analysis are isomorphic with
2y, ¢ on the honeycomb lattice; it suffices to replace x
by p. For areas of 28 and less more than one polygon
can occur and corrections must be made; with the aid of
the (unpublished) details of the 1961 calculation we have
carried out these corrections down to the coefficient in
p22 to obtain

2y ¢ = 3u42 + 2740 + 14738 + 609u36 + 2079p34
+ 615632 + 16017u30 + 36846u28 + 7546226

+ 134817u24 + 20565022 + - .-, (3.2)
The polynomial can now be completed by taking the
coefficients of u18 down to ué from the expansion of the
complete codes F through Fy derived in III and deter-
mining the coefficient of y29 from the known value of
¥, 6(1) derived from the exact expansion8 for the case
H = 0. That the resultant polynomial is correct may be
verified by using the expansion for the magnetization;
if this check is dispensed with, the coefficient of 22
can be supplied by elimination. The coefficient of u20
found in this way follows also from the expansion of

F, 4, but we have instead found it convenient to use this
coefficient in the derivation of the complete F, .

The calculation of the ¥ for the triangular lattice pro-
ceeds in an essentially similar way. The leading terms
correspond to polygons on the honeycomb lattice; by
exploiting the contributions from the triangular poly-
nomials L, — L, , and the known expansions of the par-
tition function and magnetization we have derived the
corresponding polynomials to ¥4 4. (The polygon-area
distribution was not given in Ref. 7).

In the case of the honeycomb lattice, it is not especi-
ally important to obtain all the higher order partial
codes, because extra coefficients are more easily
obtained by direct counting on the lattice itself. A sys-
tematic theory can be developed based on the brief
observations we have made. The disadvantage of the
direct method is that it does not give the detailed sub-
lattice distribution without further intricate work. In
the present instance, we obtain the antiferromagnetic
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polynomials by first deriving the antiferromagnetic
susceptibility by way of the magnetic moment result.
We give the ferromagnetic polynomials ¥ for the tri-
angular and honeycomb lattices in the Appendix; from
these we derive the corresponding ferromagnetic sus-
ceptibilities as
xp = 4ud + 4845 + 16u6 + 51647 + 28848 + 532849
+ 3840%410 + 53676ull + 45488%12 + 531 600%13
+ 505584u14 + 5199404u15 + 5399136416 + ...,
(3.3)
X{!C =423 + 2424 + 10825 + 48826 + 206427 + 859228
+ 3516829 + 142488210 + 572316211

+ 2283320212 + 9058596213 + 35769744214

+ 140678464215 + 551 357232216 + .-, (3.4)
and from these by II (4. 22),
Xgc =43 + 12y5 + 8y€ + 48y7 + 96y8 + 32099

+ 888y10 + 2748y11 + 8384y12 + 26340y 13

+ 83568y14 + 268 864y15 + 873648y16 + ---(3 5

We give the ferromagnetic susceptibilities in full as
they are not given in I. From the expansion (3.5) and a
study of the contributions of some special codes, it is
now possible to calculate three new antiferromagnetic
polynomials in the presence of a field. By solving the
resultant simultaneous equations, these are found to be

28, = 13890 + 47796, + 1116,
2y4 = 315586, + 39176, + 1636;,
2y¢, = 1188573 + 46 6356, + 19926,.

(3.6)

4. TEMPERATURE GROUPING FOR SIMPLE
QUADRATIC LATTICE

For the simple quadratic lattice each complete code

F, corresponds to an analysis of all the possible con-
tacts of n squares. As before, rearrangement as a tem-
perature grouping only uses a part of the last few com-~
plete codes available. The general code (A, ,8,v, 5)
contains 5 parameters and we have shown (II, Sec. 4)
that in zero-field the general substitution reduces to

(A, a,8,v,8) =[2(1 + 22)/(1 + z24)]=v[222/(1 + z9)]8.
(4.1)

We deduce that the lowest power of z that derives from
any particular code is

o+ 28 +y=4n—2(y + 23). (4.2)
For the z grouping the codes required at any fixed
power of z could be characterised by their having their
maximum possible values of 4 + 26, which we have de-
fined as the class of the code (II, Sec. 2), large enough
to yield the chosen power, or less, through (4.2). The
condition is sufficient but not necessary. In general,
every configuration on the simple quadratic lattice is
accounted for in the direct expansion of F, by two con-
tributions; one corresponds to fixed spins on the A sub-
lattice, the other to fixed spins on the B sublattice. The
corresponding codes we call conjugate with respect to
the graph generated. If both conjugate codes are of the
same order the above condition is necessary; if the con-
jugate codes are of different order then the condition is
necessary only for the code of lowey order.
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For example, there are found to be only two 8th order
codes which could contribute to 2290 and, therefore, by
(4. 2) must have y + 26 = 6. They are

(18, 10,4, 2, 2),
19,12, 2,4,1),

but in fact the first code is its own conjugate while the
second has a Tth order conjugate

(15’ 8’ 2’ 4’ 1)’

which will provide the total contribution if the sublat-
tice symmetry is exploited.

Again, we have found it convenient to extend the ferro-
magnetic polynomials by the method of the previous
section. The simple quadratic lattice is self-dual and
an analysis by area of the polygons up to 18 sides is
given by Hiley and Sykes; we have extended the relevant
part of this analysis to 20 and 22 sides and derived the
polynomials Vg, ¥y, ¥ o, ¥11 by applying the necessary
corrections. We have verified that these polynomials
are consistent with the known values? of InA and the
magnetization in zero-field. Since no useful relation
has been found between the ferromagnetic and anti-
ferromagnetic susceptibility, we have derived the cor-
responding antiferromagnetic polynomials by direct
enumeration; as a check we have employed the partial

APPENDIX. FERROMAGNETIC POLYNOMIALS ¢ (1)
Honeycomb lattice

VYa=p, Y= 1302, Vg = 3us,

Vg = M6 + Tpt — 2u2, Y, = 3p7 + 185 — 9p3,
Vg = 13p10 + 133p8 + 465p6 — 333p4,

Yo = pt3 + 12p11 + 55p% + 116p7 — 121p5 + 63u3,

1073
codes. The values of ¥.f through J/¢ were given in I;
for the next two, we find
2, = — 23316 + 257048, — 85566, + 29296,
— 2526, + 7%65
2y¢, = 150572 — 8806006, + 586326, — 128566,
+ 24006, — 1006; (4.3)

and these provide two further coefficients for the anti-
ferromagnetic susceptibility x2 given in I

« + 55956wl0 + 266656wll, (w =y?2). (4.4)

From the ferromagnetic polynomials we extract the
ferromagnetic susceptibility as
xf = 4u2 + 32u3 + 240u4 + 1664u5 + 11164u6

+ 73184u7 + 472064u8 + 3008032u°

+ 18985364%10 + 118909 888x11, (4.5)

We give the ferromagnetic polynomials in the Appendix.
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Wyo = 15016 + 134u14 + 674u12 + 1994410 + 270u8 — 421146 + 51p4,

Yy =3p19 + 21p17 + 99ul5 + 318u13 + 654ull + 534p9 — 1422u7 + 288u5,

Wyp = 3u24 + Tu22 + 434420 + 17818 + 556516 + 12931u14 + 19384u12 + 6301u10 — 46404u8 + 14004u6 — 241p9,

Vy3 = 3p27 + 21u25 + 105u23 + 387p21 + 1122119 + 2631pl7 + 4659ul5 + 5013u13 — 127511 — 14 583u9

+ 6225p7 — 291p5,

Yy4 = 13032 + 13530 + 735028 4+ 2924426 + 9581424 + 25931122 + 582020 + 1080918 + 1490516 + 10 239u14

— 13866u12 — 43740110 + 25938u8 — 221246,

Yy5 = 437 + 12u35 + 64u33 + 26931 + 918u29 + 2645u27 + 6630u25 + 14264u23 + 2611121 + 39 217,19
+ 41309u17 + 9388ul5 — 70989u13 — 123466pu11 + 1026599 — 13 647p7 + 1061u5,

V1 = 13p42 + 13;p40 + 73338 + 3043436 + 10393134 + 3078u32 + 80085430 + 18423328 + 37731426 + 67408Lp24
+ 102 825u22 + 1253365120 + 911503418 — 53 361516 — 290 T013u14 — 319 3734412 + 388 5011410 + 7408328

+ 16813u6.
Triangular lattice
Yy =p, Y, =0,

Ve = 203 — 3312,

‘1/5 = 3“'2,
‘1/7 = 3“4 + 9H3,

Vg = 6ud + 12p4 — 30p3,

J. Math. Phys., Vol. 14, No. 8, August 1973
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Vg = u7 + 14p6 + 21p5 + 5p4 + 195p3,

Yy 0 = 6u8 + 30p7 + 42u6 + 18u5 — 17854,

Yy1 = 3ul0 + 27u9 + 698 + 10517 + 33u6 — 177u5 + 288u4,

Yyp = 2012 + 24p11 + 8610 + 160p® + 227u8 + 24u7 — 2786 — 6805 — 12034,

Yy5=3p14 + 2713 + 11712 + 249p11 + 432p10 + 483p9 + 120p8 — 564p7 — 1 320u6 + 2637u5,

Wy4 = 6ul6 + 42u15 + 168u14 + 41413 + 702u12 + 1092u11 + 837410 + 228u° — 182248 — 268247 — 1361ué
— 279645,

Yy = pl9 + 14p18 4 §7ul7 + 290ul6 + 720u15 + 1320414 + 2072u13 + 2539512 + 1 726p11 + 449u10 — 4181p°
— 53138 — 3007u7 + 16807u6 + 9714u5,

Yy g = 6u2L + 42420 + 198p19 + 60618 + 1368u17 + 2622u16 + 4044u15 + 555314 + 5142p13 + 3567u12 — 1734ul1
— 1035310 — 16704u% — 8859u8 + 21168u7 — 34920p6.

Simple quadratic lattice

Vo=t WY3=2u2, Y,=p?+ 6p3— 252

Y5 = 2u6 + BuS + 18u4 — 16u3, ,

Vg = 12 + 6p8 + 22u7 + 40u6 + 43p5 — 85p4 + 1043,

Y, = 2p12 + 8pll + 30p10 + 72u9 + 134p8 + 136p7 + 30u€ — 400p5 + 118p4,

Wg = 16 + 6pl5 -+ 22u14 + 68u13 + 151p12 + 31011 + 46120 + 54040 + 194448 — 486p7 — 16516 + 926u5 — 524u4,

Yy = 2120 + 8ul® + 30u18 + 88ul7 + 218u16 + 456u15 + 864pl4 + 1340p13 + 1894p12 + 1864p11 + 1144p10
—1420p% — 3986u8 — 5664u7 + 59922u6 — 872u5,

Wy = B25 + 6u24 + 22323 + 68u22 + 18721 + 42620 + 914p19 + 172818 + 2078u17 + 4566u16 + 6404pl5
+ 7372u14 + 7389p13 + 3315u12 — 3373u11 — 1548010 — 1978640 — 133238 + 33 609u7 — 9144p6 + 29515,

Wy, = 2030 + 8u29 + 30u28 + 88u27 + 23826 + 5E0u25 + 1208u24 + 2408u23 + 447222 + T572u21 + 1216820
+ 17716p19 + 23910u18 + 28744u17 + 30 892u16 + 24 436ul5 + 11 536u14 — 2033213 — 5342812 — 91 688u11
— 66020p10 + 5112p2 + 164790u8 — 75640u7 + 652016,

[

'M. F. Sykes, J. W. Essam, and D. S. Gaunt, J. Math. Phys. and z for the honeycomb lattice variable, in their usual sense.
6, 283 (1965). As detailed in II, Sec. 2.
M. F. Sykes, D. S. Gaunt, J. W. Essam, and D. L. Hunter, J. °G. H. Wannier, Rev. Mod. Phys. 17, 50 (1945).
Math. Phys. 14, 1060 (1973) 'B. J. Hiley and M. F. Sykes J. Chem. Phys. 34, 1531 (1961). We
M. F. Sykes, D. S. Gaunt, S. R. Mattingly, J. W. Essam, C. J. have corrected a small error in the coefficient of x*.
Elliott, J. Math. Phys. 14, 1066 (1973). ’R. M. F. Houtappel, Physica (Utr.) 16, 425 (1950).
‘We follow II, Sec. 4 and use u for the triangular lattice variable, L. Onsager, Phys. Rev. 65, 117 (1944).
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The density of a nonuniform system in the
thermodynamic limit
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We discuss the existence, continuity, and other properties of the canonical and grand canonical
density distributions in the thermodynamic limit for nonuniform classical mechanical systems. For
an external potential ¢ defined on a domain A the free energy per unit volume for fixed temperature
is given by F(p,,¢) = min §,[p(x)P(x) + f(p(x))]d x / V(A) where the minimum is over all density
distributions satisfying the restriction of fixed average density p,, and f(p,,0) is the free energy per

unit volume in the thermodynamic limit when ¢ = 0. We prove that if ¢ is not constant over any
region of finite volume then the density distribution which minimizes is unique, and also that the
density is the functional derivative of F(p,,¢$) with respect to ¢. We also show that the density
distribution of an infinite nonuniform system is the limit of density distributions associated with

finite systems of increasing size.

1. INTRODUCTION

Recently a number of authors have treated the problem
of definition and existence of the thermodynamic limit
for a classical system of interacting particles influenced
by an external potential.l.2.3.4 For such a nonuniform
system,the free energy and average pressure in the
thermodynamic limit are determined by an extremum
problem defined over all possible macroscopic den-
sity distributions. In this paper we shall be concerned
with demonstrating that the macroscopic density dis-
tribution which solves the extremum problem is the
limit of the density distribution sequence obtained from
the partition functions associated with finite systems

of increasing size. Further,we shall show that those
situations in which the macroscopic density distribu-
tion solving the extremum problem is not unique are
associated with thermodynamic phase transitions.

2. CANONICAL DENSITY DISTRIBUTION

We shall consider a classical system of n particles
with Hamiltonian of the form

1 n
—%Z_}p% + W, (%1,...,%,), (2.1)
where .
W,(%y,...,%,) =iZ=i P(x) + Uy(%4,...,%,). (2.2)
The interaction potential U, (x s+ ++,%,) is translation-

ally invariant and defined for x, € Rk (K dimensional
Euclidean space). The external potential ¢ is defined
on A which is a bounded subset of RX. We shall con-
sider a sequence of external potentials {(A, ¢)} obtained
from an initial pair (A4, ¢,) by

d(x) = polx/a) and A =aA, (2.3)
for a = (/ny)/E n=n,.
The free energy per unit volume is

_BS:(A,”,BHP) =V(A)_l In Z(A’n’B’¢)! (2-4)
where

1 -BH,
Z(A,",B,¢)=;ﬁfnnx AR € » dpl"'dpndxl...dxn
(2.5)

is the canonical partition function for the nonuniform
system (2.1). For each n = n,,the canonical density
distribution is given by
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B Sy ey [

Q(A,n, B, d),
where Q(A,n, 8, ¢) is the configurational partition func-

tion of (2.2). The density distributions (2. 6) satisfy the
normalization

VAT [, P, (x)dx = p,,

where nyV(Ay)™ = pg.

Pue) = GryT Syamr @
(2.6)

(2.7)

We can obtain the densities (2. 6) from the free energy
(2.4) by means of a functional derivative with respect
to the external potential. Let {(A,y)} be defined from an
initial pair (Ay,¥,) as in (2.3). For convenience, let

q(t) = Q(A’n’ B$ ¢ + tll/),

where ¢ is a real parameter. The external potentials ¢
and y are bounded measurable functions so that we have
for the derivative with respect to ¢

(2.8)

===~/ E Ylxge TR Ty ey
Now (2.9)
62 5(A,m, 8,0 + 1) = VAV I@W/gl)  (2.10)

and (2. 9) give that

L 5(8,n,8,0 + W) oo = VYL f; w(xIp, (0)dx. )
(2.11
In terms of definitions which will be given in Sec. 4, the
density (2. 6) is the Gateaux gradient of § at ¢. The
mapping associating p, with ¢ is called a gradient map-
ping. Interesting results related to gradient mapping
are to be found in the references.

We can study the convergence of {5;:} by its behavior on
the reference domain A,. Define

~BW, (ay, %y, .x”)dxz,

"dX‘n/

w dydxy - d

Po,»(y) =7 j;\n-l €
j;\o f;‘n-1 e‘BWn(ay.xz,-'-.x
for y € A,. Then

VYL [ ), (0dx = V(A f Yo¥)Po,3)dy.
(2.13)

(2.12)

Copyright © 1973 by the American Institute of Physics 1075
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Now if the sequence {Po,,.} is weakly convergent for
every essentially bounded measurable function y ,, then
the weak limit provides a macroscopic density in the
thermodynamic limit. We shall demonstrate in Sec.7
that density distributions related to the thermodynamic
limit of the free energy (2.4) provide the limits of the
canonical density distributions (2.6). The objective of

this paper is to show that the thermodynamic limit opera-

tion and differentiation with respect to the external po-
tential can be interchanged. A similar program to find
the correlation functions of a uniform system in the
thermodynamic limit has been carried out by Fisher.5
First we must consider the density distributions associ-
ated with the thermodynamic limit operation.

3. THERMODYNAMIC LIMIT

It has previously been shown that the thermodynamic
limit for a nonuniform system can be defined and that
a limit exists which describes macroscopic systems.
If F(A,n,B,¢) is the sequence of free energy per unit
volume, then we have that

[}1_51510 F(A,n,B,0) = Folpg, 9) 3.1
when #V(A)1 - p, for 0= p, < Pep where F, is the free

energy per volume of a macroscopic system. The free
energy per volume is defined by

F(po,¢) = inf{(p, d) + F(p) |l oll; = po}s (3.2)
where

(0,9) = J, p¥)d(x)dv(x) (3.3)
and

F(p) = J, f(p(x))dv(x) (3.4)

with dv(x) = dx/V(A) the normalized Lebesque measure
on the domain A (A is a compact subset of K-dimension-
al Euclidean space and has a connected interior). The
density p(x) and external potential ¢(x) are elements of
the real Banach space of functions bounded and measur-
able with supremum norm [|+|{. The function f which
defines the functional (3. 4) is the free energy per volume
obtained from the uniform thermodynamic limit, and it
is a continuous convex function on the interval [O,pcp).
We shall assume that f is lower semi-continuous on the
closed interval [O,pcp]. Further, the free energy func-
tion f used in this paper will include the contribution
due to momentum. The result expressed by (3.1)
is valid if the external potential is a step potential
of the form
r

¢,(0) = L axy, (3.5)
for {A,}1., a disjoint partition of A or if ¢ is the uniform
limit of step potentials (3. 5).8

An important problem related to the existence of the
thermodynamic limit for nonuniform systems.depends
on the demonstration that a density distribution which
solves the minimization problem posed in (3.2) is
actually the density of a macroscopic nonuniform sys-
tem. The existence and uniqueness of densities which
solve the minimization problem (3. 2) will then be re-
lated to the phase transitions of a system influenced by
external forces.

We begin with a demonstration that a density distribu-
tion which solves (3. 2) for some continuous potential ¢
is related to the sequences of step potentials which
approximate ¢.
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We let L denote the real Banach space of bounded
measurable functions on A with supremum norm |||
We shall also use the real Banach space L,(A) with
norm [ ¢||; and the Banach space L_(A) of essentially
bounded functions: The infimum of73. 2) can be taken
over all p € L,(A) [notice that L is dense in L,(A)].

Now let ¢, — ¢ uniformly on A. A step density distribu-
tion p, defined over the same disjoint partition {Ai},g;-1
which defines ¢, is of the form

p(x) = 2 mix,y, (3.6)

for real numbers n;. It was shown that there exists a
sequence of step densities {p,} where

{p,lclpeLip=0, lpl<pgloly =pot (3.7
such that

Fo(po)¢r) = (p77¢7) + F(pr) (3~8)
for all »,and
h,!n Fo(po’ ¢') =F0(p0: ¢)' (3'9)

The existence of {p,} followed from the fact that the
minimization problem (3. 2) reduces to a lower semi-
continuous function on a compact subset of 7 -dimension-
al Euclidean space for each ¢,. We extend the defini-
tion of the convex functional (3. 4) by setting f(n) = +x
if n < 0. Observe that f now defined on (—w,®) remains
a lower semicontinuous convex function. This defines
(3.4) on all of L,(A) with an effective domain

dom F ={p € L,(A)| F(p) < + w} (3.10)
{write f as the limit of a monotonic increasing sequence
of functions continuous on [0,®] and apply Lebesque's
monotone convergence theorem). The range of F is
contained in (—o, +®].

It has been suggested that the minimizing sequence
{p,} may be found by application of the usual Lagrange
multiplier technique.? However,this method fails to be
general enough since the required derivative of the con-
vex function f(n) may not exist at a countable set of
points. While it has been shown that 3f /an exists and is
continuous for the case of pair interactions which in-
clude a hard core, the question of whether 3f/3n exists
for more general interactions in continuous systems is
not completely answered.8 We shall give a method for
determining {p,} which does not require that the above
derivative exist everywhere. If the graph of f(n) con-
tains linear segments then the minimizing density is not
a unique function for certain external potentials.

Our next section applies some new methods of convex
analysis developed by R. T.Rockafellar. See references
for a complete list of further references to convex
analysis.

4. A LAGRANGE MULTIPLIER METHOD

We begin with some definitions required for the sub-
sequent discussion. Let E be a locally convex Hausdorff
topological vector space over the real numbers. The
Banach spaces L, L (A),and L,(A) with which we shall
be concerned are examples of E. E* the dual of E,is
the set of all continuous linear functionals defined on E.
If E is a Banach space then E* can be organized as a
Banach space in the usual way.? Let F be a proper con-
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vex function defined on E with range in the real numbers.
A subgradient of F at a point # € E is a u* € E* such
that

F(w) = Fu) + u*(w — u)
holds for allw € E.

The set of subgradients of F at u is denoted by aF(u).
The function F is said to be Gateaux differentiable at
u€ E if there exists a u* € E* such that

(4.1)

d—‘f Flu +tw)| .o = u* () (4.2)
for all w € E. The unique u* satisfying (4.2) is denoted
by VF(u) and is called the Gateaux gradient of F at u.
The Gateaux gradient and subgradient are related in
that if F has a gradient VF(u),then dF(u) is the single-
ton set {VF(u)}. Let F be a proper convex function on E.
The conjugate of F is defined by

F*(u*) = sup {u*(u) — F(u)|u € E} (4.3)
for each u* € E*. The conjugate F* is again a convex
function defined on E* organized in the usual way as a
vector space over R. From the definitions (4. 1) and
(4.3) we obtain the relationships

u* € 9F(u) if and only if F(u) + F*(u*) = u*(u)
(4.4)
and
u € F*w*) if and only if F**(u) + F*(u*) = u*(u),
(4.5)
where the second conjugate F** is defined by
F**(u) = sup {u*(u) — F*(u*)| u* € E*}, (4.6)

and the set 9F*(u*) of subgradients of F* at u* € E* is
defined by

F*(w*) = F*(u*) + (w* — u*)(u)
holding for all w* € E*.

Now let E* also be a locally convex Hausdorif topolo-
gical vector space over the reals and let E** be the
dual. The space E is reflexive if every u** € E** is
of the form

4.7)

u*¥(u*) = u*(u)

(4.8)

for some « € E. I E is reflexive,then E and E* are
duals of each other. If E* the dual space of E, can be
given a locally convex Hausdorff topology so that £ be-
comes the dual space of E* according to (4. 8),then the
topologies of E and E* are admissible to the theory of
conjugate convex functions. For the application we
consider, the Banach space L,(A) as E and L_(A) as E*
are dua.ls if each has the weak topology induced on it
by the other under the bilinear form
(w,u%) = [, u(x)u*(x)du(x) (4.9)
for u € L,(A), u* € L_(A).1° We can also allow L,(A)
to have its 1, topology so that L o(A) is its dual, and
let L_(A) have the weak* topology so that L,(A) is its

dual. i1 Let E be admissible then we have the following
remarkable theorem,12

Theorem 4.1: If F is a lower semicontinuous proper
convex function on E,then

F**(y) = F(u) forallucE. (4.10)
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This theorem is also an if and only if statement in that
if (4.10) holds, then the proper convex function F is
lower semicontinuous in the topology which makes E
admissible. Further,the conjugate F* is always lower
semicontinuous in the topology of E* even if F is not
lower semicontinuous.

Rockafellar has derived the following Lagrange multi-
plier method.!3 Suppose we wish to minimize the pro-
per convex function k(z) subject to the constraints

w¥u) —c; 20, ¢,€R(li=1,...,K). (4.11)
Then this problem is the same as minimizing 2 + g on
E where g is 0 at all solutions of (4.11) and +o else-
where, Let k be finite and continuous at some solution
of (4.11). Then £ attains its minimum subject to (4.11)
at @ if and only if —u* € 9h(it) for some u* c ag(ii). Now
u* € dg(#) if and only if the linear functional u* attains
its maximum on (4.11) at #. These statements are
equivalent to the existence of real numbers A;,..., A,
and a  satisfying

A; =0,
and
u* =—Awt + -

w?(ﬁ) —C;= g, A1[7’0’12‘(5‘-) - Ci] =0,

+ A wh). (4.12)
The above method can be applied to solving (3. 2) by
letting

Rr(p) =(p,d + F(p)

and replacing the restriction ||p |l; = p, by the pair of
inequalities

(p,I) -

where I = x,. Since F(p) is continuous in the interior
of its effective domain with respect to the supremum
norm, we let p € L. The Banach space L is not reflex-
ive in its supremum norm, but this property is not
needed here. Notice that every ¢ € L,(A) provides a
continuous linear functional ¢* € L* defined by

o*(p) =(p, @)

However,not every ¢* € L* is of the form (4.15). This
means that L(A) is identified with a subspace of L*.
From (4.11) and (4. 12) we find that 2(p) takes a mini-
mum at 5 € L with [|5 ||, = p, if and only if there exists
a real number X\ such that

AIB I, —pol = 0 (4.16)

where I* = (.,I). Rockafellar has shown that if F, and
F, are proper convex functions on E such that there
exists a point where both functions are continuous then
forallu e E

(4.13)

poz=0 and (p,—1I)+py=0 (4.14)

on L. (4.15)

and Al* € oh(p)

3(F, + Fy)u) = aF (u) + aF 5(u). (4.17)
Since V¢*(p) exists for (4.15) and equals ¢*, we have
that the second part of (4.16) becomes

¢* + 3F(p).

Proposition 4.1: Suppose that A and p € L satisfy
(4.16). Further, suppose that the Gateaux gradient
VF(p) exists and has the form (., VF(5)) on L. Then the
problem (3.2) is solved by § where p satisfies

A* € 3h(P) = (4.18)

M = ¢ + VF(p) (4.19)

almost everywhere on A.
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It is to be expected that if § equals the points in [O,pcp]
at which the derivative f'(n) does not exist only on a
subset of A with measure zero then

VF(p) = f'(p).

When ¢ is a step potential (3. 5),then the minimization
problem (3. 2) can be solved in the finite dimensional
space E = R7. For this case E*¥ = R” and there is no
difficulty with the representation of subgradients of F
since they are elements of R”. It is tempting to consider
(4.18) for p € E = L,(A) since then every continuous
linear functional on E is representable by an element of
L_(A),i.e.,E* = L _(A). However, some of the most im-
portant F are not continuous in their domain as a subset
of L,(A). The continuity required in (4.16) and (4.17)
would not be obtained. To demonstrate an F discontinu-
ous in the [ *[; topology let Pep < +  for f where

(4. 20)

lim f(n) =+

<Pey)-
e (1 <pgy)

(4.21)
Consider dom F as a subset of L,(A). Now p € dom F
cannot be an interior point for the | ¢ , topology, and F
cannot be continuous in this topology. If p_, = +,then
the convex function f(n) continuous on [0, ) satisfies

fly=nllan —1— B +51n(p/2em) VB (4.22)

with B from the stability property.

Again the functional F is not bounded in any L,(A) neigh-
borhood, however small. Now if the convex function f is
bounded on [O,pcp] for p_ finite then F satisfies a Lip-
schitz condition on its ef%ective domain as a subset of
L,(A) and so F is continuous in this case.

Although different f as defined above seem to yield func-
tionals F with different properties when defined on L,(A),
they do have the following common property.

Theorem 4.2: The proper convex functional F(p) de-
fined on LI(A) is lower semicontinuous on its convex
effective domain. The proof of Theorem 4.2 is obtained
as a consequence of Theorem 5.1 which was proven by
Rockafellar. A direct proof can be obtained by using the
fact that f satisfies a Lipschitz condition over every
closed interval contained in [O,pcp). Observe that The-
orem 4.2 also shows that F is lower semicontinuous on
L,(A). Just apply the norm [[+[, to L_(A) as a sub-
space of L,(A) and use llp —p’||, = llp —p’ll for ¥(A)
= 1. Applying convexity along with semicontinuity, we
have that

lim inf F(p’) = F(p) (4.23)

p'=p

for p’,p € dom F,where convergence of p’ to p can be
in L,(A) or L_(A). The application of (4.22) is immedi-
ate since F(p) + (p, ¢) is also lower semicontinuous on
dom F and therefore will take its minimum on compact
subsets of dom F. Since compactness and sequential
compactness are equivalent concepts in metric spaces,
the limit in dom F of any convergent subsequence of
{p,} defined by (3. 8) provides a density distribution
which solves (3.2). Note that the set [|pll; =p, is not
compact in L,(A) so that we cannot apply lower semi-
continuity directly here.

In the next section with the use of a theorem by R.T.
Rockafellar we shall see that F is also lower semi-
continuous in the weak topology of L,(A) and lower semi-
continuous in the weak* topology of L ](A). First we shall
give a description of some of the sﬁgra.dients of F re~
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quired in solving the Lagrange multiplier characteriza-
tion of (3.2).

5. SUBGRADIENTS AND EQUIVALENCE
OF ENSEMBLES

It has been proven that the average pressure associated
with the thermodynamic limit of the grand canonical en-
semble is given by

P(u,B,¢) = sup{lo,u —¢) — F(p)|p € L (A)},

where p is the chemical potential.14 Here the contribu-
tion of the momentum to the free energy is included in
F which also depends on 8. In terms of conjugates for p
€ Ly(A) and ¢ € L_(A), we have

(5.1)

P(u, B, ¢) ) = F¥(u — ¢). {5.2)
In case that F(p) is a lower semicontinuous proper con-
vex functional (Theorem 4.1),we also have

F(p) = sup{(p, ) — F¥¢)|¢ € L_(A)}

for p € L,(A).

Now a remarkable demonstration by Rockafellar directly
applicable to our problem is the following: Let E and E*
be any pair of the three Banach spaces L, L_, L;;and let
each of E and E* as real vector spaces have the weak
topology induced on it by the other so that they are duals
under the bilinear form (3. 3).

(5.3)

Then we have

Theorem 5.1: (Rockafellar): Let f be a lower semi-
continuous closed proper convex function on R. Let f*
be the conjugate of f defined by

FHE) = sup{nt — f(n)In € R}

for £ € R. (f* has automatically the same properties as
assumed for f,) Then

FX(¢) = [ F*(¢(x)dv(x)

for ¢ € E* and F(p) for p € E are convex conjugates of
each other. [A lower semicontinuous function is closed
if {n| f{(n) = A} N dom f is a closed subset of R for every
real number . This is the case for our f15.]

(5.4)

(5.5)

Hence the conjugate integrands f and f* provide con-
jugate convex functionals. Furthermore,F and F* are
automatically lower semicontinuous by Theorem 4.1. For
uniform thermodynamic systems it has been shown that
P(”aﬁ) = [I“?'—f(mﬁ)],

sup (5.6)

Sr,Spcp

where p(u, 8) is the average pressure.16 Now if f and p
are convex conjugates of each other,then

P(u,B,¢) = [, plp — ¢(x), Bdu(x)

and (5. 3) holds. With these results in mind we shall say
that the canonical and grand canonical ensembles for a
nonuniform system are equivalent for u,¢,p if the fol-
lowing thermodynamic relation holds:

(5.7)

FXu—¢) =(P,u—¢) —F(p). (5.8)
This relation holds if and only if
ul — ¢ € 3F(p) (5.9)
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or, equivalently,

p € 3F*(u — ¢). (5.10)
These statements are clearly the same as those which
describe the Lagrange multiplier solution of the mini-
mization problem (3.2). The only difference appearing
to be the function spaces used. Returning to the original
derivation of (5.1),we find that L,(A) in (5.1) can be
replaced by L since our ¢ is bounded and measurable.
Then p € L and ¢* € L* where ¢* has the representa-
tion (4.15), and L* takes the weak* topology induced on
it by L. Therefore,the Lagrange multiplier in (4.18) and
the chemical potential play the same role. In order to
study the existence and uniqueness of p we shall need
more specific information about the subgradients in-
volved.

Let E be any of the three Banach spaces L, L, L; and
t € R. Define the right-hand Gateaux derivative (direc-
tional derivative) by :

Filpy;p) = lim [F(py +tp) — F(p)V/t (5.11)

forp,, pc E. fp, € dom Fandp, +¢t'p € dom F
some ¢’ > 0,then the derivative (5.11) exists since the
function F(p, + tp) is finite and convex in  for some
interval [0,¢']. Furthermore,Fy(p;;-) is a proper con-
vex functional on E since it is bounded below. For p, €
dom F,according to Rockafellar, we have that

$* € aF(p;)

if and only if Fp(p,;p) = ¢*(p)

(5.12)

all p € E.17 Now the left-hand derivative f;(n) and the
right-hand derivative f;(n) of f exist on [O,pcp) and are

monotone increasing functions satisfying f;(n) = fé(n).
They are equal, and their common value is the derivative
of f except on at most a countable set {E} We can ex-
tend the definition of the derivative of f to all of R by
taking f'(n) =+ 0 if = pcpandf'(n) =-owif n<0.
Here the condition (4. 21) is assumed. Furthermore,

fm=f(ny) +by(n—mny)

and any b, € [f;(n,),fz(n;)]). If n, is not equal to one of
the points {£},then the interval indicated is a single
point equal to the derivative of f at n,. We shall demon-
strate that f;(p,(x)) and f;{p,(x)) often yield subgradi-
ents of F for p, € dom F.

forne R (5.13)

Let p; € dom F and suppose that p, + f{ € dom F for
some sufficiently small £ > 0. Then it follows by the
Lebesque convergence theorems that f;(p,) € L,(A).
Now suppose that p; — ¢ € dom F for some sufficiently
small ¢ > 0. Then we find that f;(p,) € L,(A). Further-
more, if p, is a ||+|| _ interior point of dom F then f;(p,),
fz(py) € L(A). Note that the [|+|l interior of dom F is
nonempty. Now for p, € dom F,inequality (5.13) gives

F(py +1tp) = F(py) + (p, ¥}

for p € E and ¢ € R,where § is any v-measurable func-
tion defined on A such that

(5.14)

filoy) =¥ = filpy) (5.15)
holds a.e.on A. Hence
Frlpy;0) = (p,¥) (5.16)

for p € E. Now if E is L_(A) and p, + ¢ € dom F for
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some sufficiently small ¢ > 0,then ¢ € L,(A) and both
sides of inequality (5.16) are finite. We evidently have
a stronger result regarding the existence of the Gateaux
gradient.

The left-hand Gateaux derivative is defined by

Fi(p13p) =—Fg(py; —p) (5.17)
for p, € dom F and p € E. Now consider F defined on
L_(A) and suppose that p, is an interior point of dom F
such that f'(p,) exists on A except perhaps for a set of
measure zero. Since f satisfies a Lipschitz condition on
every closed interval contained in [0, Pcp) and f ‘(py) €
Lw(A),the Lebesque dominated convergence theorem can
be applied to show that :

Fi(p13p) =(p,f'(p1)) = Fr(py;p) (5.18)
for p € L_(A). This verifies the validity of (4.20), and
f'(py) is the Gateaux gradient of F at p,. The inequality
(5.15) can be used to solve (5.8) or (4.16).

Proposition 5.1: Let F be defined on L_(A). Suppose
that there exist § € dom F and p such that

filp)=u— ¢ = fr(p)

holds a.e.on A. Then (5. 8) holds and the ensembles are
equivalent for p, ¢, and p.

(5.19)

Proof: apply (5.16) and (5.12).

This completes our investigation of the condition (5. 9)
and the subgradients of F. In the next section we con-
sider the equivalent condition (5. 10) and relate it to
equivalence of ensembles.

6. THE EXISTENCE AND UNIQUENESS OF DENSITY
DISTRIBUTIONS :

In previous sections we described the relationship be-
tween the chemical potential u and a minimizing den-
sity p. However, we have not proven the existence of p
which solves (3.2). We shall investigate requirements
for existence. From Proposition 5.1, we observe that it
is not difficult to have situations where p is not unique.
In this section we shall also describe conditions on the
potential ¢ which make p unique when it exists. The
study of uniqueness amounts to a study of the linear sec-
tions of the graph of f(n) which in turn are responsible
for the multivaluedness of the subgradients aF*(u — ¢).

In the next proposition we consider the situation p €
L_(A) and ¢ € L,(A). Let L,(A) have the weak topology
induced by L_(A) and let L_(A) have the weak* topology
induced by L,(A). In these ‘fopologies,the spaces L,(A)
and L_(A) are duals with respect to (3. 3).

Proposition 6.1: Suppose that f is lower semiconti-
nuous and has a finite hard core packing density p,.
Let the external potential ¢ be the uniform limit of a
sequence of step potentials (3.5). Then there exists a
minimizing density for (3.2). Furthermore,the weak*
limits of the sequence (3.7) provide densities at which
(3. 2) takes a minimum.

Proof: Corresponding to the sequence of step poten-
tials (3. 5), we define sets of step densities.
r
Dr={PZ0|P=Elmxl,i,"p"1=Po} (6.1)
i

for 0= py <pgy. Now let D = UD_ be the weak* closure
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of the union. Note that D is the intersection of all weak*

closed sets containing UD, C Lw(A), and D contains all

limits of weakly convergent sequences in D. Define
S ={pe L Mo, =pg<wk (6.2)

According to the theorem of Alaoglu,the sphere S is

closed and compact in the weak* topology of Lw(A).

This makes D N S a weak* closed and compact subset.

Now in view of what has been proven, we have
Fo(po,®) = inf{(p, $) + F(p)|p € D n S} (6.3)

We originally demonstrated (6. 3) where D was the clos-

ure in L of UD,. The weak* closure of UD  con-

tains the closure of UD, in L. Notice that f p =0

a.e. on Aisaweak* accumulation pointof UD  then|ipll;

= p, sincethere exists a sequencep; € D such that (ps ,I)

-(p,I). The weak* closed set D will not include points

which do not satisfy lloll, = p,.

These facts justify the restatement of (3.2) in form (6. 3).

Now by Rockafellar's results,the functional F is lower
semicontinuous in the weak* topology of Lw(A) so that
(p, ) + F(p) is also lower semicontinuous. Since a
lower semicontinuous function defined on a compact set
always assumes its minimum, there exists a g in the
weak* compact set D N S such that!8
Fo(Po»9) = (B, ¢) + F(p). (6.4)
Further suppose that {5 s} is a weakly convergent sub-
sequence of {p,} defined in (3.8). That is,(5,,¥) - (P,
y) for every Y € L,(A). Thenp € D since p; € D_. Now
lower semicontinuity of F in the weak* topology gives

lim igf F(p,) = lipr;}"isnf F(p’) = F(p). (6.5)

Therefore,

FolPo: ) = lim 1nf [(P,,9) + F(5,)]

= lim inf (P,,¢) + lim inf F(3,) = (5, $) + F(P).
(6.6)

Observe that § € S, otherwise the finiteness of F,(pg, ¢)
is contradicted.

Hence, also,

(B, ) + F(B) = Fo(po, d).
Finally, the assumption that {p,} actually has a weakly

(6.7

convergent subsequence is valid for the following reason.

Since A is a compact subset of R the space L,(A) is
separable, and the closed sphere S considered as a topo-
logical subspace of L_(A) in the weak* topology is a
compact metric space.l® Then D N S is a compact sub-
set of a metric space S. Hence D N S is a closed and
sequentially compact subset of S. Since {ﬁ,} is contain-
ed in D N S,this sequence must have a weakly conver-
gent subsequence with some limijt p in D N S. This com-
pletes the proof of the proposition.

In case p_, = +o,the above method can be applied if
{3,} has a subsequence bounded in L_(A). We can then
take a sphere S which contains the bounded subsequence
and apply the above argument to D N S. For the case

p.., = +oo it appears useful to consider the problem
(3.2) for p € L,(A) and ¢ € L_(A) with each space hav-
ing the weak topology. A prerequisite that {5_} be weak-
ly sequentially compact in L,(A) is that it be bounded in
norm. This is automatic since ||7,ll; = po. I we take
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the weak closure of {p_},then the weak closure of {p,}
is a weak compact subset of L,(A) if and only if {ﬁ, is
weakly sequentially compact (see p.430, Dunford-
Schwartz). We most likely cannot expect {5, } to yield
ap € L,(A) satisfying (6.4) unless this sequence has at
least one weakly convergent subsequence. We shall con-
sider this problem along with the uniqueness problem.

We shall now consider the minimization problem (3. 2)
from the viewpoint of the pressure (5.1). For conveni-
ence we write ¢ = u — ¢. We are interested in the case
Wl < + w. We consider densities at which the follow-
ing assumes its minimum:

F*y) = — int{F(p) — (p,¥) | p € Ly(A)}.

In the case p, finite, the space L,(A) can obviously be
replaced by p € L_(A) satisfying llp |l = p_,,and mini-
mizing densities exist since F is weak* lower semi-
continuous on the weak* compact sphere (6.2). For p

= + 0, in view of the bound (4. 22),there exists an a <
Pep such that

(6.8)

f@ —alyl=6>0 (6.9)
and such that
Fn) —n'yx) = fm) —mx) =86 >0 (6.10)

holds for 7’ = 5 = a and all x € A. Inequality (6.10) also
follows from convexity of f.

Let p € Ly(A) N dom F and define A, ={x|p > a}. If

¥(A,) # Othen lp || > a and conversely. Using inequal-
ity (6. 10) we have

h, [F(p) — pyldv = 81(A,) > 0. (6.11)
Let p, = Pxp-p, + 3Xs, ON A, then

F(pg) — (P ¥) = F(p) — (p,¥). (6.12)
We conclude that

Fxy) =— inf{F(p) — (o, W) llp ], = a} (6.13)
and that there exists a p € L_(A) such that

F*y) = (p,¥) — F(p). (6.14)

We can at least solve (3.2) for p, = || Il, associated
with 1 and satisfying (6.14).

We now investigate the uniqueness of p satisfying (6.14)
by using the condition p € aF*(y). This is the condition
(5.10) given previously. Our approach will be to con-
struct aF*() from f which is defined as a lower semi-
continuous proper convex function on the real numbers

R. It will be demonstrated that linear sections of the
graph of f are responsible for the multivalued nature

of the subgradients of F*. We have the following interest-
ing chain of equivalent statements:

Ny € af*(£y) <= f*(&) = f*(&;) + n(§ —§&)) (6.15)
<> ny € [fFED,fE(ED] (6.16)

<= flny) + 2 =08, (6.17)

<> &1 € [f1(n1):fa(n)]s (6.18)

£, € 9f(m) < fm) = f(ny) + (n—my¥, (6.19)
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for £,1 € R. The proper convex functions f and f* are
conjugates. The convex conjugate f*, being lower semi-
continuous in R and finite in every bounded open interval,
is therefore continuous in every bounded open interval.
Let ¢ € L_(A). Rockafellar has shown that f*(y) is a
measurable function.20 Let p, € L,(A) and suppose that
py € 3f*(y,) for every x € A. I , is bounded then p,
is also bounded. Using (6.15) and Theorem 5.1 gives

F*y) = F*(,) + (P, ¥ —¥q)

and p, € 3F*(y,) follows.

The graph of f has a linear section over the interval
[m1,m2] € [0,p4) if

fm =fn) + &n—mny)

for all n € [n,,7,] and some £, € R. K f has a linear
section of slope § 1»We denote by ¥ f,£,) the largest
closed interval [n,,7,] over which f is linear with slope
§,. Since f/(n) is left-continuous and f;(n) is right-
continuous, the interval ¥ f, ;) can be found from

1y = infln| f5(m) = £, and 7, = sup{nl fi(n) = &}

(6.22)
using the facts that f;(n) = f5(n) on R and f/(n,) = fz(n,)
if n > n,. Notice that n, and n, defined in (6.22) satisfy
Mg = ny5and if 7, > n,,then [n,,7,] must be an interval
over which f is linear with slope 21- The fact that f;
and fj are increasing is also used. Then

l(f;E]_) = ["71, "72] (6. 23)

for the interval of (6.22). Notice that (6.22) gives either
a point or a closed interval for every £;. With this defi-
nition we have the following useful fact.

(6.20)

(6.21)

Lemma 6.1: Suppose that f has a linear section over
Kf,&,). Then

flm + fXE) =k,

for all n € Xf,&,).

Proof: Let Uf,£,) = [ny,m,]. The line fln;) + &,
(n — n;) is a supporting line for f and, since the inter-
val [ny,7,] is maximal,f(n) > f(n,) + &,(n — n,) if
n & [1,,7,). Thus

inf [fin) — 851 = fim) — 161 = An) —n§,

for n € [n,,n,] which completes the proof,

According to Lemma 6.1 and (6.17) it must be true
that

Uf, &) < af*(&,).

With (6. 24) in mind, if there is only one 1, € 3f*(§,) we
define i(f,£,) = {771}-

Now let 3f*(£,) = [n,,7nz] as in (5.16). Then

(6.24)

(6.25)

fln) =f(n1,) +(n— 7’1)51 (6.26)
for all n € [n,,n;] and this implies
af (&) C Uf, & (6.27)

We conclude that the relationship between linear sec-
tions and subgradients must be

af*(&) = US,8) 3ftn) = U f*,m).

and (6.28)
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Next consider what (6. 28) has to do with uniqueness of
the p which minimize,i.e.,densities at which the en-
sembles are equivalent. Define the measurable sets

A ={xr e Aly(x) = £} (8. 29)

Assume [ f,£) is an interval and ¥(A;) > 0. For 7,17,
in I(f,€) and n; < 7y let
ﬁl = EXA'AE + "71XAE and 52 - 5XA'A§ + nZXAE'
(6.30)
Now “ﬁl —52“1 = |Tl1 e 'nzlv(AE) > 0 and

FMY) = (B1,9) — FGy) = (53, ¥) — F(,).  (6.31)

This makes it clear that two different densities can yield
the same average pressure and even the same pressure
distribution. In this example, the free energy distribu-
tions are different; however, it is possible to introduce
more linear sections and sets (6. 29) of nonzero measure
so that average pressure and free energy are the same
for distinctly different densities. These ideas motivate
the following definitions on the behaviour of external
potentials.

Definition 6. 1: We say that the v-measurable func-
tion Y on A is of continuous measure at £ € R if v(AE)
= 0,and { is of continuous measure on R if X{A,) =0
for all £ € R.

Notice that if £ is a measure discontinuity of y [i.e.,
Y(A) > 0] then u — £ is a measure discontinuity of ¢.

We shall want to find p pointwise so that
AP) + fHY) =y

Since y is bounded and f{n) — ny is lower semicontinu-
ous on R for each x € A, a bounded p does exist satis-
fying (6. 32). The difficulty is that we cannot always be
sure that  found in this way is v-measurable.

Now ¥, — ¢ uniformly on A, and for each y, there
exists a measurable step density 5, satisfying (6. 32)
with ¢,.. Let p be either of the measurable limit func-
tions

onA. (6.32)

lim inf p_(x) or lim sup p,(x). (6.33)
r r

These functions are bounded above by p. . For fixed

x € A there is a subsequence {5} such that Py —P.

Then by continuity

1iKmf(bK)=f(i3) and  lim f*@ ) = f*W)

for this x € A, The limits (6.33) evidently are measur-
able p conforming to (6. 32).

Lemma 6.2: Suppose that f(n) has no linear sections
or that if f{n) has linear sections then £, € R is not the
slope of f on any linear section. Then 7, such that finy)
+ f¥§,) = 1y, is unique,

Proof: Now obvious from n, € af*(£,) = if, £,) and
the set 3f*(£,) being a singleton set,

Theorem 6. L: Supposethat f has no linear sectionsor
that ¢ on A does not equal (except for a set of measure
zero) the slope of f on any linear sections. Then p is
unique.

Proof: A measurable § satisfying

APY + f*() = By
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at each point ¥ € A is unique by Lemma 6.2. The next
theorem is more general.

Theorem 6.2: Suppose that the slopes of linear sec-
tions of f and points where y is of discontinuous meas-
ure do not coincide. Then p satisfying (6.14) is unique.

Proof: The proper convex function f can have at
most a countable set of distinct linear sections. Let
{E} be the countable set of slopes associated with linear
sections of f. Now v(A) = 0 for each £ by assumption.
If p, and p, are two density distributions satisfying

Ao +F*W) =p

for each x € A then they can only differ on the set UA e
But we have

(Z = 1’2)

V(% AE) = ? V(AE) = 0,

which implies ||p; — p,ll, = 0. This proves that 5 €
L_(A) satisfying (6. 14) is unique.

As a corollary, if Y on A is of continuous measure, then
the minimizing p is unique. If § is unique, then it must
be the limit of {,} since the limits (6. 33) satisfy (6. 32).

7. CONVERGENCE OF CANONICAL DENSITY

In this section we shall discuss the relationship between
a density distribution which satisfies (6. 14) and the
canonical density sequence (2.6). Now the initial do-
main A, is not special in that we can define for any
fixed A a density sequence (2.12) corresponding to (2. 6).
Thus we denote by {pn (%)} the sequence (2.12) referred
to any fixed domain A. Notice that if)n(x)} of (2.6) satis-
fies the condition nV(A)™! = p, but {p,} does not. The
domain A is the same for all p . We define
&) =—F(A,n,B8,¢ +tY) (7.1)
for ¢,y € LM(A). The sequence (7.1) is a sequence of
convex functions for ¢ € R.21 Furthermore, each g, is
differentiable with respect to . Further define
8(6) = —Fo(pg, ¢ + ty). (7.2)
The function F, is concave in ¢ € Lw(A). Also F has
the property of being continuous in ¢ for the norm topo-
logy of Lw(A) and upper semicontinuous in ¢ for the
weak* topology of L_(A). Evidently there is no weak*
neighborhood on which F, is bounded below and there-
fore F0 cannot be continuous in ¢ € Lm(A) for the weak*
topology. The free energy Fy(pq, ¢) is also convex in
po- For these properties, g(t) is a continuous convex
function for ¢t € [—1, 1] Thefunctions (7. 1) are continuous
convex on [—1,1] also. Now for [[¢; — d,ll <€
we have that

IEF(A’nyﬁJ¢1) - g(A’nyﬁy ¢2)|5 Po€

holds for all # such that nV(A)™1 = p,. Lett,t, € [~1,
1] such that |¢; —¢,] < €/M and let ¢, = ¢ + ¢ for
I z|{/||°0 =< M. Then (7. 3) says that

(7.3)

| g,(t1) — g, ()| = pge (7.4)

for all n. Inequality (7.4) indicates that the sequence
(7.1) is equicontinuous on [—1,1]. When ¢ and ¥ are
step potentials or uniform limits of step potentials,i.e.,
limits in the [+{| _ norm,then

lim g, (¢) = g(2). (7.5)
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By the Ascoli theorem, the sequence (7.1) converges
uniformly on [—1,1] whenever it converges pointwise.
Pointwise convergence of the sequence (7.1) occurs
whenever the thermodynamic limit exists. Let 7T(A)
denote the closure in Loo(A) of the set of all step poten-
tials of form (3.5). Then T(A) is a subspace of L_(A),
and (7.5) holds if ¢,y € T(A). Observe that T(A) con-
tains the Banach space C(A) of all continuous
functions defined on the compact set A. For the se-
quence (7.1) and the canonical densities {p,} defined
for a fixed A,we have

—£,(0) =(p,,¥) (7.6)
and

lg (O I=lp, ¥l =pollwl,. (1.7
By convexity

&,(f) = £,(0) + g, (0)¢ (7.8)

holds on [—1,1] for all n. Given € > 0, by the uniform-
ity of convergence,

g(t) = g(0) — e + g, (0)¢

holds for ¢ € [—1,1] and all » sufficiently large. In-
equality (7.9) indicates that the g,(0) for n sufficiently
large are approximate subgradients of g(¢).22 In fact,
every convergent subsequence of {g,’,(O) provides the
slope of a supporting line of g(¢) at ¢t = 0. The sequence
(7. 6) has convergent subsequences since it is bounded
according to (7.7). Because g(t) is convex the left-hand
derivative g7(¢) and the right-hand derivative g, (¢)
exist in (—1,1),and by (7.9) we have

(7.9

£5(0) = lim sup £,(0) = lim i};lf g,(0) = g7(0). (7. 10)

Let C* be the dual space of the Banach space C(A) of
continuous functions on A. Then application of inequality
(7.10) gives the following.

Proposition 7. 1: Suppose that Fy(p,, ¢) is Gateaux
differentiable at ¢ for ¥ in C(A), and suppose that the
Gateaux gradient p* € C* exists at ¢. Then

lim (P, ¥) = & Fo(pord + t0)| g = p*W)  (7.11)

for Y € C(A).

I (7.11) holds on C(A),then p* must be a positive func-
tional since each p, is positive. We know that accord-
ing to the Riesz representation theorem every positive
continuous linear functional defined on C(A) is express-
ible as

PXWY) = J, wx)dvH(x),

where v* is a unique positive Borel measure on A. If
V¥ is absolutely continuous with respect to v then the
Radon—Nikodym derivative exists and

(7.12)

p*y) =(p,¥) (7.13)
for a unique p € L,(A). That is,§ = dv*/dv is the Ra-
don-Nikodym derivative when it exists as an element of
L;(A). Of course,a similar result can be stated for
Proposition 7.1 with T(A) replacing C(A). The continu-
ous linear functionals on 7(A) are extensions of the con-
tinuous linear functionals on C(A). According to Rocka-
fellar's results, since —Fy(p,, ¢) is finite and continu-
ous for ¢ € L_(A) (norm topology), the free energy func-
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tional does have subgradients.23 Because F(A,n, 8, ¢)
converges uniformly to Fy{p,, ¢) on compact subsets of
L_(A) (Ascoli theorem) the subgradients of — F(A,n, 8,
¢$°provide approximate subgradients of —F  (p, ¢)
over compact subsets of L_(A). In fact,the weakly con-
vergent subsequences of {pn} yield subgradients of
—Fo(pO’ ¢)'

Proposition 7.2: Suppose that p € L,(A) is the weak
limit over C(A) of some subsequence of {p,}. Then —p
is a subgradient of —F (p, ¢) over C(A).

Proof: Let {p,} be a subsequence of {p,} such that
(p;,¥) = {p,y¥) for each ¢ € C(A) as J — . Now g,(#)
=z g,(0) + g5(0)¢ for t € [—1,1]. Hence

Folpo:® + 1) =< Folpo,d) + (p, )t (7.14)

for all ¥ € C(A), and this completes the proof.
A corresponding result can be stated for the Banach
space T(A) or for any subspace of this space.

Suppose that in addition to the hypothesis of Proposition
7.1 there exists a p € L;(A) such that

Folpo,9) = (B, ¢) + F(p).

We now know that if f(n) has the property (4. 21) for
finite p_, then p exists. Also,p exists if p, is associ-
ated with a chemical potential p as in (6.14). If (7.15)
holds, then — 5 € 3(— Fy(pg, ¢)) since

(7.15)

Fo(po,¢ +¥)=(P,¢ +¥) + F(P) = Folpgy, ¢) + (P, ¥).
(7.16)

Then p is the unique Gateaux gradient of Proposition
7.1 satisfying (7.13). In view of Proposition 7.1,
we shall want to investigate conditions under which
Folpg, ¢) is differentiable.

It has been shown that

P(p, ) = sup{un — Fy(n, ¢)In € R} (7.17)

for the pressure (5.1). We find F(n,¢) = + 0 if n <0
or if > p_,,and Fy(n, ¢) is a proper convex function in
1.

Theorem 7.1: Let f have the property that

lim f(n) = + . (7.18)
""’pcp

Then F (n, ¢) is a lower semicontinuous closed proper
convex function for 7 € R and

Fo(n, ¢) = sup{pn — P(u,¢) | € R}

That is, F,(n, ¢) and P(p, ¢) are convex conjugates for
1,1 €R,

(7.19)

Proof: Let ¢ € L_(A). Using Jensen's inequality we
have that

=lplylol, + Fllplly) = (p, ) + F(p) (7.20)
and
—nlloll, +fin) = Foln, ¢). (7.21)
Now [apply (4.22) if Pep= + @]
im (fin) —nlle¢l )=+ (7.22)
n—Pep

and dom Fo(n, ¢) = {n € RIF(n,¢) <+ o} = [0,p;).
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Hence F (7, ¢) is continuous convex for 1 € [0,a] C
[0,p. p) and is closed and lower semicontinuous on R.
As in Theorem 4.1 this implies (7.19) and completes
the proof.

From Theorem 7.1 we obtain that

ko € 0Fo(po,¢) if and only if py € 3P(pg, §)

(7.23)
or if and only if
F()(Po’ ¢) + P(Moa $) = 1oPyp- (7.24)
If py €8P(pq, ¢) then (7.15) holds if and only if
F¥(uo— ¢) = (P, no — ¢) — F(P). (7.25)

For the property (7.18) there always exists a p which
satisfies (7. 25) if ¢ is bounded.

Let €, be a sequence of positive numbers such that €,/t

-0 as ¢ —» 0. There exists a sequence {p,} with llp, |/, =

Py, in general depending ¥, such that
FO(PQ,¢+t\P)2(P¢,¢' +tll/)+F(P¢)‘€, (7-26)

for ¢t = 0. For the sequence {p,} satisfying (7.26), we
have that

]t-l_l;% (pt’ o) + F(pz) = Fo(Po’ ) (7.27)
since |(p,,¥)| = pollyll, and
lti_r:})Fo(poad) + ) = Fo(Poy b). (7.28)

The right-hand derivative Fj(¢;{) exists and is defined
by

F'()(¢';W) = 1:3;1 [Fo(po» ¢ + i) — Fo(po:¢)]/t- @
Inequality (7.26) implies that

Fiyles¢) = lim sup (p,,¥). (7.30)
t—0

Suppose that Fu(¢;¥) = (p,y) for all  where p is the

Gateaux gradient.24 Choose {p,} so that (independent of

¥)

Fo(po’d))z (pt1¢) +F(P¢)—€t- (7-31)
Then
lim inf (p,, ¥) = Fylo3¥) (7.32)

and p, —» p weakly. Since {pt} is weakly convergent, we
have

Folpg, @) = lim inf (p,, ¢) + lim inf F(p)
t—0 t—0

= (P, ¢) + F(P).

Now 5 is indom F and [|5 [, = p,. This demonstrates
that the Gateaux gradient p is the unique density at
which (3. 2) assumes its infimum.

We shall say that the infimum F,(p,, ¢) is attained
strongly if every sequence {p,} with ||p,ll; = p, satis-
fying (7.27) has a weakly convergent subsequence. In
particular,the weak limit of a weakly convergent sub-
sequence is a point at which the infimum of (3. 2) is
attained.

(7.33)

Proposition 7. 3: Suppose that the infimum F(p,, ¢)
is attained strongly and that p satisfying (7.15) is unique.
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Then Fy(p,, ¢) is Gateaux differentiable at ¢ with gradi-
ent p.

Pyroof: For each y,the sequence {pt} satisfying
(7.26) has a subsequence which converges weakly to j.
In view of (7.16) and (7. 30),5 is the Gateaux gradient of
Fo(Po, ) at ¢.

The sphere S = {p|llp|l_ = a} has an important topologi-
cal property. Since the Tinear spaces C(A), T(A), and
L_(A) are dense subsets of L,(A) (]|+ |, -dense), the

weak topology induced on S by any of these linear spaces
coincides with the weak* topology [L,(A-topology] on S.
Furthermore,the sphere S as a topological space with
the L,(A)-topology is sequentially compact since it is
compact and L,(A) is separable. Now if for each y there
is a sphere S which contains the sequence {pt} of (7.26),
then {p,} has a weakly convergent subsequence. This
implies that F(p, ¢) is attained strongly. We have

Theorem 7.2: If Pep < + o and p satisfying (7.15) is
unique, then

& FolPor® + 1)1 = (5, ¥) =lim (p,,¥)  (7.34)

for ¢ € T(A) and 0 = p, <Pep-

Proof: An application of Propositions 7.1 and 7.3.
The next theorem will allow us to show that unique p
satisfying (7.25) are Gateaux gradients.

Theorem 7.3: The supremum F*(i/) is attained
strongly.

Proof: Let {p,} be a sequence in L,(A) such that

liin F(p) — (pp¥) == F*¥) (7.35)
for ¢ € L_(A). We shall show that {p,} has a weakly con-
vergent subsequence, and the limit of a convergent sub-
sequence provides a p satisfying (7.25) for ¢ = pg — ¢.
¥ p, is finite, then {p} is contained in a sphere S with

a =Py, and there is a weakly convergent subsequence.
Now consider the case p__ = + . By convexity of f and
property (4.22),for § > T there exists an @ > 0 such

that

fm) — mp(x) = fm — nllwll, = o1

holds for almost all x € A when 1 = a. Inequality (7. 36)
follows from

(7.36)

fmz=mn (n=a) (7.37)

for

m, = (fla) — f0))/a,

wherem, > as a —Pep by (4.22). We also pick a to be
as in (6.12) and (6.13). Since f0) = 0, F has the following
important property. Let p; = PX a, and p, = prz,where
A, and A, constitute a disjoint partition of A. Then

F(p) = [, f(p)dv + [, f(p)dv = F(p;) + F(p,),

(7.38)

3 7.39

since f{p)x,,; = flpx,,). Define ( )

Ar={xeAlp,>a} (7.40)
and

p,= PiXp-ap T OXp (7.41)
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Observe that the sequence {5,} is contained in the
sphere S of radius a. Then
—F*(W)SF(ﬁt)—(ﬁg,\l/)fF(Pt)—(Pt,W)- (7-42)

Let p; = pyXy-y,- The sequences {p,} and {p}} have sub-

sequences {p/} and {p } which are weakly convergent.
This implies that {ax, }is also weakly convergent, and
the sequence (A ) converges. Let p be the weak limit
of {p’},then

hén F(P:,)_(p'a:*//) =F(5)—(5,¢/) =—F*(W)s (7-43)
since

F(p,) = F(p}) + Flax, ) (7.44)
and

Flax, ) — (ax, ,¥) = 0 (7.45)

converges. Let p;, =p _x, sothatp =p/ +p;. Then
using (7.39,we see that *

lim F(py) —(p,,¥) =0. (7.46)
Inequality (7. 36) shows that
F(py) —(plu¥) = 8 f,_p,dv=0. (7.47)
Hence, for any ¢ € L_(A)
K pavdv| =Wl fy_p,av, (7.48)

and the sequence (7.48) converges to zero. Because
(p7,¥) > 0 for every ¥ € L_(A) and (p,,¥) - (5, ¥),
this proves that {p_} converges weakly to 5. This com-
pletes the proof.

We can apply Theorem 7.3 to the Gateaux differentiabi-
lity of Fo(pg, ¢) in the case p, is not finite. Let {p,} be
as in (7. 26) and let p, correspond to 1, as in (7.24).
Then

Lim (p,, 1o — $) = F(p,) = F*(puo — ¢) (7.49)
and by Theorem 7.3 there exists a subsequence of {pt}
which is weakly convergent to some p. If this p which
satisfies (7.25) is unique, then it is the gradient of F,
at ¢. Theorem 7.3 gives just the property needed to
consider the differentiability of the pressure P(u, ¢)
with respect to the external potential ¢. Lety = pu — ¢
and suppose that p satisfying

FX{) = (p,¥) — F(p) (7.50)
is unique.
Let

lim (p,¥) — F(p,) = F*(). (7.51)

Then p _— p weakly according to Theorem 7.3, and the
supren¥) of (+,§) — F is attained strongly at 5. As-
suming that F and F* are conjugates, a direct applica-
tion of a theorem by Rockafellar gives (see the proof
of Theorem 8.1)

Theovem 7.4: The density § satisfies (7.50) and is
unique if and only if p is the Gateaux gradient of F* at
V. That is,p = VF*(}).

We have a stronger result.25 The pressure F* is
Fréchet differentiable at { if and only if the function
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(*,¥) — F attains its supremum strongly with respect
to the norm topology of L,(A). This means that the se-
quence {p } must converge (in ||+ ||, norm) to p in order
that § be the Fréchet gradient.

We complete the study of the equivalence of canonical
and grand canonical ensembles with a discussion of the
grand canonical density.

8. GRAND CANONICAL DENSITY DISTRIBUTION
The grand canonical partition function is defined by

28, 1,8, 0)= 53 Z(A,m, 8,6 ~ 1) (8.1)
and the average pressure is given by
BP(A, u,B8,¢) = V(A In E(A, u,B,0). (8.2)

For ¢ € T(A),the sequence P(A, u, B, ¢) is convergent to
F*(u — ¢) [also called P(u, ¢)]. The grand canonical
density distribution (or one body correlation function) is
defined as

_ & eben
PA¥) = T =yt Jokn ne1 €

Xdpyreedp,dxye+ -dx,,/E(A, u, B85 )

BH (X, %5000 % y)

(8.3)

for each A and x € A. Using the definition (2. 6) of the
canonical density distribution, (8. 3) becomes

pA(x) = ZziZ(A,n,B,¢ — wP %)/ E(A, 1, B, p). (8.4)

For any divergent sequence {a} of positive numbers, let
A =aA_ and let {p a} denote the sequence of functions
obtainetf by referring each p, to the initial domain A.

That is, define

p (%) = p,(ax) (8.5)

for all x € A,. In this section we shall show that p
satisfying (5.8) over Ay is usually the weak limit of
{p,t- We know that the pressure P(u,B,¢ + ty) is a
convex function in £, and in conjunction with this we
have the following:

Lemma 8.1: The functions P(A, u,B,¢ + ty) are
convex in ¢, and

d =
7 PO, 1,8,0 — ) | o= V(M) J W)p“(x)dxis 5
Proof: Let ¢,y € L_(A) and consider ¢ € (—1,1).
First, since the interaction U, is stable, we have an in-
equality which gives uniform convergence of the series
defining Z(A, u,B,¢ + ty) and its derivatives:

d J -B(W_+tLy) J M
%(E“’) e AR )S fl—! mlyl )? ™ (8.7)
forM =B + Il +lyll,, x;,€A(i=1,...,n),and
t € (—1,1). Here U,(x,,...,%,) = —nB for all n is the
usual stability condition. Let z,(f) = Z(A,n,8,¢ + ty)
and

n

A (8) = 25 eBriz (t). (8.8)
i=0
Now derivatives of z,(f) exist and
—B)J < I -+t Fye,)d
zﬁ;”(t) =( nﬁl) fRKnAn (Zi W(xi)) ¢ Pt 2
X dpy...dp,dx,...dx,, (8.9)
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since
-Bt'LY — g-BLIW
im i___t‘”_—te-—— =—BY pestsy (8.10)
it -

for each (x,,...,%,) € A#. Using the convexity of exp

(—Bt 25¢) int and the Lebesque dominated convergence the-

orem,we obtain (8. 9)from (8.10). WedefineA(t) =X (A, u, B,

+ ty). Then for each A the sequence of derivatives
ﬁg’)(t)} converges uniformly on (—1, 1) to A¥)(¢) [an ap-
plication of the Weierstrass test with bound (7. 72]. Fur-
thermore, the sum (8. 4) converges uniformly to p,(x)
a.e.on A. These results verify (8. 6), since

B ;_t P(A’ ”-yﬁs‘b + tll/) = V(A)_]"Z\'_,—(gl (8’11)
£=0

NOK

It remains to show that In A(?) is a convex function for
t € (—1,1). Convexity is verified if

(Inx,)” =N —22)/22=0 (8.12)
holds for t € (—1,1) and all n, since then

(In ()" =0 (8.13)
for ¢ € (—1,1). Holder's inequality gives that

z,2,—z,2=20 (8.14)

and this demonstrates convexity for the functions (7.1).
Then

”

JEEY " —_ !
Z”ZJ zan+szn szn

- zr,l - ) z:f ’ 5
=202 T 25 +25\z) % 2 (8.15)
= (2,2, —2,27)2/z2,2; = 0.

Hence
n n n 2
EZSZ}zJ—<Z)Z’J> =0 (8.16)
7 5o =

for f € (—1,1) and all n. Notice that it is sufficient to
consider (8.8) for 4 = 0. This completes the proof.
Applying Lemma 8.1,we have that

Pt) = P(0) + (p, )t
holds for ¢ € (—1,1),where P (¢) = P(A, 1,8, ¢ ~— t{).

Now for ¢,y € T(A), P () = P(u,B,¢ — ty) and we
have

(8.17)

Theovem 8.1: K p is a unique density satisfying
(7.50),then

%P(#,3,¢—t§0)|g=o=(ﬁ,w) =1i(1‘n (pa,!l/) (8.18)
for ¢,y € T(A).

Proof: A direct application of Theorem 7.4 and Lem~
ma 8.1 and the following applicable theorem proven by
Rockafellar: Let f and g be proper convex functions con-
jugate to each other on X and Y, respectively. Then f is
Gateaux differentiable at x with y = Vf(x) if and only if
the infimum of the function g — (x, *) over Y is finite and
attained at y strongly with respect to W(Y,X). Here
W(Y,X) denotes the weak topology induced on Y by X.26

On the continuity of density distributions we have the
following: Let ¢ € L,(A) and p € L_(A) so that L_(A) =
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L,(A)*. Suppose that V is arzonempty |+ || ,-open subset
of L,(A) such that F* is Gateaux differentiable through-
out V. Then the density distribution p = VF*(y), which is
a gradient mapping from V to Lw(A),is continuous from
the norm topology to the weak* topology on Lw(A). This
fact follows from another of Rockafellar's theorems
since F* is a weak lower semicontinuous proper convex
function on L;(A).27 That is, we have that if

p) = VF*y) onV, (8.19)
thenfory € Vv
(p(¥ > ¢) = (P(Y), ¢) (8.20)

as [y, —yll; »0for all ¢ € L (A).

Apparently the continuity of the pressure as a function
of the density distribution p is determined by the be-
havior of the interaction. In the case of pair interac-
tion with positive or hard core pair potential, the de-
rivative f'(n) exists in (0,pp) since the graph of p(u)
has no linear segments. Then the Gateaux gradient of
F at p equals f’(p) and is continuous on dom F from
the norm topology of L w(A) to the norm topology of
L,(A),since f' is uniformly continuous on closed sub-
intervals of [O,pcp). The canonical pressure distribu-
tion is given by

po(pyﬁ) = pfl(pyﬁ) _f(p’B)

and corresponds to p(u — ¢,8) if 4 — ¢ =f'(p,B). The
pressure distribution py(p) is continuous on dom F from
the L_(A) norm topology to the L;(A) norm topology
since f(p) is continuous in this way and

(8.21)

lof'(p) —pyf'(p )y = e —p I N F (P4

+ el Jf (p) —f'(pll; (8.22)
for p,p; € dom F. Therefore, we have
”Po(P’B) —Po(plyﬁ)lll"’o (8.23)

as [|lp—pyll, 0.

9. PHASE TRANSITIONS

Next we consider the phase transitions of a nonuniform
system at fixed temperature. Such phase transition
behavior is exhibited by nonuniqueness of the density
distribution.28 Consider the situation in which the den-
sity distribution p satisfying
P(kos $) = (P, o — ¢) — F(P) (9.1)
is not unique. Thus, suppose that ¢ is of discontinuous
measure at £, and that f(n) has a linear segment over
the interval [y, ;] C [0,pg,) With slope (ng — £g).
Then p can be expressed as

p= ﬁXA—Ago + 5XA£0’ (9.2)

where A, ={x € Alo(x) = £o} and
7I1XA£0 = EXAEO = nzxAEO (9.3)

holds according to Lemma 6.1. Now let p be any den-
sity distribution on A such that

anAEOS pXAEOS 7’2XA50' (9.4)
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Then (9. 1) also holds if p is replaced by
p' = 5XA—A€ + pr; . (9.5)
0 0
Furthermore, if p satisfies the condition
loxy, iy = 1Bx,, ys (9.6)
EO EO

as well as (9.4) for ||pll; = pg,then the density distribu-

tion (9. 5) satisfies
Fo(Poy¢)=(P';¢) +F(P')- (9'7)

We conclude that a density distribution which is not uni-

que for one ensemble is then not unique for the other.

In fact, suppose that p corresponds to minimizing the

free energy and satisfies (9. 3) on a region A, of con-
stant potential, where

Fm) =(uo—Eon + £y (9.8)
for n € [ny,7n,]. Now we have
(Bxay »9) + F(Pxa,) = Ju, (BoP + foldv, (9.9)

so that (9.7) holds for a p’ satisfying (9.5) and (9.6).
Let y(x) denote a one-to~one transformation of AE0
onto itself such that y(x) has a Jacobian equal one. Then

Pxag () = Pxa, (9(2)) (9.10)

satisfies (9.4) and (9. 6) and yields another p’ according
to (9.5) where (9. 7) holds.

We shall now show that if the density distribution p is
not unique then the pressure is constant over the convex
set of all § satisfying (9.1). Consider the situation where
the density is not unique and let p; and 5, be two dif-
ferent densities satisfying (9.1). Then

p =My + (1 — M)y, (9.11)
where pg =An; + (1 — Ay (0= A= 1) for |5ll; =pg
and [|5;Il; = n; is also a density distribution satisfying
(9.1). Note that n; and 7, need not be different. For
this situation, we find that

F(B) = \F(B,) + (1 — NVF(B,) (9.12)
and

Fo(po:d)) =7\F0(771’¢) +(1 _A)Fo(nzy(p)- (9.13)
The average canonical pressure is defined as

Po(n,6) = 1 3% Fo(n, $) = Fo(m, ¢) (9.14)

and is also a function of . Now if Py(7, ¢) is constant
over an interval [n,,7n,],then the free energy is linear
in the average density p, as in (9.13) for p, = An; +
(1 — A)n,y, and conversely.

Furthermore, if the free energy F(pq, ¢) is linear in
the average density p, over an interval [n,,7,],then p
is linear in p, as in (9.11). We shall demonstrate this
last statement. Suppose that Fq(p,,¢) satisfies (9.13)
and let

(i = 1’ 2)

Fo(nb ¢) = (ﬁi’ ¢) + F(ﬁz) (9. 15)

for |lp;Il; = n;. Then p determined as in (9.11) satisfies
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F(p) = \F(py) + (1 —N)F(py) (9.16)
and
Fo(po,$) = (B,0) + F(P) = AFy(1y,9) + (1 — M) Fy(ny, ¢)-
Hence (9.17)
Fylpg:9) = (p,¢) + F(B) (9.18)

follows, proving that p corresponds to minimizing the
free energy. The linearity of F as in (9. 12) also follows.

The canonical pressure distribution pg(p(x), p) is de-
fined by (8.21) so that the ensembles are equivalent if

po(P(x), B) = plug — ¢(x),P) (9.19)
when p corresponds to n, — ¢ as in (9.1), and if
Po(p()’ ¢) = P(“oy(p)- (9020)
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The circle theorem of Lee and Yang is proved for Ising ferromagnets of general spin with
degeneracy or symmetric potentials ¢;(—S;) = ¢;(S;); i.e., all the zeros of the partition function

= = Trexp (ZK;5:5; + BAZ; ¢;(Sj) + hZ;S;) lie on the unit circle of the complex fugacity plane
(z=e-#)for Kij > 0,1 > 0, and for “nondecreasing functions” ¢;(S); ¢;(S)> ¢;(S - 1)>- - -

2 ¢;(1/2) [or ¢;(0)], including the proof by Griffiths for the usual Ising model of arbitrary spin.
The analyticity of the limiting free energy of such a generalized Ising ferromagnet and the absence
of a phase transition are thereby established for all (real) nonzero magnetic field. Griffiths-Kelly-
Sherman inequalities on spin correlations and Baker’s inequalities on critical exponents are dis-
cussed in connection with the above model and also in a more general case.

1. INTRODUCTION with the same proportionality coefficient for all k= 1.
Since Lee and Yang! discovered a remarkable circle The main results in the present investigations are sum-
theorem on the distribution of zeros of the partition marized as follows.

. : : 2 1 : s
function for Ising ferromagnets with spin 3, this circle 1. The Lee-Yang circle theorem is valid in the follow-

theorem has been extended to other several cases such
as Ising ferromagnets of higher spin,2-5 the monomer-
dimer problem,® Heisenberg ferromagnets,’~9and
ferroelectric models. 9 .10 This theorem has applica-
tion11-13 to discussions of scaling behaviors in above for the Hamiltonian (1.1) and

ferromagnets.
)= ¢(0—2)z ¢(p—4 = (1.6)

for the Hamiltonian (1. 3).

ing “triangular” region (A):

(A) nyzngzngz=--

In a previous paper,4 the present author discussed the
circle theorem for an extended Ising model with applica-
tions to dilute ferromagnetism. Unfortunately, there

was given only a partial proof for the circle theorem. 2. In particular,the Lee-Yang theorem holds when

The present paper gives a quite general proof for it by ¢(Sj) is expressed as4

using Griffiths' reduction technique5 of higher spin and

in terms of affine transformations. ¢(S) = Zk)c,, S2k . ¢c520 and ¢,z 0. 1.m

Now, the model we discuss here is given by the Hamil-
tonian This yields a sufficient extension of conditions for the
circle theorem discussed in a previous paper.4

X =- ZJiJSisj - HES} » Ji; 20, (1.1) 3. There occurs a phase transition in the generalized

Ising ferromagnet described by the Hamiltonian (1. 3)
under condition (A) and in particular with the potential
(1. 7).

In the above Hamiltonian (1.3) and in particular (1.1),

with degenerate states for S;:

sj =Py p— 2,000, 0= 2,0,
__d;__v____/

7y Ny o Griffiths-Kelly—Sherman inequalities on spin correla-
—p+ 2., —p+ 2~ P, — tions are easily shown to hold as a special case of the
| \} 4l ~- b (1.2) general results obtained by Ginibre.14
ng

In Sec. 2, following Griffiths,5 we investigate a repre-
where n, (= 0,1,2,:++;n, # 0) indicates the degeneracy sentation of an Ising particle of spin p/2 in terms of a

of the state S; = +[p— 2(k — 1) The set {"k} may de- cluster of p spin-3 particles interacting among them-
pend on the lattice site j (i.e.,n, == kJ))_ This model is selves through ferromagnetic pair interactions. Main
equivalent to a special case of the following Hamilto~ results derived there are Theorems 1 and 2. Applica-
nian: tions of the theorems and some related problems are
discussed in Sec. 3. In the last section, discussions are
3 = — EJijsisj — >\2¢(5j) - stj, Ji; = 0, given on further extensions of the present results.
(1.3)
2. REPRESENTATION IN TERMS OF SPIN—
where S; assumes nondegenerate discrete values p, PARTICLES AND FERROMAGNETIC PAIR
p—2,-7+,2 — p,— p,and ¢(S;) satisfies the symmetric WEIGHT FUNCTIONS (FPWF)
property A. Recurrence formulas and affine transformations
(= S;) = ¢(S;). (1.4)  Following Griffiths,5 we shall write the spin variable
! S as a sum
[The function ¢(S].) may depend on the lattice site j;
¢ = ¢,(S;)]. The equivalence is assured by the relation S§=0ytoygt--r +op, (2.1)
Ny <Yy = exp{BAqb[p —2(x — 1)}, (1.5)  where the o, are “ordinary” Ising variables which
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assume the values + 1 and — 1. Provided the weight
function W, (01,.+. »0p) is properly chosen, we may write

4
22 fS) S(degenerate) — q=z->P w, (9)f(q)

= %WP(UI, vy O)flog T oyt +0,), (2.2)
for any function f(S), where W,(q) denotes the degeneracy
of state S = ¢ or plays a role of a partial Boltzmann fac-
tor exp[Br¢(q)] in the Hamiltonian (1. 3) except an irrele-
vant constant factor. We shall require that the weight
function Wp({ oj}) be nonnegative, and it must obviously
have the property

4
. q) = .3
g)j}W,,({o]})é (goﬂq) W,(q), (2.3)

for any g which assumes descrete values p,p — 2,...,
— (p— 2),— p,where

6(a;b) =1,
:0,

ifa=0b,
(2. 4)
if a = b.

The present Hamiltonian (1. 3) [or (1.1) with (1. 2)] is
reduced to the usual Ising model of general spin (and
consequently the statements 1 to 3 in Sec. 1 result
immediately from the work by Yang and Lee,1
Griffiths,5.15 and Kelly and Sherman,1€ provided one
can find a ferromagnetic pair weight function of the form

Wy(0150.,0,) = N[z +0,04) + 31— 0,0;)X;;]

i<j

exp[z 2K ;j(o;0; — 1)]
1

i

(2.5)
with

0=X, =exp(—Kij)s 1 or O0=K,=w,

LY

(2. 6)

The problem is to find a region W * in which a set of
FPWF exists. This is, in general,a very complicated
problem of solving non-linear equations with respect to
the variables {X }} Then, it is convenient to deal with a
special set of {K ;1 which may be expected to cover a
wide region of W*. That is,all X,; in Eq. (2. 5) shall be
set equal to 1, except for the following:

X; forl=j=vr

Xjje = {

.0 forr +1=s=j=p-—1, 2.7

where 7 is defined by p = 27 for pevenand p=27» + 1
for p odd, and {Xj} are parameters in the range

0 =< X; = 1. Thus, weight functions W,({0;}) are ex~
pressed as

W,(01,...,0,,1,1,...,1)

=w, (01,095.4.,0,)
1,...,—-1)

=W, (— 01,—~ 09,000, 0,)
(2. 8)

Wp({oj})= Wy(01,...,0,,—1,—

0 for other configurations.

Now, the relevant problem is to study the properties of
{W,{¢q)} as functions of parameters {Xj}. From (2. 3)
and (2. 8), we have

W,(q) = (‘,Zj)wy({a,-}) [G(Jél o5 —p+ q)
+ 6<Z}oj;1’ —p— )] 2. 9)

J. Math. Phys., Vol. 14, No. 8, August 1973

1089

Clearly, W, (q) has the symmetry property W,(—q) =
Wp(q). For g > 0, it can be written as

r
W,(q) = 25 wy({oj}')ti(Zoj;'f —p+ q)- (2.10)
(Oj) j=1
In particular one obtains that W,(p) = 1,and
W,(0) =2X, for p=27, (2.11a)
w,1) =X, for p=2r+1, (2. 11b)

It is convenient to introduce the following functions:
r
fj(') = Ew‘r({ak})5<2 Op sV — 2j>
{opd k=1
r
=3 1 X,?‘%okﬂ)/z 5(20,, 37— 2]) 8(0,.,151),
{og} k=1 k=1
(2.12)

for j =1,2,...,7. The functions { £{"} are related to
the set W,(q) as follows. When q > 6, we have W,(q) =

£& ;)72 both for p = 27 and for p = 27 + 1. For p = 27,
we have W,(0) = 2f{"). The first key-point of the present
argumvent is to notice the following recurrence relations
for f;7°:

-1 -1

fj(r) =fj(’r ) + X»r 1(_7] ) (2. 13)
forj=1,2,...,7 —1,and £,” = X, for j =». For con-
venience, we use new notations

_ n
Lo X =l (2. 14)
1 .
y, ¥;= j(H) (i=12,...7).

Then, the recurrence relations (2.13) can be written as
y = Ar(X1+]_)x7 (2. 15)

where A, (X, ;) is a linear transformation defined by

L a
*.1 a’
A,{a) = 0 (1+a) 0 (2. 16)
a 1,
a’ 1
with a =X ;. The determinant of this matrix is given
by
(1 —a?)7/2  for r even,
detA, (a) = {
1+ a)(1 - a2)-D/2  for » odd.
2.17
Thus, for 0= a <1 (i.e.,,0= X, ; < 1), we have
detA, (a) = 0. (2.18)

This implies that the matrix A, (a) is an affine transfor-
mation ¢, which has the following properties.

1. One-to-one mapping: If P = Q,then ¢(P) = ¢(Q), and
the converse is also true.

2. A hyperplane is projected to a hyperplane, and
parallel ones to parallel. These properties may be of
use to visualize proofs given below.

Definition 1: Domain D, is defined by
3)1‘ ={x1""7x-r H xj =fj(r) (] = 112!""7)

and 0=X; =1}, (2.19)
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where f].(') is given by Eq. (2.12)

Recurrence relation on D,,:
relations (2. 13), we have

From the recurrence

D, =2,D,, (2. 20)
where a, is a transformation operator defined by
a,T,= {y19 e Y3 Y = A (Y,)X,X € 7,

and 0= y,,, < 1}. (2.21)

That is a, transforms a v -dimensional domain 7, to a
(r + 1)-dimensional region, whose cut perpendicular to
the y,,, axis is mapped from T, by the affine transfor-
mation A, (@) witha=y, ;.

Thus, one arrives at the following result.

Theorem 1: The domain D, is given by
D, =a, 0, 5...0,D; (2.22)
and
D, ={x;0=x, = 1}. (2. 23)

This yields the statement 3 in Sec. 1. The transforma-

tion ¢, is expressed more explicitly in terms of the
inverse matrix of A, (a):
1 —.a
1 0 —a
Al(@) =(1—a?)Y 0 (1 + a)1(1 — a?) ()}
.2 0 1.
—a’ . . 1
(2. 24)

where the central matrix element (1 + a)-1(1 — a2)
appears only for v odd. Thus, one may write as

9)1~+1 = arDr = {ylv L ’yr’yr-vl;A;]'(y'ﬁl)y Eﬁ)'
for 0=y, <Ljory,.,y =1L,3,=9,.4.,=%+%,,4_;,
xe®D,}. (2.25)

Thus, for any value of spin, one can obtain explicitly suf-’
ficient conditions in which ferromagnetic pair weight
functions exist and consequently in which the Lee—Yang
circle theorem is valid.

For example, we have

D, ={y;0=y = 1},

Dy =019, ={y,9550=y;=1+y,<2and 0= Yaks
2 ={91,92:930=y1 —ya¥3=1 (2. 26)
Y, —y193—¥§=2—2y5,0=y; <1,

or 0=y, =y,=<3,y; =1}.

Dy =0a,D

B. Lemmas on r-dimensional triangular cone and
affine transformations

In this subsection, we prove lemmas necessary for
discussing the statement 1 in Sec.1 (or Theorem 2 in
the succeeding subsection).

Definition 2: We define the following domains:

TO ={x,,...,x,;1=2%,2x,2++2x,= 0},
i‘a(r) ={y1"'- 1YY =A'r(a)x’x € T(')}’ (2' 27)
§SO ={yy,...,9,3129,2y,2...2y, = a},
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and
S ={xy,...,x,;A,(@x €5V},

where A, (a) is given by (2. 16) with a in the range

1=a=z=0.
Lemma 1: For 0= a < 1,one has the relation

snc M. (2. 28)

Proof: The condition that A, (a)x € §¢ leads to the
inequality

X;F %, 2 X5, toax, ;. (2. 29)
That is,

Xj— Xjq = @K, ;= Xpuy_;), (2. 30)
for any j. Similarly, one has

Xy = Xypy-j = a(xj — Xj.) (2. 31)

For 0 =< a < 1, the above inequalities (2. 30) and (2. 31)
yield the relation

X2 Xj4q. (2. 32)
In the same way, one can derive

1zx; and x,=20, (2. 33)
from the inequalities

l1=2x;+ax, and x,+ax,=a, (2.34)

which come from the condition that A, (a)x € S(') Thus,
we arrive finally at the inequalities

lzx;z2%x32'2%x,20, (2. 35)
This implies that S¢) C T/,
Lemma 2: ForO0=sa<1,

Smc o, (2. 36)

Proof: The case 0 = a <1 is an immediate conse-
quence of Lemma 1, and the special case a = 1 can be
checked easuy,because the domain 5§ shrinks to the
single point y;, =y, = -+ =y, =1 for a = 1.

Lemma 3:

T+ C @, T, (2. 37)

where the mapping o, is defined by Eq. (2. 21).

Proof: First,note that the cut of (v + 1)-dimen-
sional tr1angu1ar cone TOr+*D aty ., =ais §¢m:

T+ = (§§’),a;05 a=<1). (2. 38)
Similarly, we have
a, T™ = (?‘a('), a;0=a=1), (2.39)

Since § ("’ © T¢” (Lemma 2), it follows from (2. 38) and
(2.39) that TU*D C o T®,
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C. Sufficient conditions for existence of ferromagnetic
pair weight functions

Our aim in this subsection is to prove the following
theorem.

Theorem 2: Forr =1,2,...,we have
T CD,. (2. 40)
This implies the statements 1 and 2 in Sec. 1.
Proof: Clearly,we have
TWC D(TWD =D,;) and T C D, (2. 41)
Now assume that Theorem 2 is true for » = n. Then,we
find
a, T®WCa,®,. (2. 42)
Since ¢, D, =D, ,,,we are led to
a,TWCD, ;. (2. 43)

Combining the above relation (2. 43) with Lemma 3, we
obtain

T+ C D (2. 44)

ntl®

This completes the proof of Theorem 2 by mathematical
induction.

Corollary: We havea,T™ C D, ,.

The above results are summarized in the following
statement. The Lee-Yang theorem holds in the domain
W

W ={90¥1,V25+-- ¥y €D} for p=2S=27 + 1,
and

w = {yo,yl, v ¥y 152Y,5Y € ‘Dr} for p =28 =27,
(2. 45)

where without loss of generality y, = 1 has been
assumed. The domain D is expressed in terms of suc-
cessive operations o IE

D, =0,10, 5...0,9;, (2. 48)

and

D, ={y5;0=y, =1}, (2. 47)

Here the transformation a, is defined by Eq. (2. 21), and
A,(a) is given by (2. 16).

3. APPLICATIONS AND RELATED PROBLEMS
A. The circle theorem of Lee and Yang

In §2, for the region W given by (2. 45), the Hamiltonian
(1. 3) has been reduced to the Ising model with ferro-
magnetic pair interactions in which Lee and Yangl
proved that all the zeros of the partition function lie on
the unit circle of the complex fugacity plane. Then, we
arrive at the statements 1 and 2 in §1.

B. Baker's inequalities

Using the Lee—~Yang theorem and the analyticity of the
free energy proven from it for the usual Ising-Heisen-
berg model, Baker17 has derived the following in-
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equalities on critical exponentsl8:

6= a/(A—y), b6=A/(A—5), A=A, y=y.

3.1)
Quite in the same way, the above Baker's inequalities are
shown to hold for the Ising model with degeneracy (1. 2)
or symmetric potentials in the region W ={1,y,,...,9,;
yeED,} for p=2S=27r + L,and W ={1,94,...,9,.1,
2y,;¥ € D,} for p = 25 = 27 with the definition (1. 5) for
y;. In particular, Baker's inequalities are valid for the
triangular region

3.2)

C. Griffiths-Kelly-Sherman inequalities

The validity of GKS inequalities for the present system
is clear from our observation that our system is re-
duced to the usual Ising model with ferromagnetic pair
interactions, in which Kelly and Shermanl® proved the
inequalities of the forms

(64 = 0 and (040B) = (gA)(0B) (3.3)
for H = 0. In fact, our system is included in Ginibre's
ones,14 in which he has developed a general formulation
of Griffiths' inequalities.

D. Correlation inequalities for antiferromagnets

Griffiths—Kelly—-Sherman inequalities can be easily ex-
tended to the following Hamiltonian with antiferromag-
netic interactions between two sublattices A and B:

I =+ LJIPSHSE — 75 JHSESH— 7 JBSESE
i€A i,jEA i,jEB
jEB

— A2 ¢;(88) — A2 ¢,(SP) + 2 H;S4 + 2, H;SP,
jeA jeB jeA jeB
(3.4)
where
JA

ij?

JE,and J45 = 0, (3.5)
and symmetric potentials ¢; satisfy condition ‘W, and in

particular condition (A).

By using the result pointed out for antiferromagnets of
spin-} by Lebowitz1? from the general inequality of
Fortuin, Ginibre, and Kasteleyn,20 we obtain the follow-
ing propositions: (i) For zero magnetic field, we have
(SA) = 0,and (SB) = 0 if S? is a product of even number
of spins, and (SAS®) < 0 if SB is “odd”; (ii) for all values
of the external magnetic field at the different lattice
sites, we get

(5957) = (S$X(S7) and (SPSP) = (SPXSP); (3.6)

and (iii) for all values of {H,}, we have

(S4SB) = (SAXSB), or (SASE) =< (SAXSE) (3.7
if S® is “even”, or “odd”,respectively, for the Hamilto-
nian (3. 4) under condition W, and in particular condition
(A). Applications of these inequalities to phase transi-
tions of antiferromagnets will be discussed in the next
subsection E.

E. Existence of phase transition

In the Hamiltonian (1. 3), there occur phase transitions
in two and three dimensions, because the magnetization
(S;) is a nondecreasing function of A in the Hamiltonian
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(1. 3) for H = 0, and because Griffiths5 has proved the
existence of the spontaneous magnetization for A = 0
and H = 0. The critical point 7,(A) is also a nondecreas-
ing function of A:

0

—a—xTc(A) = 0.

(3.8)

Similar arguments are valid even in antiferromagnets
described by the Hamiltonian (3. 4) under condition (A)
and in particular (1. 7), because there occurs a phase
transition in the two-dimensional Ising antiferromagnets
with nearest neighbor interactions and because spin
correlations [(S;S;)| are nondecreasing functions of
interactions {J ,,,} as shown in the previous subsection
D. (Note that the spontaneous sublattice magnetization
M, is defined by M2 = lim ;_;_, (S{54).)

4. DISCUSSIONS

The present paper has discussed the Ising model of
general spin with degeneracy or symmetric potentials.
The statements 1 to 3 in Sec. 1 have been proved. In
particular, our explicit condition (A) for degeneracy or
symmetric potentials has the simple physical meaning
that a spin system described by the Hamiltonian (1. 3)
with restriction (A) is more ferromagnetic than the
usual Ising model of general spin (i.e., with degeneracy
Ny =Ny =Ng or a constant potential ¢(p) =

¢(p —2) =...). Thus,our statements 1 and 2 are phy-
gically quite natural results.

= e

Our explicit condition (A) contains the usual Ising model
as a special case, for which Griffiths5 has obtained
more explicit ferromagnetic weight functions. For p
even, he has found a unique solution in the representation
(2. 7). However, for p odd, he pointed out that the solution
is not unique even if one confines oneselves in the re-
presentation (2. 7). These situations are clearly under-
stood from our present arguments as follows. The

usual Ising model corresponds to the special point
(1,1,...,1) in ‘W, which is expressed in (2. 45) by the
following set of {y;} in the domain D,:

yi =¥y =...=y,,=1 and y, =3 forpeven,
4.1)
and
YL =V T eer =Yg =¥, =1 for p odd. (4. 2)

Here recall that the domain D, is expressed again in
terms of successive operations a;:
D, =0, 0,5...0:D. (4.3)
The operation a,_; is essentially the linear transfor-
mation A, _, (a) defined by (2. 16) with a = y,. From the
expression (2.17) for the determinant of the matrix
A, _,(a),it is an affine transformation for p even (i.e.,
for a = y, = 3),hence one-to-one mapping. For p odd
(i.e.,a =y, = 1), the determinant of the matrix is
vanishing, hence there exists no inverse matrix;i.e.,
its mapping is not unique.

In connection with the present model with degeneracy, it
may be of use to introduce the following Ising model of
general spin variable S; assumes the value

Sj=al,az,ag,...,(0),...,—a3,—a2,—a1, . 1)
where
a;zayza;=...2a,=0 (4.5)
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The Hamiltonian has the usual form (1. 1). We may have
the following theorem.

Conjectured Theorem A: The Lee-Yang circle
theorem is valid for the above model under condition (B):

(B) 0=06,=0y=03=---, b,=a,—a,,. (4.6)

In more general, we may have the following theorem.

Conjectured Theorem B: The Lee-Yang circle
theorem is valid for the Hamiltonian:

X’ =— Z)J,-,-\I/(S,-)W(Sj) —A Z(b(S])

—HXR(S;), Jd; =0, (4.7)
00 (5T, 60, and W) satisty the eonditions (€
€) 1. ¥(=9) =—Y(S), k(= S) = —h(S)
and  ¢(- S) = ¢(5), (4.8)

2. 0W(S) =y¥(S) ~¢(S—1) and
6h(S) = h(S) — k(S — 1) are nonincreasing
functions of S for S= 0,
and

3. ¢(S) is such an appropriate symmetric func-
tion as is defined in the region W,

The following several remarks may be useful to dis-
cussions on the above conjectured theorems.

(a) The model (4. 4) may be equivalent to some class of
the Ising model in which S, assumes descrete values

b,p—2,p—4,...,and their corresponding weights are

given by

1,0,...,0,1,0,...,0,1,0,-+-, (4.9)
dy dy

respectively [where d,,d,,... denote numbers of zeros

in the above string (4. 9)], under the relation
81:05:65:... =dy:dyidg: - (4.10)

with 6, = a, —a,,,.

(b) Condition (B) implies that this system is more ferro-
magnetic than the usual Ising model of general spin
(i.e.,61 =62 = 63 .. = 0).

3

(c) For “spin S = £” in the sense (4. 4) (the cases S = 3
and S =1 are trivial), Conjectured Theorem A is easily
confirmed in more general condition by using the re-
presentation

S;=¢10j + €055, 0O =¢%1, (4.11)
with ¢; = 3 (a; + ap) and ¢; = 3 (a; — a,). For
a, = a, = 0, the coefficients c; and c, are nonnegative.
Thus, the Hamiltonian has the form

2 2

=— Ji 40:,0:, —H C,0 4.12
:L:.’ k,él ij Rl Y jRY j1 JZ> kz=>1 kY ik s ( )
with

i =dijce€; = 0. (4.13)
This yields that the Lee~-Yang theorem is valid for the
Hamiltonian (1. 1) with a; = a, = 0, and in particular

under condition (B).
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For “general spin S” in the sense (4. 4), one may use a
representation

m
Sj= 2 o . =0 (4.14)

when 7 = 2m-1 and also v = 271 — 5, if one uses ferro-
magnetic weight functions which give zero weight to
some 27 states of §; = *a; ,... yand £a; . [However,
allowed values of the set aq,a,,...,a, are rather
restricted except for » = 2, and they do not cover con-
dition (B).] That is, obviously the Lee—Yang theorem
holds for such values of the set {a;} as make the re-
presentation (4. 14) possible.

(d) Condition (B) is equivalent to the inequality

(C) dy=dy=dy-- (4. 15)
under the equivalence relation (4. 10). It is not yet

clear whether or not this condition (C) is included in the
domain W discussed in the present paper. Perhaps we
may have to handle more complex representations in
order to obtain ferromagnetic weight functions for con-
dition (B), or equivalently condition (C).

(¢) The model with unequal separations (4. 4) discussed
above becomes equivalent to a special case of (4. 7) with
A= 0and

V(@) = h(a) = a(ygenya- (4. 16)
The present result on the Lee—Yang theorem or its
generalized proposition that all the zeros of the parti~-
tion function lie on the imaginary H axis may be also
true (Conjectured Theorem C) for the following aniso-
tropic Heisenberg model of general spin with symmetric
potentials ¢(S]-z) satisfying condition (A):

I =— L UGSTS] +J1S1S] +J1;Si8]) — A ¢(S))
—~HXYS;, (4.1
withJ ;= [J5], J®= |J7;|,and A = 0. It is clear for

i

¢(S5) = (S;)2 from the arguments by Suzuki and
Fisher.?
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It should be also remarked that correlation inequalities
have been extended to several other systems,20.21

Applications of the present results to alloy problems
will be discussed in a separate paper.22
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The equivalence is established between dual pairs of variational functionals (Kohn type) derived from
the differential equation description of potential scattering and other dual pairs of variational
functions (Schwinger type) derived from the integral equation description. Apparent differences are
resolved by suitable choice of trial vector. The Kohn functional and minus the Schwinger functional

are shown to be duals of each other.

1. INTRODUCTION

A not uncommon view? is that differential and integral
equation descriptions lead to essentially different varia-
tional functionals for scattering processes. Dual pairs
of variational functionals have been derived2~5 which
provide (under favorable circumstances) upper and
lower bounds on phase shifts and scattering lengths;
the pairs of functionals from the differential and inte-
gral equation approaches are apparently quite different.
In this paper actual equivalence of functionals derived
from the two approaches is demonstrated, apparent dif-
ferences being resolved by choice of trial vector. Fur-
ther the dual role of Kohn- and Schwinger-type func-
tionals is revealed. Relationships between functionals
from the two approaches are not new, 10 but these
particular equivalence and duality properties may not
previously have been realised. For simplicity only
potential scattering is considered, but extensions are
possible.

2. SCATTERING EQUATIONS

Scattering at wavenumber k& by a short-range potential
proportional to g(») gives rise to an /th partial wave
¢(r) with the differential equation description
2
_L_k2+M+q(7) ¢(’r)=0, D<sr<ae,
dr? r2

(1)
¢(0) = 0, )

¢(r) ~ oftann, cos(kr — 3lm) + sin(er — 31m)} as r— «.

@)

If g(r) is absent, the solution with proper behavior is
$o(r) = akrj,(kr) ~ a sin(kr — 31n). (4)

Popular choices for the normalization constant o are
1 and 1/k, but zero-energy scattering is described by
the choice k-1 and procedure to the zero-k limit.

The equivalent integral equation description of ¢(r) is

¢(r) + fom[— krr'j (er _In kr K q(r')o(r')dr = ¢o(r), (5)

in which j;,n, are spherical Bessel functions and LTI
denote the lesser and greater of 7, 7',

We think of (1) and (5) as operator equations. Let X
play the role of the differential operator {— d2/dr? —
B2 + 1(I + 1)/ 72} and let @ denote multiplication by ¢(»).
Then the differential equation (1) takes the form

0(+Q)¢=0’ ¢€qu (6)
where -
Xpo =0 M
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and ¢ goes to ¢, if @ disappears. Likewise if ¥ plays
the role of the integral operator with symmetric kernel
— krr’j ,(k’r()n,(k'r>), the integral equation (5) becomes

¢+ YQ¢= ¢09 ¢ED¢, (8)
or in symmetrized form

(YQ + Q)¢ = Q¢y. 9)
Here

XY = unit operator (10)
and

so that Y is only a one-sided inverse of X .
The real vector space Dy, on which X, @, and Y are de-
fined does not admit the scalar product
oo
@y, &) = [ 2, (N%y(r)dr (12)

because this integral diverges for vectors & behaving
as in (3). However, we are only concerned with scalar
products of type

(@, Ad,) = L‘” @, (r)Ady(r)dr, (13)

where A is an operator like X or @ and the integral in
(13) exists. Let us define

A(@,, 3y) = (B,, Ady) — (A, B,), (14)

which is a quantity which vanishes when A is self-
adjoint, as when A= @ or A = QY@. The operator X is
not self-adjoint, since

de de] ~

e, @ =[—c1> —2 4+ —1J

(@1, 22) 1 dr 2arlo (15)
is a nonvanishing boundary term.
The variational functionals discussed below are sta-
tionary around the quantity
- X(d); ¢0) = <X¢y ¢0> = (Q¢: ¢0>

= — (¢, Qpy) = ka? tann,, (16)

which is of physical interest, being proportional to the

phase-shift tangent (or generalized scattering length at
zero k).

3. VARIATIONAL FUNCTIONALS FOR (Z+ Q)¢ = f
(Z SELF-ADJOINT)

A. Basic dual functionals
Equation (9) is of the standard type

Z+Q=/, 1

Copyright © 1973 by the American Institute of Physics 1094



1095 Peter D. Robinson: Equivalent variational functionals

where Z and @ are self-adjoint operators and @ has an
inverse Q1. Associated with (17) are dual variational
functionals

J(@) = (@, (Z + Q)®) ~ 2(&,/) (18)
= J(¢) + B¢, (Z + Q)od) (19)
and
G@) =—@,20— (22— /), @ Z& ~ [N (20)
= G(¢p) — (09, Z6¢) — (Zd¢, Q"1Z5¢), (21)

each of which is stationary around the common value

() = G(¢) = — <,/ (22)

for variations in & = ¢¢ + 8¢ around ¢, the solution of
Eq. (17). The functional J(®) is just a Rayleigh-Ritz
functional, and G(®) can be derived from the Rayleigh-
Ritz functional for a new equation obtained by operating
on (17) with Z@-1.

The basic functionals J and G are called dual, or com-
plementary, for two reasons. Firstly they provide upper
and lower bounds

J@ >~ $,/) = G® 23)

under favorable circumstances, as, for example, when

Z and @ are each positive operators. Secondly (and
more fundamentally) they can be derived in a dual man-
ner when Eq. (17) is decomposed into a pair of canonical
Euler-Hamilton equations.275

B. Schwinger-type functionals

The J and G functionals for equation (9) are respec-
tively the Schwinger11.12 functional and its dual. Call-
ing them J and G, and setting Z = QYQ,f = Q¢,, we
obtain for a trial vector ¥

JE) = (L, (QYQ + Q) — 2(¥, Qo)

G(¥) = — (¥, QY QW) — ((YQ¥ — ¢), QYQY¥ — ¢,))
(dual Schwinger). (25)

(Schwinger), (24)

These functionals are stationary around the quantity
J@) = §(¢) = — (¢, Qpy) = ka? tany, . (26)

[Schwinger's name is often attached to the stationary-
amplitude form of (24), i.e.to J(¢t¥) with 69/9t = 0,
which is — (¥, Qp,)2(¥,(QY Q@+ Q)¥)-1. But here we are
not concerned with special cases of the functionals.]

4, VARIATIONAL FUNCTIONALS FOR (X + Q)¢ = 0
(X NON-SELF-ADJOINT)

A. Preliminaries

The scattering differential equation in its operator
form (6) is not an example of the standard type (17)
because X is not self-adjoint. However, there is the
compensation of zero f, and we may still consider the
J and G functionals which are simply

J(B = (8, X + Q®), (27)

G =— (0,X0) — X, QX - (28)
with the property that

J(¢) = G(¢) = 0. (29)
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Instead of the variational principles (19) and (21) we
have now

J(@) — J(¢) — (P, D = O¢, (X + Q)69), (30)
G(® —G) —X(@,d =— 6¢,X6¢) — Xb¢,Q X0¢) ‘@1

As they stand, Eqs. (30) and (31) are not true variational
principles of the type

OF = F(®) — F(¢) = 0({6¢, 6¢)), (32)

since there is insufficient knowledge of the boundary
term X (¢, $) which arises because X is not self-adjoint.

B. Kohn-type variational principles

To make progress the class of trial vectors is re-
stricted so that, for arbitrary ¥,

& = ¢y — YQU. (33)

Then, like ¢, ® goes to ¢, if @ disappears. Further, if
¥ is an iterative approximate solution of Eq. (8), then &
is the next iterate. This sensible choice of trial vector
leads to a favorable expression for X(¢, . From (7),
(10), and (33) it follows that

X =— Q¥ (34)
so that

b =¢,t+YX0, (35)
Thus

= (¢, + YX¢,XB — X¢, 9, + YXD
= (X9, ¢, — X, ¢y + ¥(X&,X0). (36)

Since Y is self-adjoint, the last term in (36) is zero.
We are left with

X, ® = S(® — S@) = 55, (37
where
S(P = X&, ¢, . (38)

The left-hand sides of Eqgs. (30) and (31) are now &(J — S)
and 6(G — S), so we have recovered true variational
principles, namely the Kohn principle (or Spruch-Rosen-
berg12.13 at zero k) and its dual. The dual variational
functionals

J(P — S(P = (¢, X + Q)P — X, ¢o) (Kohn) (39)
and
G(® — S(®) = — (&, XD — (X&, QX&)
— (X®,¢,) (dual Kohn) (40)
are each stationary around the common value (cf. (26)]
= S(0) = — K¢, q) = &, Qdy)
=—ka? tann, = — J(¢) = — G(¢). (41)

Since from (4) and (33) we have

& ~ o[B cos(kr — 3 In) + sin(kr — 31m)], (42)
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where

—aB = |7 rj (kr)g(n ¥ (dr = (Q¥, ¢o/ka), (43)
it follows that we may substitute

N ¢ )= kalB (44)
in the Kohn-type functionals if desired.

C. Equivalence

It appears that there are two different pairs of dual
variational functionals for the quantity — ka2 tanyp,,
namely the Kohn pair involving the differential opera-
tor X, and minus the Schwinger pair involving the inte-
gral operator Y (a one-sided inverse of X). But the
difference is illusory. Substitution for & in terms of
¥ from (33) and (34) into (39) and (40) shows that

(Kohn) J(®) — S(&) = (P, QP + XP, & — ¢0)
= o, — YQ¥), Q(¢, — YQ¥))
+ (¥, YQW) = — G(¥)
(— dual Schwinger), (45)
and also

(dual Kohn)  C(d) — S(D) = P, — YQ¥, ¢¥)

— Q¥ ¥) + (QT, ¢
=— (¥, QYQ¥) — (¥, Q¥)
+ A2V, Qo) = — J(¥)
(— Schwinger). (46)

5. DISCUSSION

We see that when the trial vectors @ and ¥ are related
by Eq. (33), the Kohn variational functional is equivalent
to minus the dual of the Schwinger variational function-
al, and the dual of the Kohn is equivalent to minus the
Schwinger. The Kohn functional and minus the Sch-
winger functional can therefore be regarded as duals
of each other. Note that although the trial vector ¥ is
arbitrary, Eq. (33) places a restriction on ¢. This re-
striction does not mar the equivalence as it is necess-
ary anyway for the existence of the Kohn-type varia-
tional functionals.

Conditions under which Kohn-type and Schwinger-type
variational functionals provide upper and lower bounds
on phase-shift tangents and scattering lengths have been
investigated elsewhere.275.9.14 QOften it is easier4.14
to establish these bounding properties for Schwinger-
type than for Kohn-type functionals. The equivalence
proved here means that whenever Schwinger-type func-
tionals provide upper and lower bounds, so also do the
Kohn-type (always provided that the respective trial
vectors are appropriately related). Further in such
circumstances the Kohn functional and minus the Sch-
winger functional will provide dual bounds.
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In conclusion it is perhaps relevant to remark that the
equivalence properties established above were sugges-
ted to the writer by somewhat similar results which
are available for the standard equation (17) when the
self-adjoint operator Z has a two-sided inverse Z-1
and no boundary terms are involved. Operating on (17)
with QZ-1, we have

(@Z-1Q + Q)¢ = QZ- Yy, (4"

which is again of standard type. Thus, by analogy with
(17)~(22), the dual variational functionals

J(¥) = (¥, (QZ1g + Q¥) — 2(¥, QZ-1f), (48)
G(¥) = — (¥, QZ-1Q¥) — (Z-1(QY — f), QZ-1(Q¥ — f)) ”

have common stationary value

J(¢) = G@) =— ¢, QZ"Y)

=—{Z°1Q¢,f) = &,f)— (fZ-1) (50)
and lead to the pair of variational functionals — [7(\11) +
, Z71)] and — [G(¥) + (f, Z-1f)] for the quantity — (¢, f).

These apparently new functionals involving Z-1! in fact
satisfy the relations

J(W) +{f,Z7) = — C(9, (51)

G(¥) + {,Z7) = — Jd(P), (52)
where

Zd + Q¥ = f. (53)
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Linear differential equations generating finite canonical transformations are obtained for cases where
the infinitesimal generator w(g,p) is a homogeneous function of degree a in either one or both

canonical variables.

1. INTRODUCTION

In a previous article,l the author discussed the rela-
tionship between the finite and infinitesimal represen-
tations of a one-parameter subgroup of canonical trans-
formations given by

Q= Q(q’p»T)! P= P(q,P, T)) (1)

with ¢ and p denoting canonical variable n-tuples, T a
real 1-tuple parameter, and where 7 = 0 corresponds
to the identity transformation. By using Lie represen-
tation theory together with the infinitesimal generator
«(g, p), canonical transformations of the form (1) are
obtained through the formula2

(§)-rols)

with
_ w 0 dw 3d
T(T) = exp [‘r (a—pl a_q, —_ 5&; -a?l)}, (3)

and where the summation convention is employed over
repeated indices. In addition, the operator T(r) satisfies
the function theorem for Lie representations given by

T(1)f(q,p) = f(T(r)q, T(7)p) 4)

for an arbitrary observable f(g,p). Although the more
lucid Lie representation is convenient from the point
of view of infinitesimal transformations, the generation
of finite transformations is not generally straightfor-
ward since this requires the evaluation of the formal
operator 7(r) in closed form.

An alternative method3 for constructing canonical
transformations of the form (1) makes use of finite
generating functions §,, explicit in one old and one new
canonical variable n-tuple. Because the transforma-
tions (1) require connectivity to the identity, only the
functions F,(¢, P, T) and F4(@,p, 7) are of interest,
generating canonical transformations through the
relations

0F oF
p(‘l’PyT)z“—z: Q(q,P,T)=——E, (5)
o1} oP
- 0%, ( ) ast ©)
q(@,p,7) = '5: o, T —_—a_Q-,

where free indices are suppressed for notational con-
venience. The general relation between the above finite
and infinitesimal representations of the one-parameter
subgroup of canonical transformations (1) was found?
to be simply a generalization of the Hamilton-Jacobi
equation subject to certain boundary conditions. These
relations for the functions §, and §, are given by

0 aF 0%
_zzw(q,*2>:w<_z, > o
dq P
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f'!:2(51’ P,0) = qui = q;0; )
oF g oF
2 = 0)('— —3,P) = Q)(Q,——3>, (9)
aT ap 0w

53(Q’p; 0)=— Qip,' =- q,-P,- . (10)
Formal integral representations of solutions to the
above equations for §, and F,, analogous to the action

integral of Hamiltonian dynamics, assume the form

T dPp,
F,(@, P] = f <Qi — + w(®, P))dT + q;b;, (11)
Y dr
T de;
Sl Pl= [ (- P, + w(q, P))d'r g, (2)
0 dr

The differential equations (7) and (9) together with (5)
and (6) provide general prescriptions for obtaining
closed form evaluations of (2) for a given infinitesimal
generator w(g,p). However, this procedure can itself
be difficult because of the generally nonlinear charac-
ter of (7) and (9).

In the present paper, we note that for cases where

w(g, p) is a homogeneous function of degree ¢ in either
one or both canonical variables, additional linear differ-
ential equations are obtained for the transformation (1),
resulting in a procedure possibly preferred over both
direct evaluation of 7(r) and the Hamilton-Jacobi
method.

2. PRELIMINARY ANALYSIS

By treating §, and ¥, as functions of the original cano-
nical variables g and p, direct application of (5) and (6)
yields the conditions

(2, 1ol
37, P'T-—P Q, 37 ot

(13)
)., = ()
Yy = Q vy ’
b /g ‘\op /g ¢
oF 0@,
(), -9,
9/ pr 4/p.1 (14)
aF > (a Q.>
3 i
- =—qg - Pl .
< ap q,T 1 : ap q.7
Using Poisson bracket notation defined by
_9of og of og
[f;.%’]—aqiab-i—aa‘%, {15)

we see that suitable linear combinations of (13) and (14)
give the general differential equations

Copyright © 1973 by the American Institute of Physics 1097
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[P, F,] + b, <£> =0, (18)
api q, 7
9@ _

[@ 53] + 4 <aq,> =0, an
0X 0X

sl +al3y), a3, =% o

(3

where we have introduced the convenient definition
Fg=F, + F,. (19)

Although valid in general, these relations are not useful
unless one of the finite generating functions ¥, is known
in terms of the original canonical variables ¢ and p.
However, it is shown in what follows that explicit ex-
pressions for ¥, and §; in terms of ¢ and p are easily
obtained for cases where w(g,p) is a homogeneous func-
tion of degree & in either one or both canonical variable
n-tuples.

3. HOMOGENEOQOUS INFINITESIMAL GENERATORS
We first consider the special case defined by
w(rg, p) = 2owl(g, p). (20)

By applying (2), the function theorem (4) and (20) to (11),
we obtain

F, = f T(T)( q; aq 2+ w(q,P)>dT + g;b;
=7(1 — a)wly,p) + ¢;p;. (21)
Substitution of (21) into (13) and (16) then yields the
system of linear equations
- el +a3) =0, (22)
q; b, T
] (aP,.) )aw (23)
Q‘- —é—(‘l— P’T—T(l—'a é-q—
Similarly, for the case given by
w(q: Ap) = R"‘w(q:P), (24)
we find that
Fy=711 — a)wlg,p) — g;b; (25)

This result together with (14) and (17) gives the equa-
tions

(1 — a)[@ ] + 5, (a;? =0, (26)

P, (%%) =7(@—1) g; @7
Finally, for the case defined by

wrg, Ap) = X%w(q, p) (28)
it follows that

F5 =72 —a)wlg,p), (29)
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which when substituted into (18) yields
X 90X
T2 — o) [X,w] + +p, = = X. 30
e-amela(F) oa(), -x @
Solutions to each of the above differential equations
must satisfy the conditions
Qg,p,0)=gq, Plg,p,0)=p (31)

It is important to note that for certain singular values
of a, @ =1 in (20) or (24), and o = 2 in (28), the content
of the corresponding differential equations is minimal
and the solution method breaks down.

To illustrate our procedure for obtaining finite canoni-
cal transformations of the form (1) from a homogeneous
infinitesimal generator w(g, ), we consider the special
case given by

wlg,p) =prqgl, n=1. (32)
Since (32) satisfies (20) with @ = [, substitution into
(22) and (23) yields the equations
[¢ + 70— Dkpr1g1] 22 _ [ —pprgr1] 22 = g,
Q5= Tl — iprqt, (34)

Integration of (33) subject to (31) using the method of
Lagrange,4 together with (34) yields the relations

ql(e —Dpr-tgiir +1JMGD, k=1,

' Py = 35

Qlg,p,7) {q exp(LTpi-1gi-1). k=1, (35)
Pl —Dpr-1gi-1r 4 1]/ @B, k=1,

P(q,P, T) = { [ _ _ ] (36)
p exp(— Irpi-lql-1), k=1,

That the expressions (35) and (36) constitute a canonical
transformation can be easily shown by verifying that
they satisfy the fundamental Poisson bracket relation

[@ P]=1.

Furthermore, since (32) also satisfies (24) and (28), the
above transformations can be obtained from one of the
other systems of differential equations. Consequently,
as can be verified by explicit calculation, the relations
(35) and (36) also satisfy (26) and (27) with o = 2 and
(30) with o = & + 1.

The above procedure for obtaining finite canonical trans-
formations of the form (1) from a homogeneous infinite-
simal generator w(g, p) is amenable to linear methods,
and therefore may be preferred over both closed form
evaluation of T(r) and the Hamilton~Jacobi method.

*Work supported by a National Research Council of Canada
Postdoctoral Fellowship tenable at the Atmospheric Environment
Service, Toronto, Canada.
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3H. Goldstein, Classical Mechanics (Addison-Wesley, Reading, Mass.,
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Investigations of static gravitational fields in paper I are continued further. Instead of the system of
second order partial differential equations in I, the equivalent first order system involving the Ricci
rotation coefficients is dealt with here. The algebraic and the differential dependences among the
equations have been sorted out to prove that the system is determinate. Then an attempt towards
classifying this system of partial differential equations has been made. Except for “the potential
equation” which is obviously elliptic, the remaining system is hyperbolic for which the characteristic
surfaces have been determined. To obtain some exact solutions the lead of Newman—Penrose is
followed in constructing the complex linear combinations of the equations. The class of static
universes where “gravitational lines of force™ are geodesics have been found. In this class one
subclass is transformable to the conformastat metric and the remaining one reduces to a new metric
involving the gravitational field of an arbitrary number of parallel infinite plates clamped at infinity.
The source at infinity corresponds to that of the Newtonian potential ¢ =(1/2)[(m + 1/2)(x1)2
—(1/2){m + 1/2 — (m2 — 1/4)/2} (x2)2 — (1/2) {m + 1/2 +(m2 — 1/4)112} (x3)2]. This metric belongs
to the nondegenerate Type I of Petrov’s classification scheme. Next the class of static universes with
“shearfree lines of force” is obtained. Here too one subclass goes over to the conformastat metric and

the remaining one reduces to a Weyl-type universe.

1. INTRODUCTION

In the study of gravitational radiation, Newman and Pen-
rosel have used successfully the method of complex
Ricci rotation coefficients. Perjes2 has recently applied
the Ricci rotation coefficients to the stationary fields.

It is pertinent to ask then what a similar method can
offer in the more limited area of static gravitation which
has been partly explored in paper 1.3 Here the static
gravitational equations have been expressed as first
order partial differential equations involving the Ricci
rotation coefficients. But unlike the previous authors
who used R ,,-p = C,5cp s field equations and treated
the right-hand sides as inhomogeneities compatible with
Petrov classification, here the field equations R, ;= 0
have been used. Furthermore, in the complex combina-
tions of the field equations the spinor considerations
have been discarded in favor of an alternative combina-
tion, more suited to the static situation.

The number of real first order equations derived ex-
ceeds that of the unknown functions. But when all the
algebraic and differential identities are taken into
account the system turns out to be determinate.

In the next theorem the system of quasilinear first
order partial differential equations which are equivalent
to the static field equations has been classified. The sys-
tem turns out to be hyperbolic when the single ‘potential
equation’ is excluded. Characteristic surfaces for the
hyperbolic equations are found together with the con-
straining condition on the Cauchy data prescribed on a
characteristic surface.

One of the motivations behind the derivation of the first
order system is to obtain some exact solution repre-
senting a special class of static gravitational universes,
For that purpose certain complex linear combinations
have been taken which are not a consequence of spinor
considerations, Besides that two of the coordinates have
been chosen to be the complex conjugate coordinates.

In Newtonian physics the class of gravitational fields
with lines of force being straight lines is generated by a
sphere or an infinite rod or an infinite plate or some
suitable superposition of these sources, The Einsteinian
analog of this problem is the class of static universes
with 'lines of force' being geodesics. This class is
found by solving the first order system involving com-
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plex Ricci rotation coefficients. It turns out that the
universe due to a sphere or a rod or a plate (but not any
superposition) is still in this class and any one of these
is reducible to the conformastat form. In addition there
exists another class without Newtonian analog which is
transformable to a new metric. This metric physically
represents the gravitational universe generated by an
arbitrary number of parallel infinite plates held together
at infinity. The mass at infinity corresponds to that of
the Newtonian potential

¢ = (1/2)[(m + 1/2)(x1)2 — (1/2){m +1/2
— (m2 —1/4)V/2} (x2)2— (1/2{m + 1/2
+ (m2 — 1/4)1/2}(x3)2].

This new metric belongs to the nondegenerate class
[12,12,12] of Petrov's classification scheme. All these
results are concisely stated in Theorem 3.

The next theorem deals with the class of static uni-
verses with ‘shearfree lines of force’. One subcase
turns out to be of the conformastat form and the other
reduces to a Weyl-type metric.

2. DEFINITIONS AND NOTATIONS

V4 denotes a Riemannian universe of events. A point

% € V, has coordinates x ({ and other Latin indices take
1,2,3,4). A x%-constant spatial universe of V, is de-
noted by V; and a point x € V3 has co-ordinates x* (o
and other Greek indices take 1,2, 3),

=— e~ &g (x)dx*dx8 + ev@(dxt)2,

The metric form & = g, ,(x)dx*dx? defines a positive
definite V. '
A domain of V, is purely gravitational provided the

Ricci tensor R;; = 0 there. It follows3 then in the spatial
domain of V, for a static gravitational v,

‘;aa = Eaﬂ + %w,aw.ﬂ =0,
(F) —
PEAyw =0,

where comma denotes partial derivatives,R , is the
Ricci subtensor of V,, and A, is the invariant Laplacian
in V,.

Copyright © 1973 by the American Institute of Physics 1099
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In addition to this summary of the definitions and nota-
tions in the paper3 denoted by I, the following will be
needed.

__ Definition 1: An orthonormal triad field A ,.%(x) in
V; satisfies

Ay RApy = VY

- @.1)
Aadtag = Easl®),

where §,; is the Kronecker delta and the summation

convention is followed on the capital Latin labels that

take 1, 2, 3 except when otherwise mentioned.

Definition 2: The set of invariants of a tensor field
T, (%) in V, relative to X ,.%, are defined to be

_ 8-
Tpg..cp-- = Xaarpp* Ao Ap 8- -Tys. « (2.2)
Remark: Because of the bisymmetry of the corres-
pondence between tensor components and its invariants
any tensorial relationship not involving derivatives will

be preserved in invariants,

Definition 3: The intrinsic derivative of an invariant
is defined as follows:

Tpgeots = Tage. ahs® (2.3)

Definition 4: The Ricci rotation coefficients are de-
fined as
Yasc = Aaumw A -FAc Yy (2.4

where the double stroke denotes covariant derivative in
Vs.

Definition 5: The set of invariants corresponding to
the Riemann and Ricci tensors in V5 are denoted by
R, gcp and R, 5, respectively.

3. STATIC GRAVITATIONAL EQUATIONS
IN TERMS OF THE INVARIANTS

For the sake of subsequent use, condensed results of six
known results? will be displayed below.

(1) yasc=—vsac, 3.1)

(li) T"‘I[AB]"' YC[AB]T.'IC= 0, (3.2)
where the square bracket around two indices denotes
antisymmetrization.! (The present notation differs from
that of Schouten by a factor 2,) Choosing T+ = x* one
obtains

(M): A 2 A8 —ApE ApY + yepaprcd =0, 3.29)
(i) Rapcp=vasicin * YasuYuich
+ ¥YMADYMBC — YMACYMBD- 3.3)
(iv) Rpcp=— Rpacp = Repasr  Basen =0
Roapc=Rap=Rpa, (3.4)

where the square bracket around three indices denotes
the cyclic permutation, 1

(V) Rapcp=0apRpc—04cRap+ 0pcRap

= R
—OppRyc * E(GACOBD —08,4p05c), (3.9)

J. Math. Phys., Vol. 14, No. 8, August 1973

1100

(vi) (B): Rpicpip= YAM[E RCD]MB - VBM[ERCMMA

+ R apuroy¥ecs — Rasuipr¥css

_ (3.6)
where y¥5c= yypc-
Static gravitational field equations in terms of the in-
variants are the following:

(F): Gag=Rpg+ 3w, 0,5 =0, 3.7
P=wWsat vcasW,c= 0.

These follow from (F). But for the present purpose
equivalent equations which follow from (4. 6) of I, will be
written below:

(5"): 0ppep =R apcp + 3(6 4pW | 5w ¢ — Sact 1500
+ 8pcW |, W 1p — Oppt |4 )
+ 60 5% ) (B4 c8 5p — O4pBc) = 0,

Results (3.1)~(3. 8) followed from well-known tensor
equations in Riemannian geometry together with static
gravitational equations (F) or (F”) in 1. To simplify the
field equations the congruence of A 4, will be chosen to
be normal. In a V, this choice can be made without loss
of generality. This assumption brings in the following
simplifications:

p = 0. (3. 8)

lAot = U(A)fA,a (A not summed), (3- 9)
YaBc = 0! M’B,C ¢)’ (3' 10)

(N): Yrppir — YRPPIL Y YRLLYLPP— YLRRYRPP= 0,
(no summation and L, P,R =). (3.11)

Making the coordinate transformation x’'1 = f, (x), x'2 =
J2(x), x'3 = f3(x) and dropping primes subsequently,
(3.9) goes over to

A ao = Uyl ag: (3.12)

A more convenient nomenclature will be introduced in
the following:

U=Ugy V=Ug W=DUg (3.13)
a=y121, O =v1220 I=%131, P=7133
S =1v¥a325 ! =7¥233 (3.14)
From definitions one obtains
vz 0 0
Z,)=(0 v2 0), www>q, (3.15)
0 0 w2

T.,_ 11 = U_lT...']_,
T... 3= W-lT....3o

Putting (3. 12)—(3. 15) into (3. 8), (3. 2’), (3. 11) one gets,
respectively,

T..p2= V_]‘T.-.,zs

(E"): U —Via,+a2+b2+1s

+ (U2 + V2w% —~W2w3) =0, (3,16a)

Uln — Wil z+12+n2—at
+ 302w} — V2w + W2w3) =0, . 16b)

V-it , —W-ls g + s2+t2+bn
+ i U2w3 + V-2w3 +W2w%) =0, (. 16c)
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Voin , + e —b) + 3UIV-1w,,m , = 0, (3. 16d)
U4, +nfe+t)+ %U‘*W‘lw.,}a)_2 =0, (3. 16e)
W-la 3 — la + 1) — 3V-W-lw ,w 4 = 0, (3. 161)
Vi, —a(l ~s)— 3VIW-lw w , =0, (3.16g)
U-lsy —b(l —s)~— sWWU-lw qw 4 = 0, (3. 16h)
Wb 5 + s —b) + ; W-U-lw gw , =0, (3. 161)
p=U2w )+ V2w 55 + W2w 35
+w (UHU1) ,+b+n)
+w (VUYL , +1—a)
+w G (W-UW1) 5 — [ — s) =0, (3. 16§)
(M): (InU) g =— aV, (3.17a)
() 5 =— IW, (3.171)
(nv) ; = U, (3.17¢)
(V) 5 = — sW, @3.17d)
(InW) , = tV, (3.17¢)
(InW) , =nU, (3.171)
(N): Wla,— V-1l ,—tl—sa=0, (3.18a)
Wb, +Uts , ~b+ns=0, {3.18b)
Ut y—Vin,+bt+an=0, (3.18¢)

The system of partial differential equations (3. 16a)~

(3. 18c) has 19 equations in 10 unknown functions, But
there exist 9 identities (algebraic and differential) which
make the system determinate, (N) is satisfied identi~
cally by algebraic combinations of (3. 16d)—(3. 16i). (M)
and the 3 integrability conditions of (M) imply 3 equa-
tions obtainable by the algebraic combinations of

- v-i¢, 0 0
U-i¢, 0 0
0 —W-1 0
A=anp, = $3
’ 0 U-1¢.1 0
0 0 ~Wigg
| 0 0 V"1¢,2
Now the characteristic determinant
det{d) = 0=> ¢ 9,945 = 0. (3.21)

The above condition shows that the system is hyperbolic.

From (3. 21) one concludes that for a surface S: ¢ =03
¢o* 0(a=1,2,3), det(A) = 0. On S however u! ¢ , —
uisp , is an interior derivative, Hence u , is known in
S'from the data if u , is known. Multiplying (3. 19) by

¢ . one has

gp’qL{u) =A8§o'3u'“ + ga =4u , + g.=0, {3.22)

where g is an interior derivative onu in S. Hence under
the condition det(4) = 0 the system (3.22) of linear
equations for the vector u , determines it uniquely.

The condition (3. 21) under the restriction ® a¢,a> 0
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(3.16d)-(3.161). In (F”) there exist three differential
identities which are related to the Egs. (3.5). This
accounts for 9 identities. Therefore, the system is deter-
minate,

Now an attempt towards the classification3 of the system
of quasilinear partial differential equations (3. 16a)~

(3. 18c) will be made, In this discussion the potential
equation (3. 16j) which is obviously elliptic, will be ex-
cluded. The remaining first order system is equivalent
to the usual second order field equations in orthogonal
coordinates. Remembering this fact,5 independent equa-
tions that have to be chosen from the system (3. 16a)—
(3.18c) are (3. 16a)—(3. 16¢c) and (N). Now the theorem
regarding the classification can be stated below:

Theorem 1: Let the Ricci rotation coefficients a, b, I,
n,s,tbeof Ct and U,V,W of C2 with UVW > 0inD C
Vs .

(i) Then the system of first order quasilinear partial

differential equations (3. 16a)~(3. 16¢), (3. 18a)—(3. 18¢)
is hyperbolic.

(ii) If a surface @(x1,%2,x3)=0issuchthaty =0
{a = 1, 2, 3), then from arbitrarily prescribed Cauchy
data on the surface the derivatives a ,...,{ , can be
uniquely determined.

(iii}) If a surface ¢ = 0 is such that any one or two (not
three) of ¢ . is zero than it is a characteristic surface
of the system of partial differential equations. More-
over,3 is a differential relation which restricts the
Cauchy data on such a surface,

Proof: Defining [ul,u2,...,u®] =[a,b,...,t] the
system of differential equations can be written as

Lj(ui) = aij,uu‘iy +b4i=0,4,j=(1,...,6)
or (3.19)

Lig)=A"a , +b=10,
where the matrix AY = (@%%) and the vector b= [5%] do
not depend on the derivatives u?,.

For a surface S: ¢(x1,22,%3) =0, ¢ ¢ > 0,the
characteristic matrix isS

0 W1 4 0
0 0 W“1¢’3
0 - V-1¢.2 0
v-ie, 0 o |- (3.20)
] 0 U-lg,
—_ U‘1¢.1 0 0 N

gives a characteristic surface S,. Now the condition
det(A) = 0 = 3 v(x1,x2, x3) 5 Av = 0. Multiplying (3. 22)
by vt yields an equation

vig L.u) =vig, =0,

expressed by an interior differential operator on the
data along S; this operator v%9;, does not contain u? .
Thus v'9,, = 0 is a differential relation which restricts
the initial values of u* on S,.

4. COMPLEX CONJUGATE COORDINATES
AND COMPLEX ROTATION COEFFICIENTS

For the purposes of obtaining a solution, the system of
partial differential equations (3. 16a)—(3. 17{), one intro-
duces complex conjugate coordinates, complex Ricei
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rotation coefficients, a suitable triad and three suitable
coordinate conditions.

The triad field will be chosen such that the congruence
of A, is normal to the surfacew(x). This would imply
that

Mo=Uw,, (4.1)

Y123 = Y132- (4. 2)

Congruences A,%, A, are chosen to be the first and
second normal respectively to the congruence A2 (“lines
of force”). This choice introduces the simplification

y131 = 0. (4.3)
The three coordinate conditions to be imposed are

w = xl,

&23=0, (4.4)

5’22 = 5_’33-

The first choice implies that x, = U6, , and the two
other choices are made to simplify the Egs. (3. 8).

The following linear combinations of vy, in the complex
field will be made:

A= (1/2)1/2y121, (4. 5)
B= (1/2)y122 — ¥133) * iv123s (4.6)
H= (1/2)(')’122 + v133) 4.7
0 = (1/2)Y2(y,33 — iya32), (4.8)
pP=—1iyyg,. (4.9)

Here and subsequently capital Latin letters will indicate
real valued and Greek letters indicate complex valued
functions, Geometrically, (24)1/2ip, §,H indicate respec-
tively first, second curvature, complex shear, and diver-
gence of the “lines of force”,

Furthermore, a formal transformation to complex con-
jugate coordinates4 will be made by

22 = x2 + §x3,
22 = x2 — ix3, . 1?)
It should be mentioned that a coordinate transformation
of the type

%'l = x1,

2’2 = (&, 22),

22 = F(a1, 22), (4.10")

where f(x1, z2) is analytic with respect to z2 and the bar
denotes complex conjugation, does not disturb the co-
ordinate conditions implied in (4. 4).

Because of (4. 4), (4. 10) the complex triad field in com-
plex coordinates must be of the following form:

A= U(x1’z2,zz')5lw (4.11)
Ag=22=U15.2 + n(xl,zz,zé)bz‘." + 765, (4.12)
A= (1/2)1Y2(0,2 + a2) = Z(x1,22,22)6,2,  (4.13)
Age = (1/2)1200,¢ — i) = 2652, (4.19)

where Greek indices now take 1, 2, 3.

Remembering (4. 2), (4. 3),w = x1, and plugging (4.5)-
(4.9), (4.11)~(4. 14) into (3. 8), (3. 2’) and taking certain
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complex linear combinations of the resulting equations
one obtains the following system:

(F): ZA,z — U-IB,]_ - 1713,2 - 53,2

+28(p—H)—AA + 0) =0, (4.152)
Zpo—Ulo; —n0,—703—H(A + 0)
+ p(c—A)+ B(A + 0) =0, (4.15b)
UH,+nH,+nHy—ZA , +H2 + |g|2
+AA—-0)+U2/4=0, (4.15c)
IBy—ZH ,+ 280=0 (4.15d)
To,+Zoy+2|0|2+H2— |g|2-U-2/4=0,
(4.15¢)
U-i(Inl) ; + n(InU) , + n(InU) 5 — 2H = 0, (4.15f)
M): Z(nl) , + A =0, (4. 16a)

UlZ 1 +0Z ,+nZ 3 —Zn , + An + H — p)Z = 0,

_ _ _ (4.16Db)
Zn,—An—BZ =0, (4.16¢c)
fz'é +0X =0, (4. 16d)

Besides these isothermic conditions4 should have been
considered which are fortunately satisfied by (4. 151),
(4. 16a).

5. THE CLASS OF STATIC GRAVITATIONAL
UNIVERSES WHERE ‘LINES OF FORCE’ ARE
GEODESICS

In case that A, , defines a geodesic congruence (meaning
“lines of force” are geodesics), the choice of A 3a

as the first and second normal {cf, after (4. 2)] becomes
meaningless. In such a case, it would be convenient to
fix the real triad field by parallely propagating A, ,, A,
along geodesics generated by A, .. This choice would

imply that y,,, = y,3; = y33; = 0 = A = p = 0, the Eqs.

(4. 15a)-(4. 16d) would yield the following system:

(Fo): U +nBy+ 1B s+ 2HB =0, (5.1a)
Ulo, +n0,+103+Ho—p5=0, (5.1b)
U-H | +nH , + 7jH 3+H?

+ {pgl2+U2/4=0, (5.1c¢)

ZB3 — ZH,, + 265 = 0, (5. 1d)
Zo 5+ 20, + 2]0|2 + HZ — ]2

—U2/4=0, (5.1¢)

(InU) , — 2HU = 0, (5. 1f)

My): (InU) , =0, (5. 2a)
UlZ,+nZ,+0Z3—2Zn,+HZ =0, (5. 2b)
N 5, — BT =0, (5. 2¢c)
T 3+ 0L =0. (5.2d)

The general solution of the above system of the partial
differential equations will be obtained presently.

Theorem 2: Let static field equations () be valid in
D C V,. Let the vector field w ,/(A,w)1/2 be defined and
generate a geodesic congruence in b If, moreover, (i)
g = 0 (nonvanishing shear) then in the correspondmg
open cylinder of V, the metric form must be trans-
formable to

@ =— g2~ (@m+Ditfg-20-2 mal(dx)1% + |dz
—[6n2 — 1/4)2z + Q (x1)]}dx1|2} + e*'dx??,



1103 A. Das: Static gravitational fields. H

where a # 0,m2 > (1/4) are real constants and z = x2 +
ix3 and Q(x1) is an arbitrary complex valued function of
x1,

In the case (ii) corresponding to 8 = 0 the metric forms
go over to conformastat cases.3

Proof: From the discussions of previous sections, it
is clear that in the domain D the Egs. (5. 1a)—(5. 2d) have
to be satisfied. Therefore, firstly, the general solution of
this system has to be obtained for the case (i) corres-
ponding to g = 0.

By (5. 2a), (5. 1f), (5. 1c) one obtains

U =Uxb), (5.3)
H = H(x1), (5. 4)
|8l = B2(x1). (5.5)

From (5. 1f) and the real part of (5. 1a) it follows that

B2 = RU-1, (5.6)
where £ > 0 is a real constant.
By (5.6) the Eq. (5. 1c) becomes

U-lH' 4+ H2 + (2 + 3)U-2=0, (5.7)

where the prime denotes the differentiation with respect
to the argument x1. The general solution of the coupled
equations (5. 1f) and (5.7) is the following:
U-1 = (aem*' — be-m='Y¥’ > 0,
H=—m (a22 2mxl — bZe'zmxl)’
m2=pk2+ (1/4)> (1/4),

(5.8)

where a,b are real constants of integration, From (5. 6)
it follows that
B2 = (m2 — 1/4)1/2(gem=" — pe-m'y, (5.9)

Eliminating o by (5.2d) and noting Z # 0, g =0, H , =0
the Eq. (5. 1d) yields

[In(BZ2)] 5 = 0. (5. 10)
This can be readily integrated to obtain
BZ™2 = x2(x1,22). (5.11)

Here x(x1,22) = 0 is otherwise an arbitrary analytic
function of 22 and sufficiently differentiable in x1,

Now making a coordinate transformation of the type
(4.10a)

x'l=x1,

z2'2 = y(x1,22),

2'% = y(x1,22),

and dropping primes subsequently one has

BZ-2 = (22)2, (5.11%)
B = Bz(zz/zé)e_zis(zl.zz.z"’)’ (5.12)
Z2 = B2|z2|-2e2is, (5.13)

where s = argZ. With (5. 12), (5. 13), (5. 2d) the Eq. (5. le)
boils down to the simple condition
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abm?2 = 0. (5.14)
Because m2 > (1/4) one has to choose either a = 0 or
else & = 0 (the case a = b = 0 makes U singular). Both
of these cases can be simultaneously taken care of by
putting

— 1
U-1 = q2¢2ms

H = — ma2e2m*
B = (m? — (1/4))V2a2e2m+'(z2/22)e 2is (5.15)
2= (m2— (1/4))1/2a2e2mx1|22I—ze?is
where a # 0 is a real constant,
Now writing
N = (m2 — (1/4))V2q2e2ms'g(x1, 22 z2), (5.16)

and plugging in (5. 17), one can solve (5. 2c) to obtain
&= (22)2/222 + T'(x1, 22)/22, (5.17)

I'(x1, 22) being arbitrary analytic function of z2.

Inserting the imaginary part of (5. 1a)

2022+ [s | + k(s 5 — i(22)71/2)

+kE(sy + i(z2)2/2)] =0 (5.18)
into (5. 2b) one gets

(228) , = 0. (5.19)
From (5. 17) and (5. 18) it follows that
T = Q(x1), (5.20)

where Q2(x1) is an arbitrary function of x1 and thus

1= (m2 — (1/4)2a%2m (22 1] (22)°/2 + Q(x1)).
(5.21)

One need not solve (5. 18) because s does not contribute
in the metric form. The eq. (5. 16) is identically satis-
fied by (5.15), (5.21),

Substituting (5. 15), (5. 21) into (4. 12)~(4. 14) and obtain-
ing 828 = A;%A8 + A,%A.8 + As2A,8 the metric form
comes out to be
® = — a~2¢~2m+Ds'[g-2¢-2mx* gy 1°

+ (m2 — ) 12|22|%|dz2 — pp2 — )12

X (22) (2272 + Q}dx1]®] + e*'(dx4)2, (5.22)

Making a coordinate transformation

%'l =gl

2'2 = (22)2/2(m2 — 1/4)14

2'2 = (22)2/2(m2 — 1/4)14

Q= Q/(m2 — 1/4)1A4,
and dropping prime the case (i) of the theorem follows.

In case (ii) corresponding to 8 = 0 the Eqgs. (5. 1a)~
(5. 2d) reduce to the following:

Ulo,+n0,+00s+Ho=0, (5.23a)
U-lH.l +nH , +TH 5 + H2 +U2/4=0, (5. 23b)
ZH, =0, (5.23c)
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Zo,+ 25, +2lol2+ H2—U-2/4=0, (5. 23d)
(Inl) | — 2HU = 0, (5. 23e)
(Inv) , = 0, (5.23f)
U-1z, + nZ, + ﬁz'é —ZIn,+HZ=0, (5. 23¢g)
M,=0, (5. 23h)
ZZs3+0z=0. (5. 231)

The general solutions of (5.23b), (5.23c), (5. 23e), (5. 23f)
are

U-1= (ae*'2 — pe-x'R2)?,
= — (1/2)(a2e*"~ b2e-*"),

(5. 24)

where a, 6 are real constants and it is assumed that
U-1 > 0 in the domain of consideration.

The Eq. (5.23h) can be solved to obtain
=U-1f(x1,22). (5. 25)
Making a transformation
x'l=x1,
2'2 = f(x1,22),
2'% = flx1,22),
and dropping primes subsequently one gets
1 =U"122, (5. 26)
Without any loss of generality one is permitted to put

T = (ae*'2 — be~*"2)eS+is, (5.27)

where S, s are real valued functions of x1,22, zé,
By (5. 26), (5. 27) the real and imaginary parts of (5.23g)
yield, respectively,

S+ 228 5 + zés'é =1,

s$+222,+2255=0.

(5. 28)
(5. 29)
The general solutions of these first order, linear, partial

differential equations obtainable by the method of char-
acteristic curvesS are

T[S — x,22e7%, zée‘*] = ¢,
s = t(22e7%, z22¢7%),

(5.30)
(5.31)

Here ¢ is any real constant and T, ¢ are arbitrary C2-
functions of its arguments.

Now using (5.24) and (5. 27), the Eq. (5. 23d) gives
S 55 = (ab/2)e"2s, (5. 32)

Here three separate cases (i) ab > 0, (ii) ab < 0, (iii)
ab = 0 have to be considered, In case ab > 0 the general
solution of (5.32) is®
S=m{1+ ly@&L, 012/ 1y 1),
§ = (ab/2) 1222,

where Y(x1, {) is an arbitrary analytic function of { such
thaty . # 0 in the domain of consideration,

(5.33)
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The solutions (5. 30), (5. 33) are compatible provided
Ylxt, (ab/2)1/222) = y((ab/2)V2z2¢-%), (5.34)

Equation (5. 23a) is identically satisfied by (5. 24)-(5. 34).
Therefore, in this case the metric form of V, becomes

® =—e~*[U2(dx1)2 + 2U |y 12(1 + |ypl2)2|dz2|2]

+ e*'(dx)2, (5. 35)

Ul = (ae*'2 — pe-+'R)2,

Making a coordinate transformation

x'l=x1,

2’ = 2(ab)"12y((ab/2) 2z 2¢-+"),

2’ = 2(ab)12y,
and dropping primes subsequently (5. 47) goes to
$=—e*[U2(dx1)2 + U(1 + (ab/4)|2]2)2|dz |2]

+ e*'(dx4)2, (5. 36)

Comparing the above metric with the case (B) of
Theorem 8 in paper I it is obvious that (5. 36) is trans-
formable to the Schwarzschild's case. Similarly, for the
cases ab < 0,ab = 0 the metric can be reduced to the
other two conformastat forms. Thus part (ii) of the
theorem is proved.

Remarks: The metric form exhibited in the preceding
theorem is a new solution and therefore requires closer
examination. The metric is singular at x1 =+ ©,x2 =
+ 0,x3 =+ © and at the singularities of the arbitrary
function (x1). Physically this metric can be regarded
as being generated by “arbitrary number of plates
parallel to x2 — x3 plane which are clamped at infinity”
But more information about ‘sources at infinity’ can be
obtained by putting Q(x1) = 0, a= 1. The resulting
metric then is nonsingular at every finite point and re-
duces to the Minkowskian form at the origin. There the
three surviving components of Riemann tensor are given

by
(Rygq1)0 =m + 1/2,
(Rp4a2)0 = — (1/2)[m + 1/2 — (m2 — 1/4)1/2],
(R3443)0 = — (1/2)[m + 1/2 + (m?2 — 1/4)22),
Now Synge? has arrived at a relation between the Rie-

mann tensor and the corresponding Newtonian potential
¢ by the following prescription

i kLI
?.a8 = By M (0 @2 @02 (o)

where A:A) is an orthonormal tetrad. Comparing the
above relation with the Riemann tensor of the universe
under consideration one can conclude that the corres-
ponding Newtonian potential is

¢ = (1/2{{m + 1/2)(x*)?

— (1/2)[m + 1/2 — (m2 — 1/4)V2](x2)2

— (1/2)[m + 1/2 + (m?2 — 1/4)1/2](x3)2},
and this provides some insight into the “sources at
infinity.” From the well-known inversion theorems of
the classical potential theory it can be deduced that

this field can also be regarded as being generated by a
} quadrupole at the origin with the moment tensor

Q=[Q

Bl =

[(1/2)<m +1/2) 0
0
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— (1/4)[m + 1/2) — (m2 — 1/4)1/2] 0 ]
0

— (1/9[m + 1/2 +(m2 — 1/4)1/2]
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The original Petrov classification of the gravitational
universes hinged on two symmetric, traceless matrices

M, N each of size (3 X 3). In any static case N= 0 and in

the present situation M = @. Therefore, the universe
under consideration falls under the class [12,12,12] of
the type I.

In this universe there are no finite boundaries along
x2,x3, x%-coordinate lines. Assumingm > 1/2, along
negative x1 line it is open but on the positive x! line
there is a boundary at a finite distance.

Another special class of solutions will be exhibited in
the following theorem.

Theorem 3: Let static field equations (J) prevail in
D C V;. Let the congruence w , be shearfree [8 = (1/2)
(122 = Y133) * ¥ 23 = 0]. (i) If, moreover, the con-
gruence has nonvanishing first curvature (4 # 0) then in
the corresponding open cylinder of a nonflat V, the
metric form can be reduced to the Weyl-type solution

&= — e—x’[e(k-(xz)z)/4((dx 1)2 + (dx2)2) + (x2)2(dx3)2]
+ e*'(dx4)2,

k being any real constant.

J. Math. Phys., Vol. 14, No. 8, August 1973
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(ii) In case A = 0 besides 3 = 0 the metric forms ¢o
over to conformastat cases.
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A rigorous formulation of the connection between nonergodicity (degeneration) of the motion of a
Hamiltonian system and existence of global constants of motion (isolating integrals) is proposed.
Necessary and sufficient conditions for the occurrence of a properly defined kind of complete
degeneration are given. Finally, a wide-spread opinion is criticized about the mutual implications
between complete degeneration and separability of the Hamilton-Jacobi equation in more than one

coordinate systems.

1. INTRODUCTION

The purpose of this paper is to give a unified present-
ation of the concept of isolating integral (see Ref.1
Chap.II, Sec.119) for a Hamiltonian System.

It is well known in general dynamics that while a
dynamical system with » degrees of freedom always
admits 2z — 1 local constants of motion, a distingui-
shing role is played by those time-independent first
integrals f(gp) which are global constants of motion,
defined throughout the phase space. It is essential,
roughly speaking, that the equation f(gp) = const does
define a true hypersurface in the phase space of the
system §, , so that it can be used to decrease the
dimension of the submanifold of Q,, where the phase
trajectory is situated. However, little is known of how
many global integrals of motion an arbitrary system
possesses, Since Bruns and Poincaré,2 a number of
negative theorems can be found in the literature about
the existence of “algebraic” or “uniform” integrals

of motion for a generic Hamiltonian system;but,as
Wintner! stresses, all these elegant negative results
of arithmetical type do not have any dynamical signi-
ficance since the “algebraic” or else “single-valued”
nature of an integral f(gp) cannot provide an exhaus-
tive characterization of the very meaning of “isolat-
ingness.” Important theorems (Kolmogorov—Arnol'd3)
have been proved recently about the existence of
global constants of motion for analytic Hamiltonians
which are close to “integrable systems”,i.e., systems
admitting action-angle variables. However, strangely
enough, there seems to be no generally accepted and
detailed definition of what an isolating integral actu-
ally is, No matter how familiar this concept may be
to the specialists in general dynamics and statistical
mechanics, we have not yet seen it explicitly charac-
terized. As a matter of fact it appears that this notion
enters the discussions mainly at an operative level.

The motivations of our attempt for an explicit defini-
tion of isolating integrals lie in our particular point
of view about this matter. It is clear that,independ-
ently of any rigorous definition, the lack of existence
of isolcating integrals beside the energy and the usual
“external” integrals,suchas linear momentum and angu-
lar momentum,should be considered not as an “excep-
tional” but rather as the “general” case, Thus, stati-
stical mechanics deals in general with systems which
do not possess isolating integrals other than those
above, corresponding to the relevant kinematical
symmetry group (Galilei or Poincaré). Instead, we
will be concerned with just the opposite situation,
namely with the cases in which there exist suffici-
ently many isolating integrals to cause what is known
as a degeneration of the motion. This is why we are
especially interested in questions of dynamical sym-
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metry and in the problems of intrinsic quantization4.5
via dynamical symmetries. It is well known that the
degenerate multiperiodic motions played a relevant
role in the ancient Quantum Theory® and yet the
great majority of the first quantized Hamiltonian
solvable models have classical counterparts which
are degenerate systems. It is very likely,also at a
heuristic level,that an intrinsic, coordinate-indepen-
dent, quantization procedure can be established in
general only for highly symmetrical systems, admitt-
ing a maximal dynamical symmetry group or even a
“noninvariance” dynamical group. Such systems have
the remarkable property that all the orbits on a given
energy surface are diffeomorphic one to another;in
particular, every orbit is closed, as a submanifold, if
a single one is;in such a case the system is every-
where 'completely degenerate. For this reason we
will not discuss a generic partial degeneration but we
will focus our attention on the extreme situation of
maximal or complete degeneration. This means also
that the present paper should be read as a prelimin-
ary technical step in view of a more general program
of investigation. Anyway, the definitions we propose
are valid in themselves and a number of theorems
about partial degeneration could easily be derived as
well. In particular,we give here a definition of de~
generacy which is more general than the usual one in
that it is not confined to “bounded ” systems;this also
is in view of group-theoretical considerations.

This paper is intended for physicists. However,the
exposition of the matter necessarily requires the
language of modern differential geometry and the
reader is supposed to be familiar with the fundamen-
tals of this discipline. (A brief introduction to the
mathematical concepts involved in this paper can be
found in the Appendix.) As already pointed out by
Wintner,® the approaches based on classical “arith-
metical” methods, which are coordinate dependent,
seem rather limited in generality and power of in-
sight; moreover, they are usually developed starting
from assumptions of analyticity? which are not
strictly necessary and which severely restrict the
range of physical considerations;yet the matter it-
self fits naturally with the more general domain of
C®) differential geometry. Questions of analyticity
will possibly become relevant in the sequel when
dealing with the quantum side of these problems.

The main points of the paper are the following:

(@) preliminary definition of local and global degener-
ation (with particular emphasis on complete degener-
ation): Defs, 2.1.and 2. 2; (b) definition of isolating
Junctions and isolating set of functions: Defs. 2. 3.

and 2. 4; (c) sufficient criteria for complete degener-
ation: Theorem 2. 1; (d) characterization of isolating

Copyright © 1973 by the American Institute of Physics 1106
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functions and sets: Theorem 2. 2; (e) formulation of
the problem in terms of a new, more refined, defini-
tion of vegular degeneration and a generalized concept
of isolating integrals: Defs.3.1.,3.2.,and 3.3.,
Theorems 3.1.,3.2.,and 3. 3; (f) mutual implication
between regular degeneration and isolating integrals
(in the generalized sense): Theorem 3. 4; (g) criticism
of a widespread opinion about the connection between
degeneration and multiseparability of the Hamilton-
Jacobi equation: Sec. 4. (h) a list of the symbols, de-
finitions and theorems in differential geometry used
throughout the paper (see Appendix). For an intro-
duction to the subject the reader is referred to the
books by Sternberg8® and Abraham.?

2. ISOLATING INTEGRALS AND DEGENERATION

Our first definition of complete degeneration is the
following:

Definition 2.1: A dynamical system (,,,X,) (see
Appendix, § 40) will be called locally completely de-
generate in U, and U will be called a domain of local
complete degeration if

(1) U is an open connected subset of 2,,;
(2) X, U is complete (817);

(3) every orbit of X, U is a closed submanifold in
Q
2n*

(From here on, § denotes a paragraph of the Appendix.)

In particular, if there exists a domain of degeneration
U which is bounded in Q,, (since Q,, is not a metric
space we shall use “bounded” for “contained in a com-~
pact set”), then every orbit of X, U is compact and
diffeomorphic to S1,i.e.,the motion is simply periodic
for an open set of initial conditions and then it is
stable. Note that this is just what is usually meant by
“complete degeneration.” Qur definition is more
general in that it can also include the case of noncom-
pact orbits such as the “scattering states.”

By replacing the following requirement for condition
(3), we can define a local k-fold partial degeneration:

(3") Every orbit of X, U is dense over a (2n — k)~
dimensional closed submanifold in Q, (1 < 2.< 2z —
2). Note that the usual definition of degeneration in
terms of action variables starts from 2 == + 1. How-
ever,in the following, we will be interested only in
Def.2.1.

Now, we “globalize” our definition,

Definition 2.2: A dynamical system (2,,,X,) will
be called globally completely degenerate if it is local-
ly completely degenerate in the domain U =, .
Particularly interesting is the case of local degenera-
tion in adomain of theform U = UgH 1(E) = H"1(]), where
H:Q,, = R is the Hamiltonian function and E€ ICR
(I open and connected). A degeneration corresponding
to a domain U of this kind will be called a uniform
local degenevation. This will be the case in presence
of a “dynamical symmetry” group of H,transitive on
the energy surface. A classical example is the (re-
gularized) three~dimensional hydrogen atom problem,
where for H <0 a global canonical action of SO(4) is
defined. Actually,according to our definition, this
system is globally completely degenerate and it is not
surprising that also for # = 0, H> 0,a global canoni-~
cal action exists for E(3) and SO(3, 1), respectively,10
which are analytic continuations of SO(4). Problems
of this kind will be dealt with in a future paper.
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We propose now adefinition of isolating integral which
will prove suitable for the connection with degenera-
tion.

Definition 2. 3: Let M be an n-dimensional differ-
entiable manifold. A function f: M = R will be called
isolating in M if

(1) f(M) is an open connected subset I C R;

(2) for every ce I, f-1(c)is a (n — 1)-dimensional
closed submanifold of M,

Definition 2.4: Let M be an n-dimensional differ-
entiable manifold. A set of % functions (1 <k <n—1)
Syt M- R will be called a k-dimensional zsolatzng set
in M if each f; is isolating in M and N%,f;1(c;)

(V¢ € I,) is a ¢ — k)-dimensional closed submanifold
of M

Then we have

Theorem 2.1: A dynamical system (an,X ) is
locally completely degenerate in U C @, if

(i) There exists an open submanifold M of £, ,,,in-

cluding U, which does not contain critical points of
X, (88);

(uz there isa (22 — 1) dimensional isolating set in
M{f;} such that ((df)*,X,) = 0 for every i(§41);

(iii) X, I U is complete,

Proof: ((df)*,Xy) = 0 and the absence of critical
points of X, imply that the orbit Z of X, through
x € Uis a connected component of 02"'1fi 1(£,(x)),
which is a closed submanifold in M;by (iii) ZCU so
that it is a closed submanifold in 92,, too. The con-
dition M D U is introduced to prevent the existence
of curves in U which are closed submanifolds in U
without being closed in 5, (limit points on 3U); see
Def. 2.1, Condition (3).

Note that the condition (iii) can be eliminated in the
case of compact U, 9U submanifold of Q,,, and
X, | 9U € X(3U), that is X is tangent to 37U, Theorem

2. 1 still holds true if condition (iii) is replaced
by the following one:

(iii) there exist an integer #<2x — 1 and a choice of
indices ;- * -4, such that

fitled n filleg) no-v- 0 filey,

is bounded and contained in U.

Ve, ef,m(U)

In fact 1f condition (iii) is satisfiedfor a certain choice
)andzk,, #{,,1 <m < k,then also

fi f(ci) is bounded and contained in U. Thus, by
mduction the same is true for N3%31f,"1(c,;) which by
condition (ii) is then compact. Now, bemg X, tangent
to a compact manifold, it is necessarily complete
(5§18). Note that this is a more sophisticated version
of the usual statement: If a dynamical system admits
2n — 1 isolating integrals, all its bounded orbits are
simply periodic.

We come now to the characterization of isolating sets.
Theorem 2.2. Consider k C®) functions f;* - - f,,

fi: M € Q, — R, such that f;(M) is an open connected

set I; € R,and for every x € M there exist a neighbor-

hood O(x) C M and a local chart (g, - -g,,; O(x)), such
that the matrix

2f;
g,

g=q)
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is of maximum rank. Then f,- - f, is a k-dimensional
isolating set in M,

Proof: The k functions f; define a mapping f: M >
R % which is a submersion (§12), be the condition on
dJ;for the same reason, each f; defines a submersion
M — R. Therefore,the conclusions follows by
Theorem 16. 8. 8. of Ref. (11),as a particular case;
see also Ref. (9), Proposition 5.18, ]

Note that the essential part of the condition on the
matrix J is the requirement that it be satisfied for
open connected sets I;. Actually the fact that the con-
dition is satisfied almost everywhere is guaranteed
by Sard's theorem:

Theorvem 2. 3. (Sard): Let M and N be differenti-
able manifolds of dimensions m and n, respectively,
with m = nand ¢: M— N be a C®) mapping. I S is
the subset of points x € M, such that rank(T, ¢) <n,
then ¢(S) is of measure zero in N,and N — ¢(S) is
everywhere dense in N. For the proof see Ref. (11),
Theorem 16.23.1 or Ref. (8), Theorem 3.1,

An important remark is in order at this point. We
stress that Theorem 2. 1.is concerned with sufficient
conditions for local degeneration only. It would be
desirable to extend the theorem in two directions:

(a) to give necessary conditions for local degenera-
tion; (b) to extend the theorem to global degeneration,
An answer to point (@) is given by Theorem 3. 3.:
given a dynamical system (%,,X;) locally degener-
ate in U, for every trajectory O C U there exist a
neighborhood U(9) included in U and (27 — 1) C®
functions f; which constitute an isolating set in U(0);
(see Sec. 3). We observe that this is nof the inverse
to Theorem 2.1.,since, in general, U(O) cannot be
extended to all of U, For point (b),it is actually poss-
ible to extend the theorem to global degeneration;but
this is rather trivial since in this case the existence
of an isolating set is such a strong condition that it

is usually not verified;for instance, on compact mani-
folds (a function on a compact manifold has always
critical points).

Example 2.1: Let Q5= T2 =81 X S§1;4,p be the
angles on T2, Two charts are sufficient to form an
atlas: Choose two overlapping intervals I, I, of
length 27;{q,p € I,},{q,p € I} are the domains of the
charts. Let w =dp A dq be the fundamental 2-form;
consider the locally Hamiltonian vector field X =
(dg)* (§39);it is complete and globally degenerate. The
most general constant of motion is f(g) being f a C
function periodic in ¢. However, it must be f'(q) = 0
somewhere so that an isolating set in Q, does not exist.

Summarizing, the definition of isolating set given in
this chapter provides results well-suited to treating
local degeneration only. A generalization of this de-
finition seems to be in order to deal with the global
problem. This is just what we want to do in the next
section. To this aim we shall introduce another de-
finition of complete degeneration (called regular
degeneration). This is slightly more restrictive than
the previous one,but very naturally leads to a new
definition of isolating set and allows to state neces-~
sary and sufficient conditions for global degeneration.
We shall make use of notations and results given by
Palais.12

3. GENERALIZED ISOLATING INTEGRALS AND
REGULAR DEGENERATION

Consider an n-dimensional differentiable manifold,

M, with complete atlas @ = {(y;, U;)}. We quote from

Palais the following definitions:
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Definitions 3.1: (a) A p-dimensional differential
system on M is a mapping x> €, C T .M, x € M,
which assigns at every x € M a p-dimensional sub-
space 6, of the tangent space T, M (§4). (b) The differ-
ential system © is called differentiable if, for every
x € M,there exists a neighborhood O(x) and p differ-
entiable vector fields in O(x),L,---L p» Such that
(Ll)y- <o (L )y is a base for ©, for y € O(x). (From
now on, differential system will mean differentiable
differential system). (¢) The differential system © is
called involutive if any pair L., L; of vector fields be~
longing to® have a Lie Bracket.[L,.,L].] alsobelonging
to ©(35). (d) Given a p~-dimensional differential sys-
tem O,a connected submanifold £ of M is called a
leaf of © if for every x € &£, T,£ = ©,. There exist a
leaf of © through every point of M, A leaf is maximal
if it is not contained in another leaf of ©. The set of
maximal leaves is called the foliation of M determined
by © and is denoted by M/©. The mapping Il which
assigns to every x € M the maximal leaf through x is
called the canonical projection. An open subsetU C M
is said to be saturated with respect to © if I (I V) =
U. Alocal chart (x,---x,,U) is called flat with res-
pect to © if 8/ 9x,- -~ a/axp is a base of © for every
x e U. Aslice of (xy°*+x,,U) isasubset of Ugivenby
oy 'xpa'cpd' -+%,). (%, denotes a fixed value of x,.)

(e) If © is an involutive p~dimensional differential
system on M,a coordinate system (x,*--x,,U) in M

is called regular with respect to © if it is cubical and
flat with respect to ©,and if each leaf of ©intersects
U in at most one p-dimensional slice of (x,---x,,U).
[A local chart (Y, U) is called cubical if u/(lU) is an
open cube in R_.] A leaf of © is called a regular leaf
of © if it intersects the domain of a coordinate system
regular with respect to ©, Finally,®© is called re-
gular if every leaf o1 © is a regular leaf of ©,

Regular differential systems have the following distin-
guishing properties:

(1) ¥ © is a regular differential system on the differ-
entiable manifold M, then every leaf of © is a closed
submanifold of M (see Palais, Theorem 1-VII),

(2) If © is a regular differential system on the differ-
entiable manifold M, then the quotient set M/© can be
equipped with a unique differentiable structure such
that the projection

Mgt M~ M/©

is a submersion of M onto M/© (see Palais Theorem
1-VII, X). Another relevant result is the following:

Theorem 3.1: Let ¢ be a submersion of an n~
dimensional differentiable manifold M into a (m — p)-
dimensional differentiable manifold N, with0 <p <m.
Then, the differential system defined by

O:xc M ker(T,9) C T.M (§15)

is a regular involutive differential system of dimen-
sion p. The proof can be found in Ref. (12) Chap. I,
Theorem 13 and Ref. (13), Proposition 11. 4. 1.

We propose now the following definition:

Definition 3.2: A dynamical system (Q,,,X ;) will
be called locally regularly degenerate in U,and U will
be called a domain of local regular degeneration if

(1) U is an open connected subset of §2,, such that
X, MU is complete;

(2) There exists an open subset M C &,, including
U such that X, [ M forms a base for a one-dimensional
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regular differential system ©,. (Note that this im-
plies that X, has no critical points in M.)

As before, global regular degeneration means U = Q,,.

Theorem 3.2: A dynamical system (@,,,X,) is
locally completely degenerate in U if it is locally re-
gularly degenerate in U,

Proof: The proof is similar to that of Theorem
2.1, since requirements (i) and (ii) are satisfied and
(iii) is replaced by the regularity of the differential
system ©, which implies that the leaves of ©, are
closed submanifolds of M. n

The converse is not true,in general;this means that
the new definition of degeneration is somewhat more
restrictive, as anticipated in Sec. 2. (See,for instance,
Ex.4.2.) The main interest in giving Def. 3.2 lies in
that it renders more clearly the connection between
degeneration and the existence of isolating integrals.
We have seen that the existence of 2n—1C®) func-
tions satisfying Theorem 2.2 is not necessary for a
system to be completely degenerate. But now we can
say that a regularly degenerale system in U is such
that there exist a M D U and a mapping llg : M -
M/ Oy, which is a submersion,i.e., somethifg very
close to a (2n — 1)-dimensional isolating set,the only
difference being that M/©, need not be an open con-
nected submanifold of R2#-1, Certainly,if we intro-
duce a local chart (¥, V) in M/6, with (V) cubical
in R27-1 then ¢ o Iy will be an isolating set of C
functmns in II'1 ). “As a matter of fact we have

Theorem 3.3: ¥ (Q,,,Xy) is locally regularly
degenerate in U and x € U, then there is a neighbor-
hood O{x) C U saturated with respectto X, and 2n—
1C® functions f, : O(x) —» R, such that ((df )*, Xy) =0
which define a (2n — 1)- dimensional zsolatzng set in

0kx).

Proof: Let Il x = y;take a local cubical chart
(31 *¥g,-13 V) n{’U/eH,then Ox) = g, (V) and
Si=y; 0 g, . u

But we can do more than this. Actually,with refer-
ence to Def. 3.2, we can state an iff theorem. First of
all, looking at Example 2.1, we realize that the essen-
tial point is to generalize the definition of isolating
integral or isolating set by considering “functions”

in a generic differentiable manifold rather than sim-
ply in R, This is done by means of the following
definition.

Definition 3. 3: Given differentiable manifolds M
and N of dimensions m and n, respectively, with M
symplectic, and an open connected subset U CM,a
differentiable mapping ¢ : U C M — N is said to be “in
involution” with a closed 1-form o if,for every local
chart (¢, V) in N and coordinates y,* - -y, of (¢,V),

(@d(y; > o), ety =0

holds. We do not follow Abraham's definition (16.28)
in that we do not require d(y, ¢ ¢) and a to be linearly
independent. Then we have

Theorem 3.4: Let @,,,X,) be a dynamical sys-
tem and U an open connected subset in Q,,;then the
following two statements are equivalent:

(i) Xy is locally vegularly degenevate in U,
(i) Xy [ U is complete and there isaM O T,a (2n —
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1)-dimensional differentiable manifold N and a sub~-
mersmg II: M — N, such that (a) I is in involution
with X2, (b) X, has no critical points in M.

Proof: (i) = (ii) follows by considering [1 = l'l9 .
The converse (ii) = (i) follows at once from Theorem
3.1with o =Il,m = 2n,and p = 1. |

A final remark on this last theorem. Let us suppose
that statement (ii) holds true. Then we can construct
a regular system €, and a quotient manifold M /© He
N and M /©, will not be, in general, diffeomorphic. It
may happen that I1- 1(c), ¢ € N is not connected, and its
connected components are distinct elements in M/ ;
alsoll = Iy . Ilg canbe regarded as an isolating
set of functzons over the manifold M/ ©, with the re-
markable property that its “values” are in one-to-one
correspondence with the orbits of X,,. The price to be
paid for this is that M /0, could poss1b1e be non~Haus-
dorff even if N is Hausdorff As a simple example
consider the following

Example 3.1: Let Q, = R2 —{(0,0), (,0), (—a,0)};
w=dpAdg and H{g,p) = (q2 + )2 242(g2 — p 2),
(a positive real constant); H(Q,) = (— a%--+ + ©), The
two connected components of H-1(0) are distinct
elements in 02/6 which are not separated by open
sets. In a certain sense we can regard Q,/6, as the
“Riemann surface” of H-1 and the point 0 as a
“branch point.” (See Ref. 12, Chap.I: corollary to
Theorem 13). Yet, X, is globally vegularly degener-
ate. This shows that we cannot hope to get rid of
non-Hausdorff manifolds in the general case. How-
ever,if we restrict ourselves to the set K of compact
orbits, then X is a Hausdorff open subspace of 2, /6,
(see Ref 12, Theorem 1-VI).

4. DEGENERATION AND SEPARABILITY OF
THE HAMILTON-JACOBI EQUATION

As it is well known, a very useful technique to find
constants of motion of a dynamical system in practi-
cal applications is provided, whenever possible, by
the process of coordinate separation in the Hamilton—
Jacobi equation. In this connection it is generally
accepted in the physical literature6.7.14,15 that there
is mutual implication between the separability in
more than one independent systems of coordinates
and the degeneration of the motion. The first part of
this implication is usually justified by the existence
of 2N — 2 independent separation constants,besides
the energy,which are tacitly assumed to be isolating.
This belief has even originated a classification of
completely degenerate systems and related dynami-
cal symmetries (Ref. 15). However, what is generally
overlooked in this connection is the local character
of any coordinate system (except for the Cartesian
ones), so that this kind of approach has mainly a
heuristic value. As a matter of fact,a direct conse-
quence of the local nature of coordinate charts is
that a separation constant A may fail to be a function
in Q,,;then Theorem 2. 2.applies only if, for an open
set of initial conditions, the motion takes place entire-
ly within the domain of the separation chart. This
fact is not true in general, of course. To illustrate
this point, consider the two-dimensional system:

Example 4.1: H@r,¢,p,,b,) = (1/ 2m)(p2% + p2 /72)
— k/r + B -sink ¢/J7. This Hamiltonian has been
classified by Fris et al 15 as being completely de-
generate and O(3) symmetrical essentially in force of
the fact that the corresponding Hamilton—Jacobi
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equation separates in the following two systems of
parabolic coordinates:

x =732 —v?2) x = pv
(a-) {y = pv ’ (a) {y = _12_(1,/2_ “’2)-

Actually we have found, using techniques introduced in
a previous work,16 that geparability occurs in the one-
parameter continuous family of parabolic charts rot-
ated by an arbitrary angle &:

x* = $(u2 — v2) cosd + w sind
?
y =— 3(u2 — v2) sind + pv cosd
vcos3 6 + psinis > 0,

However, any separation constant A[ 5] corresponding
to 6 = 0 is discontinuous along the positive x-axis
and, what is worse, the discontinuity is not a constant
but a function of x: This means that A[ 5] (6 = 0) has
not even a regular differential and it does not define
closed submanifolds in phase space. As a consequence
only the orbits which do not cross the positive x-axis
are closed,i.e.,orbits which lie entirely within the
domain of the chart 6 = 0. Such orbits exist only for
a suitable interval of values of A[0] if 8 < 0, while for
B8 >0 all the orbits go off the domain. Thus we have
only a local degeneration if g8 < 0; yet separability is
independent of the sign of 8.

The fact that a separation constant may fail to be a
function (or even a closed 1-form) on 2,, is certainly
due, in the example above, to the C® nature of the
Hamiltonian;for C ®functions such phenomena should
not happen. However,there is an obvious way to get
rid of this possibility,namely to properly define
separability in an atlas of local charts. On the other
hand, this is indeed necessary if we want to deal with
general phase spaces,in which it is not possible to
introduce a single chart regular almost everywhere.
We are thus led to give the following definition.

Definition 4.1: The Hamilton-Jacobi equation for
a dynamical system (,,,X, = (dH)%), will be called
globally separable in a sympletic atlas @ = {(;, U,)} if

(1) it is separable in every local chart (,,U;) with
n — 1 separation constants \§: U, > R,k =1,...,
n—1);

(2) for every pair (i,j) it holds:

7\(;? = A(ki)
Also a 1-form,under certain conditions (see Appendix
§45), can determine closed submanifolds. Therefore
the definition can be generalized as follows, for local-
ly Hamiltonian vector fields: Condition (2} is changed
to (2) :A§) — A§) = ¢j/in U; N Ujand the constants ¢}/
are all commensurable (for ¥ fixed).

when restricted to U; N U;.

This definition is such that global separation entails
the existence of » — 1 integrals of motion in involution
(besides the energy) defined over the whole &,,. To
deal with local degeneration we can also consider
separation in an atlas restricted to an open submani-
fold U. The separation constants A , have global im-
plications on the Hamiltonian flow only if X U is
complete. In terms of separability in an atlas,we can
now understand the usual occurrence of degeneration
for Hamiltonians which admit separation in two differ-
ent “independent” systems of coordinates A and B.
Since “independent” means that H, A ,,, A5, are func-
tionally independent, i.e.,that the condition of linear
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independence of their differentials is already verified
almost everywhere, one is left to find a domain for
which the remaining conditions of Theorems 2.1.and
2.2.are satisfied. Let us observe that our definition
of global separability provides the correct starting
point for the definition of action-angle variables
(Arnold's theorem®.17), On the other hand, as well
known, Arnold's theorem, which assumes the exis-
tence of an n-dimensional isolating set, provides a
very simple technique for finding, if any, further iso-
lating integrals (algebraic conditions on the funda-
mental frequencies).

We give two simple examples of globally Hamiltonian
vector fields to illustrate our definitions;In the first
case two atlases are introduced in which separation
takes place in a domain U saturated with respect to
X, ; local degeneration follows in U since the separa-
tion constants are functionally independent. In the
second example,two atlases are introduced in which
separation takes place in a domain U which is not
saturated with respect to X, ; the motion in this case
is not degenerate.

Example 4.2: Q4 =T*R2; H = 3(p} + p3) +
2(q% + g8) + A; A is a C® function of 7 = (¢ + ¢3)1/2,
such that

0, r=<m

A()= { nonincreasing and

dA
r+—;(r) =20, r>7r,

Choose U, = {x € Q,;q,0, — q,0,20; 0 <H < 373};
U, are both saturated with respect to (¢H)¥; more-
over, separability of the Hamilton-Jacobi equation
takes place in the two atlases:

6'1 = {(7’0 < @ < 2ﬂ’p',p¢)’ (r,—1<¢< "spryp“,)}
(polar coordinates);

Gy = {(q1’Q2,p1,p2)} (a single Cartesian chart).

Separation is also possible,as is well known, in a one-
parameter continuous family of elliptical atlases (Ref.
18).

The corresponding constants of motion A; = g9, —
qoby, A = P — P§ + qf — g3, together with their Pois-
son bracket A\; = p;p, + g4, form an isolating set
since the dA; are linearly independent. This implies
that the system is locally degenerate in every domain
0 < H <c¢< 47§ Ay =0, Actually the system is local-
ly degenerate in the whole domain 0 < H < 72/2; note,
however, that it is not regularly degenerate there.

Example 4.3: Consider the Hamiltonian

\ P2\ _ kUl
neipre i) -2+ 58

U(g) C* and =0 only in |¢| < ¢,

in the phase space 2, = {T*(R2 — {(0,0)});H < 0}.
Xy is not complete for p, = 0; thus we restrict to a
domain with p_ = 0. Let @, be as in Ex.4.2 and @,
be a local chart of parabolic coordinates as in Ex.4.1
with 6 = 0. Hamilton—Jacobi equation is separable in
both @, and @, only in a domain U which excludes the
region |¢| < ¢4. (Here also there is a one-parameter
continuous family of elliptical coordinates.16) Such a
domain is never saturated with respect to Xy (the
orbits are arcs of Kepler ellipses which cross
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|¢| = ¢, somewhere), so that X, has only a local
validity.

The converse implication,namely the assertion that
from degeneration multiseparability will necessarily
follow, is also generally accepted in the literature
(see for instance Ref. 14: Landau-Lifshitz, Chap. VII,
Sec.50). The explicit terms of this assertion appear
to be the following: “If a dynamical system with struc-
ture (@,, = T*M, X ) (835) is completely degenerate,
then there exist more than one independent coordin-
ate systems (g, * - - g») in M, such that the Hamilton—
Jacobi equation separates in the “extended charts”
(41" "4,>b1"**p,)- Now,this proposition is false. It
suffices to consider the elementary example of the
two-dimensional anisotropic harmonic oscillator with
m : n frequency ratio. This system is globally and
regulavly degenerate;however,with the exception of
the case (m,;n) = (1,1) or (1, 2),its Hamilton-Jacobi
equation separates only in the atlas given by the
Cartesian canonical coordinates. This follows from
the fact that,for a Hamiltonian of the form H(q,p) =
1p2 + V(q), separation is possible in systems of con-
focal conics only, due to the Eisenhart theorem (see
Ref.16,18). This implies in turn that the separation
constants must be quadratic at most in the “momenta”
p;then the conclusion follows since only one indepen-
dent quadratic constant of motion exist for the aniso-
tropic oscillator (except for m/n = 1 or 2). On the
other hand, it may be that a proposition similar to the
above is valid if we enlarge the class of coordinate
systems, e.g.,to general canonical coordinates in £,,.
Such a proposition, however,if true, would be of very
little interest because the search for separation
systems of this kind is not less difficult than the
search for integrals of motion in general, which is
the true actual problem.

Let us add some final remarks. As the reader will
have realized, the concepts of isolating integrals dis-
cussed in the present paper go far beyond the stand~
ard ideas of “uniform” or “algebraic” constants of
motion. This is true firstly because C functions
include algebraic or else analytic functions as parti-
cular cases; then, because we have seen that the naive
approach is in general inadequate in dealing with non-
Euclidean manifolds. One could argue, at this point,
that these generalizations, suitable for classical dyna-
mics, are of a rather academic value from the point
of view of quantum theory. Actually,the restriction
to algebraic or at least to analytic functions appears
to be a necessary sacrifice in view of the standard
correspondential procedure of quantization. Our
attitude in this connection,however,is to consider

the correspondential process of quantization itself

as suffering from shortcomings analogous to those of
the naive approach to classical dynamics. As a
matter of fact, within the framework of an intrinsic
quantization procedure such as the canonical4 or
dynamical5 quantization,the above difficulties are
by-passed and C® functions result quantizable
objects. Admittedly,there are still many open pro-
blems in these approaches and the above considera-
tions do not prevent the possibility that questions of
analyticity turn out to be important in the final stages
of quantization.
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APPENDIX

§1. A topological n-dimensional manifold M is a
topological space such that every point of it has an
open neighborhood homeomorphic to an open subset
in R»,

§2. A differentiable structure S on a topological
manifold M is a finite or countable number of homeo-
morphisms y;: U; CM — R» with the following pro-
perties:

W YU=M,

(1) v, o Yyl U, N ;) > R,
C¢* and nonsingular.

Each (;,U)) is called a local chart, U, is the domain,
and the Cartesian coordinates y; (x) are the local co-
ordinates of the point x. The collection (¥, U;)i-1 2. .-
is called an atlas @. It is obvious that an atlas can
consist of a single chart only if M is homeomorphic

to an open subset of R#, A topological z-dimensional
manifold M together with a differentiable structure S
is called an n-dimensional differventiable manifold,

§3. A functonf:M— R is called Cced [notation f €
F ()] if its expression in terms of local coordinates,
ie.,

fi=feypt (A2)

is €,

§4. Given a point x € M, the fangent space to M at x
is defined as follows: a tangent vector to Mat x is a
linear map L : $(M) — R such that

@) LU+28=L()+L(g),

(i) L(fg&)=f(x)L () + L(f)glx).
The tangent space to M at x is the linear space whose
elements are the tangent vectors; it is denotedby T, M.

§5. T, M is an n-dimensional vector space. A base’
in T;M is given by 8/0%,,...,3/09x, if x4+++x, are
local coordinates in a domain including ¥,i.e.,

= 3 .9_ o -1} =X
L(f)—élag(axi(f 1 ))’ X=X,

(A1)

(A3)

a,; real numbers.
(A4)
The union U, T, M = TM (called the fangent bundle) is a

differentiable manifold whose points are couples
(x,L, € TM),

§6. A vector field is a C*™ section of TM, which
means that for every x ¢ Ma vector L, € T Mis
selected in such a way that L _(f) is a C® function on
M for every fe F(M). The set of vector fields is de~
noted by <X (M).

§7. Given a vector field X € %(M) and a local chart
(¥, U) it is possible to express X as a linear combina-
tion

n

X=X at(")%-, where g,(x) = X(x;) is C® in U.
i

§8. A point x is called a critical point of X if X, = 0,
i.e.
if ’X(f)(x) = 0 for every f € F(M).

§9. The Lie Bracket of two vector fields X,,X, is
defined as follows:

[X1’X2](f) = X1(X2(f)) - Xz(X]_(f))-
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A generalization of the concept of vector field is
given by the concept of differential system (see Chap.
3 and §15).

§10. Given two differentiable manifolds M,,M, (n,,
n,-dimensional, respectively) a mapping ¢: M; > M
is called differeniiable if for every couple of local
charts (W{, UD)(y'?, U}Z)),the mapping

F=y®ogo P (A5)

is C®) where it is defined, namely for every

y € YD (UD) such that W P)1(y) e UP N oL (UD).
The differentiable mapping ¢ is called a diffeomor-
phism if it is a homeomorphism and ¢1 is differen-
tiable,

§11. A differentiable mapping ¢ defines a linear

mapping of the tangent space T, M, into T,, M,,denoted

by T, ¢ and given by

VLcTM, T,o)=L"eT, My; L(f)=L(f°9),
feF(My).

In given reference frames (3/8x,)V, (3/3y;)@ the
mapping T ¢ is represented by an n, X n, matrix
which is a differentiable function of the point x. The
rank of the matrix (Tx(’a)i' is also a function (possibly
discontinuous) of x and is denoted by rank(T, ¢).

§12. A differentiable mapping ¢: M, — M, is called
a submevsion if rank(T, ¢) = n, everywhere; it is cal-
led an immersion if rank(T, ¢) = n, everywhere.

§13. A subset M'C M is called a submanifold of M
if the inclusion map t,namely ¢: M’ > M: x € M’ >
x € M,is an immersion and it is one-to-one. Consi-
der for instance

x(t) =t — a sint

o 2. ’
¢:R = R%: ¢ y{t) = 1 — a cost

then (T, ¢);; = |1 — a cost,a sint||;rank (T, ) = 1
everywhere if |a| = 1. We find that for [a| < 1,¢

is a one-to-one immersion,for |a| =1 it is not an im-
mersion and for |a |> 1, ¢ is an immersion which is
not one-to-one,

§14. Let ¢: M; = M, be a submersion;let

y € @(M,) S M,; then ¢~1(y) is a closed submanifold
in M,i.e.,it is a submanifold of M, and it is closed
as a subset.

§15. Given a differentiable mapping ¢: M, = M,
and a point x € M,,the kernel of T, ¢ is defined as
follows:

ker(T,¢) = {L e T ,M;| T,@(L) = 0}.

If ¢ is a submersion, ker(T¢) is a vegular differenti-
able system (see Theorem 3.1).

Nole: For the sake of simplicity,we shall always
think of an n-dimensional differentiable manifold as
a submanifold of R»*!, (Actually this becomes com-
pletely rigorous if one considers R"*? with sufficient-
ly large p.) This gives an intuitive flavor to all abstr-
act concepts introduced up to now. If M is an n-di-
mensional submanifold in R#*1,a tangent vector at a
point can actually be written as a-grad with grad =
[(3/8x )+ (3/0x,,,)] and a tangent to M in the usual
geometrical sense. Of course,the (» + 1) vectors
9/ dx; are no! linearly independent on the surface
since they are linked by the equation of the surface.
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However it isAalways po§sible to choose locally an
n-tuple x,°*-x,* *-x,,; (x, deleted) which constitute a
local chart.

§16. A curvey in M is a differentiable mapping

v:I CR — M,where I is an open connected subset of
R, At every point x = y(A), A € I,a tangent vector to
v is defined by

L, = (T,7) (i—)- (A6)

§17. Given a vector field X € X(M) and a point x € M,
there exists a curve v with ¥(0) = x, such that X is the
tangent vector to y in a neighborhood of A = 0. ¥ is
called the integral curve of X at x. If I can be extend-
ed to — 0w < A < o, then X is complete at x; X is com -
plete if it is complete at every point of M.

§18. A vector field on a compact manifold is always
complete. As an example of a noncomplete vector
field, take the following: Let M = R2 — {(0,0)} and

X =ad/or + bd/o¢,where 7, ¢ are the usual polar
coordinates and a,b are real positive constants. Then
the integral curves of X are given by

r = aXx + r(0)

Y
rel= %q):b)\+ 0(0)’
so that the interval I can be extended at most to
— 7(0)/a < x < + 0, The vector field Y =ara/dr +
bo/d¢ is complete, since its integral curves are given
by

N Y 3 ¥ = 7(0) e}
c (— 00 oo — .
€ @) 2 o=t + 0(0)

8§19. The Lie derivative Ly f of a function f with res-
pect to the vector field X is defined by (L f)(x) =
(d/d\)(fev) | -0, A being the integral curve of X at x.
It holds: L, f = X(f), which means that X(f) = 0
everywhere implies that f is constant along the inte-
gral curves of X,

§20. The dual space of T, M,i.e.,the space of linear
functionals on T, M, is a linear space of the same di-
mension and is called the cotangent space to M at x
and denoted by 7 *M. The union U, T *M is called the
cotangent bundle and denoted by T*M. A C ) section
of T*M is a map 7 : M — T*M which assigns to

every x € Ma linear functional w, € T*M in such a
way that w, depend differentiably on x,i.e.,{w, (X,)} €
F(M). Such a C® section is called a 1-form [notation
we T*M)].

§21. Locally in M it is possible to introduce a base
in TM wy* - w, defined by w;(3/2x;) = 6;;;every 1-
form is locally expressed as w= 2,15, (¥)w; with

b, € $(M). An essential point is that the value of w(X)
at x depends only on w, and X and not on their values
in a neighborhood; this is evident since

X= Z)ai(x)a—i_- = w(X) =é a; (x)b; (x).

§22. To every function f € F(M) there is associated
a 1-form denoted by df and defined by df (X) = X(f).
In particular we can write for the base convectors w;:

A 1-form w is called exact if there exists a function f
such that w = df.
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§23. Anm-form is defined as follows. Consider the
space of multilinear functiomals on T, M: T .M X T .M
X+« X T M — R and restrict to the subspace of com-
pletely antisymmetric multilinear functionals,i.e.,
such that

WX qyee e, X)) = (= DP0Xpy,evn, Xpn), (AT)

6p is the parity of the permutation P. Then we can de-
fine the bundle T *M; a C®) section of it is called
an m-form;the set of m-forms is denoted by Q™).
As an example, consider m = 2: (dx,dx,)(X,Y) =
dx1(X)dx,(Y) is the local expression of a bilinear
functional; we obtain a 2-form from it by antisym-
metrizing: w(X, Y) = 3[dx, ()dx,(Y) — dx, (Y )dx,(X)).
The notation usually employed is w = dx; A dx,
(called exterior product of dx,,dx,).

§24. The exterior product of a k~-form a and an m-~
form Bis a (k + m)-form a A B defined by

@A BYXqyeen, Xpam)
= @_J}_mT T DPCaXy,..., X,)
X BXpr1*t* Xpom)
= m; (— 1)%Pa(Xpyr+ Xpp)

X BX pr1)* X perm)e (A8)
§25. A base for the m-forms is locally given by

w;

[ =dxi"\ e Ay

’
‘m

so that the most general expression for an m-form is
w =,

§26. Given an m-form w,we obtain an (m + 1)-form
dw by application of the exterior derivative operator
d defined through the following properties:

() dl@anp)=(da)Ag+(—1*an(dp), a,pasin
§(24),

foouiy @i, o, (A% A v Adx, .

(i) df(X) =X(f) = df, (A9)
(iii) dd = 0.

Relation (i) makes sense also if k = 0,i.e.,d(fw) =
df A w + fdw.

§27.
@) (XoXy:+-X,,)

= -m—1+—1- L?o (— l)ka(w(Xo. . 'Xh’ X))
+ %(— Diw(X;,X;], X5, X;,

.,X',.,...,xm)s

(A10)

holds.

® r means that X, is deleted). As the simplest exam- .
ple, take a 1-form w, then (dw)(X,, X,) = ${X(w(X,))
— X (X)) — w(Xq, X}, It is to be noted that the
two sums in formula (A10) individually depend on the
values of w and X,...X,, in a neighborhood of the
point, while the sum,i.e.,dw,is a true (m + 1)-form.
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§28. Anm-form w is called closed if dw = 0;it is
called exact if there exists an (m — 1)~form o such
that w = da. Due to dd = 0, an exact form is also
closed, but the converse is not true in general, depen-
ding on the topology of the manifold.

§29. Given a mapping ¢: M, - M,, a mapping between
Q™ (M,) and Q™(M,) is defined, namely

w eQnM,), (gw)(XP-..X1)
= (TeXP)- - To(XLH).

In particular ¢, (df)(X) = (df)(To(X)) = TeX)(f) =
X(f e @) =d(f o ¢)(X) > ¢ (df) =d(f - ¢) (“natura-
lity” of d with respect to mappings).

§30. The “pullback” ¢, allows the definition of the
Lie derivative of an m-form with respect to a given
vector field; let y be the integral curve at x; ¢(A) the
mapping ¢(A)x = y(r). Then the Lie derivative L, is
given by

d
Lyw = o o, Mw .

§31. The inner product of a vector field X and an m -~
form w is the (m — 1)-form iyw defined by

(ix(l’)(Xlu . 'Xm-l) = mw(X,Xl. . ‘Xm—l)'

It holds:
(i) Lyw =d(iyw) +iy(dw),

(i) (Lyw)(Xy,...,X},) =X(w(X1’ e X))
k
- Qw(Xl, e [X X)X

§32. A differentiable manifold M is called a sym-
plectic manifold if there is defined a 2-form w on it,
called the fundamental 2-form, with the following pro-
perties:

(i) dw = 0,i.e.,w is closed

(i) w(X,,X,) =0 for every X, implies X, = 0,i.e,,
w is nondegenerate, M is necessarily even-dimen-
sional.

§33. It is possible to introduce local charts (called
symplectic charts or canonical coordinates) such
that w has the following expression:

n/2 n/2

w= Zl> % A A%y jy = ? dp, A dq,. (Al1)

§34. A simple example of a natural way in which
symplectic manifolds arise in mechanics is the follow-
ing. Consider a point particle on an n-dimensional
surface M immersed in R**1 and subjected to station-
ary conservative forces; the Lagrangian function is
supposed to belong to F(TM);in particular we assume
that in any local chart,

£ =327 a,;xwivl — Ux)
i,j

being a; (x), the metric tensor induced on M by the
Euclidean metric inR ,,,. The kinetic energy T’ =

&£ + U defines a bilinear nondegenerate functional

7 : (M) x L(M) —» R which induces a one-to-one onto
mapping 7: X(M) - X*(M), namely (Tv)(v') = T (v, v').

In local charts v = JJvi(3/axi); o = éa”vidx‘ =

2 p,dx*. The ‘coordinate transformation” P, =

Z}a” vi = (8L£/3v%) coincide with the usual definition of
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“conjugate momenta.” The state of the particle can
now be described by a point on T*M. It is then easy to
show that the Lagrange second order equations in M
transform into a first order systems of 2n differential
equations of the form

dqt .
T =Xulah),
dp; . o
E = XE(p,) with XH = (an) -

But the important fact to be noted is that 7*M has
given the structure of a symplectic manifold in a very
natural way (see next paragraph).

§35. T*M can be given a symplectic structure. Let
us define a 1-form 8 € X*(T*M) as follows: x € M,
3, € T*M, (x,9) € T*M,X € X(T*M);denote by 7 the
projection T*M — M: n(x,8,) = x. Then #(X) =
$o(Tn(X)),0r $ = 7,8, The 2-form w = d# is nonde-
generate. This is easily seen in each local chart:

x ={q%,

‘ 3 - 2
X =§) (a (gp) P + b;(qp) E)’

13

"0 = Z}pidqi,

0
Tr(X) = E a; ’a?, JO(TTT(X)) = Epiai ,

e
og’ = Pu (3[)i

m
ds = ), dp,Adgi.
1

i

0=> .,=Zl‘,pidqi,

§36. A 2n-~dimensional symplectic manifold is de-
noted by 2,,, .

§37. The nondegenerate closed 2-form w induces an
isomorphism between X *(Q,,) and X(Q,, ); to every
vector field X there corresponds the 1-form X? de-
fined by

xb = 10 (A12)
Conversely, to every 1-form a,there is associated a
vector field X = a¥ such that (a#) = a. In local
canonical coordinates, we have

d . @
X = 2 <ai -+ bi——> ’
i opt 9qt

ixw = I (dp; (X)dg* — dg'(X)dp;) (A13)

= Z(aidqi— bidp;)

= xb .., (‘a;—) _ dq;, (5%) g =—dp;.

§38. A differentiable mapping ¢ is called symplectic
if ¢, w = w, Recalling the definition of Lie derivative
§ 30, the condition that X generates a continuous one-
parameter local group of symplectic transformations
is simply given by Lyw = 0. By §31, Eq. (i),
0= Lyw=d(izw) +iydw) =d{iyw) =dxb (A14)

i.e.,X" is closed.
§39. A vector field X is called locally Hamiltonian
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if X b is closed; it is called globally Hamiltonian if

xb is exact, i.e., there exist a function H € §(2,,) such
that X = (dH)¥ or X b= dH. H is usually called the
genevating function of the “infinitesimal canonical
transformation”

dq’ . dp,
L=x@h), 2 =xp,).

dt dt (A15)

Since in R* every closed form is also exact, for every
x € Q,, there exist a neighborhood O(x) and a func-
tion H € §(Q,,) such that dH =X b when restricted to
O(x),1i.e., every locally Hamiltonian vector field can
be described by local Hamiltonians.

§40. A dynamical system is a couple (Q,,,X,) where
Q,, is a 2n-dimensional symplectic manifold and X
is a locally or globally Hamiltonian vector field.

§41. Through the fundamental 2-form w the Lagrange
bracket of two vector fields X, Y is defined as

(X,Y) = 20(X, ¥) = XP(v) = — vP(x). (A16)
In local symplectic charts this looks like
x,Y)= § {X(0,)¥(q") — X (g} Y(p,)} (A17)

and
dx,Y) =[x, Y]P — L, ¥P + L xP

holds. In particular, if X, ¥ are locally Hamiltonian
vector fields,

ax, v) = — [X, Y]P. (A18)
§42. If we put @ = XP, 8 = Y, we can define the
Poisson bracket of the two closed forms «, B by

{a,8} = det, 8t =— [e*,8HP. (A19)

The Poisson bracket is usually extended also to non-
closed 1-forms by {a, g} = — [a*,B*]P. The Poisson
bracket of functions f, g is defined by {f, g} = ((df)¥:
(dg)"), so that {df, dg} = d{f,g}. Equation (A19) shows
that the P.B. of two closed 1-forms is exact. We
leave to the reader to rederive the customary ex-
pressions of P.B. in local coordinates.

§43. To illustrate the geometric meaning of (X, Y),
some concepts from the theory of integration over
differentiable manifolds are needed; in particular, the
“Stokes theorem”

ac" - j;'d"’

where ¢ is a p-chain and 8 is a (p — 1)-form (see
Ref. 8, Chap. III). Now, let X;,X, be two vector fields
in ©,, and let y;, ¥, be their (local) integral curves.
We consider an infinitesimal circuit made up with
arcs of y,,v, with a vertex in (g, ) and with sides
equal to (A, X,(g%), 2 X1(p;)) and (1 —» 2). Let AT be
the algebraic sum of the areas of the projections of
the circuit onto the coordinate planes qlp,,...,q%p,;
then to first order in A;A, AT is given by a2,
(X1, X5).

§44. The relations

da =dg =0,

{a,B} = Lgta =— L 4B =d(a*,p?),
(A20)
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{f,8 = Legg f =— Ligg = (@N*,(dg)  (A21)

motivate our choice of Lagrange brackets as funda-
mental objects when dealing with locally Hamiltonian
vector fields; in fact, the relation (X,,X,) =0isa
necessary and sufficient condition for the local Hamil-
tonians of X, (of X,) to be constant along the integral
curves of X, (of X,). The same condition state in
terms of Poisson brackets would require the explicit
introduction of local Hamiltonians and would look like
{H1,H%} = 0 in U} N U? being H} (respectively H%)

the local Hamiltonian of X1(X,) in U}(U?) . Example
Q, = T2 =81 X S1; w,,w, angles on T2 w=dw, A
dwy; let X =3/0wy,Y =8/0wy; —w, and w, are
local Hamlltomans for X, Y and within a local chart
we have { wq,wo; =— 1. This is shared by the global
statement (X, Y% =1, Note that {dw,,dw,} = 0 tells
nothing about the “conservation” of w, “under” (dw 1)#

§45, Finally,we want to discuss the conditions under
which a locally Hamiltonian vector field has a regular
“energy surface.” A 1-cycle is a differentiable map
v: 81 - M. Cycles can be added and multiplied by in-
tegers. A cycle v is said to be homologous to zero

(y ~ 0) if it can be continuously contracted to a point.
r 1-cycles y4...y, are independent if nyy, + - +
n,y, ~ 0 impliesn; =--- =n_ = 0. Now, suppose
that M is of rank k&,i.e., that there aye & independent
irreducible 1-cycles y;; then T, = y; & are called the
periods of the closed 1-form #. There are only two
cases in which 8 leads to the definition of a submer-
sion, that is, in conclusion, to closed submanifolds.
These two cases are

(i) T,=0 (trivial), this means that f = f 9 € F(M)
ie., ¢ 'is actually exact, ¢ = df.
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always suppose that the locally Hamiltonian vector
field X is such that X} satisfy (i) or (ii). The usual
rebquirement of absence of critical points is precisely
Xg = 0.
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The scattering of electromagnetic waves is considered using the integral equation form of Maxwell’s
equations for the electric field. These equations are analogous to but not identical to the Lippmann-
Schwinger equation in quantum mechanical scattering theory. A transformation procedure dis-
covered by Drukarev (and independently by Sams and Kouri) is employed to obtain Volterra inte-
gral equations of the second kind for “modified electric field functions.” In deriving the Volterra
equations, one is led by analogy with quantum mechanical scattering to define a ‘“‘Jost matrix”
associated with electromagnetic scattering. A simple quadrature procedure is suggested for obtaining

numerical solutions to the Volterra integral equations.

i. INTRODUCTION

Integral equations have long been of great importance
in mathematical physics because they permit the suc-
cinct expression of both the local properties of physical
quantities and their behavior at boundary surfaces, In
the case of electromagnetic phenomena, most applica-
tions of integral equations have involved kernals which
are of specialized character, e.g., specialized to poten-
tial or diffraction problems with idealized boundary
surfaces.1=5 There do, however, exist formulations of
general integral equations for electromagnetic scatter-
ing which are analogous to the well-known Lippmann-
Schwinger integral equations used in quantum mechani-
cal seattering theory.34 These integral equations are
Fredholm equations of the second kind and there exists
a very extensive literature dealing with the analytic
properties of such equations.1.6¢ Indeed, because of the
great importance in quantum mechanical scattering
theory of iterative solutions to such equations, much
effort has been expended in studying the behavior of
essentially perturbative solutions of such integral equa-
tions. Such perturbative or iterative solutions are
generally known as Born or Neumann iterative solu-
tions.1:6:7 One of the most powerful techniques for solv-
ing such integral equations is the Fredholm determinant
solution procedure.1.4.6 Indeed, solutions of this type
possess much superior convergence properties com-
pared to the Born—Neumann procedure (i.e., conver-
gence is independent of the interaction strength).

Some years ago it was observed by Drukarev8 (and
recently rediscovered by Sams and Kouri®) that the
Lippmann-Schwinger integral equation could be trans-
formed into a Volterra integral equation of the second
kind for a modified wavefunction.1¢ The resulting Vol-
terra integral equation could then also be interatively
solved by the Born—-Neumann procedure. However, the
convergence properties of such a solution were now
essentially the same as those of the Fredholm deter-
minant solution.4 Indeed, it has been shown by Brysk
that the solution of the Lippmann~Schwinger equations
via the Volterra equations is exactly equivalent to a
construction of the Fredholm determinant solution,11

In addition to independently discovering Drukarev's
transformation procedure for obtaining Volterra integ-
ral equations from Fredholm integral equations (having
a specialized kernal form11), Sams and Kouri pointed
out that such Volterra equations could be used as the
basis for generating an extremely rapid, noniterative
numerical solution to the original Lippmann-Schwinger
equation.®.12 Their procedure essentially generates the
Jost matrix numerically, which matrix can then be used
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to construct the scattering wavefunction and scattering
matrix according to well-known formalism .4 Further-
more, the modified wavefunction satisfying the Volterra
integral equations are, in fact, transformed into the
physical wavefunctions by multiplication with the in-
verse of the Jost matrix.4

The present paper contains a treatment of the integral
equations describing electromagnetic scattering using
the Drukarev-Sams—Kouri transformation procedure.
In the next section, we present the integral equations
for electromagnetic scattering following the treatment
given by Newton.4 In Sec. III we derive the Volterra
integral equations and discuss analogies to be made
with quantum mechanical scattering. Finally, in Sec. IV
the numerical procedure of Sams and Kouri? is briefly
described.

1. INTEGRAL EQUATIONS FOR ELECTROMAGNETIC
SCATTERING

We first present a brief summary of the equations for
electromagnetic scattering expressed in integral form.
Our discussion follows that of Newton4 and is included
to establish notation. The physical process to be des-
cribed is that of scattering of an incident electromag-
netic wave by some material medium of arbitrary size
and shape.

Let the index of refraction »n’ of the dispersive medium
be given by

n'? = € + dmic/w, (1)
where € is the dielectric constant, o is the conductivity,
and w is the circular frequency of the radiation. We
denote the magnetic permeability of the medium by p
and note that, in general, the refractive index »’ and
permeability u are tensor quantities and need not be
uniform. Thus, the scattering medium need not be homo-
geneous or isotropic. (However,for simplicity, we shall
treat only isotropic media. The analysis can be exten-
ded to include the more gneral case.)

For the present discussion, it is most convenient to treat
the electric fields using a “partial wave” description.
Thus we may express Maxwell's equations for the pro-
cess of scattering of an incident electromagnetic wave
as 1,4

Ex aaer ) = 1y (or)8 55.831p:0 5 3 (03 = 1)

had ’ ” ” ’
+ k2 J%l” fo dr' T, w7 5) Wy Yoy nlr ) 850 sng ).
WA (2)
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Thus &} ;4 is the radial coefficient in the expansion
of the e1ectr1c field § (k v, 7)  using vector spherical
harmonics Y(’*)('r) and Y (3,).(E) describing the dependence
on position 7 and propagation vector %, and the polariza-
tion vectors /. In the above equation,

TL(ksre,7,) =uller Jwf (kr,), (3)
me(k;7<!7>) = —uJ(kr<)wJ+)(kr>)’ ()
TdoB;7,7,) =T8, k7 ,7s)

/!
%;13_2 2 [u,ter JwsOGr))], ()
(J+1)

R2yy’

rgo(k§7<»7>) = uJ(kr<)wJ(+) (k7>)’ (6)

and all other I'{,, elements are zero; the « (kr) is a
Ricatti~Bessel function of order J, w (*)(krﬁlls a Ricatti~
Hankel function of the first kind of order J,and by u/;

(or wf*)’) we mean the derivative of u; (or w{*)) w1th
respect to 7; the function Ny A0,. () is defined by

Thg Yoy ) = 19°9" [ @7 ¥ @) 102 — 1)- Y2 0). (1)

For the special case of a spherically symmetric scat-
terer, Eq. (7) reduces to

T N ) = (= 1)96 1108 gD 5 o p 02 — 1) (8)

and our integral equation for §}}'(r) yields a set of
three coupled integral equations given by

EMYr) =u r)6, . (6,,— 1)

+ (—1)9k2 3 f ar' T{, »lr,7,) [n20") — 1163/ (")

\” (9)
for A, 2’, A" equal to e,m, and 0, (The above equation
will constitute the starting point for our noniterative
solution method since the more complicated nonspheri-
cally symmetric scatterer can be treated using the same
analysis.)

We comment that these equations are very similar to
those encountered in quantum mechanical scattering
theory, where now the role of the potential is taken by
the quantity n2(r) — 1, Thus, in the absence of any dis-
persive medium,n = 1 so that the “potential” in Eq. (9)
tends to zero as one moves from the scattering region
into free space. If no medium is present, then n2 — 1
vanishes everywhere and §}}’ equals the incident wave,
i.e., no scattering occurs. If one has a spherical region
radius R where n({») is constant but different from one,
the integral in Eq. (9) above extends from 7’ = 0 up to

= R and for » > R, there are purely outgoing scattered
waves with amplitude depending on, e.g.,for A = e,
j w (kr’)[n2(r') — 116 3,2 (r')dr’. Thus, one expects the
amplltude of the scattered waves to vary with the “size”
of the scattering medium in this fashion. If [n2(r) — 1]
is bounded by @, the product @R will be a measure of
the strength of the scattering medium, This is similar

to a sort of square barrier or well in quantum mecha-
nics.

Itl. THE VOLTERRA EQUATIONS FOR
ELECTROMAGNETIC SCATTERING

We now wish to discuss the application of the Drukarev—
Sams~Kouri procedure for obtaining Volterra integral
equations. The plan of presentation in this section is
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as follows. We first illustrate the procedure for solving
the Lippmann-Schwinger equations for quantum mecha-
nical scattering by transforming them to Volterra integ-
ral equations. Next, the discussion of the problem of
electromagnetic scattering will be developed using com-
pletely analogous techniques. Furthermore, the dis-
cussion of various quantities appearing in the electro-
magnetic scattering case will be strongly dependent on
analogies with the quantum mechanical problem. This
is particularly true of the definition of an “electromag-
netic Jost matrix” relating modified electric field func-
tions with the physical electromagnetic field functions.

The transformation procedure depends on the appear-
ance of . and 7, variables in the kernel8.2.11 of the
integral equations and can be illustrated using the single
uncoupled Lippmann-Schwinger radial integral equation.
We may eliminate the » . and  , variables explicitly by
writing the equation for the wavefunction at » as

Vi) = u,ler) + LT

1o
t g

Upon adding and subtracting [(—1)J+1 /&) u (kr) f dr’
wfNer)V(r' Wir’), we obtain

cn
k

wf*) (er) [ " v k) Vr W)

u,ller) [ dr’ wf" (er ) Ve Witkr’).  (10)

Vilr) = u,(kr)[1 + C] +

X uyllr YW Wilr’)

wfer) [ dr’

L wn [ wfrvewe)  an
with
1)7+1

1+C]=1+5~ (_ f dr’ wfOer W' Wser’). (12)

We now try a solution to Eq. (11) of the form
Yilr) =

and substitution into Eq. (11) yields

@)1 + C] (13)

0sr) = uyller) + EL [ ar
X [wfer)uller') — wf)erYu,(kr)]Vr o, lr)  (14)

as the equation which ¢ (r) must satisfy. In addition,
we may substitute Eq. (13) into Eq. (12) and formally
rearrange it to obtain

1+C= <1 + %I—)J fo"" dr w}+)(kr)V(r)<pJ(r>>'1, (15)

provided {1 + [(~1)7/k] foco dr w}*)quJ} is nonzero.
Thus, the equation satisfied by the “modified wavefunc-
tion” ¢,(r) is a Volterra integral equation of the second
kind.10 It is seen that the variable upper limit 7 in this
integral equation is automatically associated with the
point » which is the argument of the scattering wave-
function. Furthermore, if the Volterra equation for
@,(r) can be solved, the quantity {1 + [(—1)7/k] [~ dr
wf*) Ve,} can be computed and by Eq. (13) a complete
solution to the original scattering problem obtained. In
fact it has been shown by Brysk that the quantity

{1 +[1)7/r] f dr wf? Ve }is the Fredholm deter-
minant!l for the original integral equation (10). Thus,
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it has zeros only in the complex % plane, and solutions
using Eqs. (14) and (15) for real energies may always
be found. Of course, the zeros of {1 + [(—1)7/k] f dr

w } Vo J} in the complex & plane locate any resonances
or bound states of the total system Finally, we point out

that the quantity {1 + [(~1)7/k] f dr wfVe,} is essen-

tially the Jost function for the qua.ntum mechanical scat-
tering problem. In the present context it arises natu~
rally as a transforming factor relating the functions ¢ p
(satisfying essentially initial value type boundary con-
ditions) to the scattering wavefunctions ;. We shall
make use of this later in defining an electromagnetic
analogue of the Jost function (or matrix).

In order to most conveniently discuss the application of
this same procedure to electromagnetic scattering, we
now rewrite Eq. (9) in matrix form as

Endr) =, 0) + (1782 [ ar

X T ,7,) mr')-Eplr’)  (16)
where
{‘g.m}xw = 'g}ﬁ": (17)
{‘FJ}M\' = 1"{)\,, (18)
{uhn = u,r)8 5, [0, — 1], (19)
and
{m} . = 6,,.[n20) —1]. (20)

It is then convenient to write ‘1_:" as a sum of matrix
products, each factor of which depends only on r_ or 7.
Thus,

Toror,) = § ) F30,) + 5 2 (Fgor ) Fior,) @)

with the diagonal ?{, ?g, and ?g matrices given by

F,,0) = iVT + 1 u,lkr) /kr, (22)

Fy,.00)= uJ(kr), (23)

§ {mm(r) = iuJ(kr)’ (24)

F4,,0) = iVT F 1 wfr)/kr, (25)

F ) =7 wJ er), (26)

F §um@) = iw S Nkr), @

F §,,0r) = I + 1)] 4 u,(kr) /R, (28)

F 4o, ) = I + 1)]1/4u,(er) /b, (29)

¥ gmm(r) =0 (30)
while ‘5;;[ has only two nonzero elements given by

F1,.0) = F4,0) =i[JU + 1)]V2 0 (er)/k. (31)

Then Eq. (16) may be written as
E0) = uylr) + (—1)9k2 [‘s?gm- § dr S me) Epgle)

+ 540) [7 ar' T4 mo) Eplr)
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d - FYO) s
¥ {E" gi(‘r)\}'jo’ ar’ i'(r )'m(r')- m
d - ¥
+ {d_r fF%(r)}fr arr 23 i(?‘) ) é’M(")] (32)

where we have explicitly eliminated the »_, 7, variables.
Now just as in the discussion of Eq. (10), we add and
subtract the integrals8.®

(~1)7k2F{l) [ 5507 mbr) 8l (33)
and =
d P r S:J( ! P Ln
(—wkZ{E ‘Jg('r)}- L3 e G (30
to obtain

Edr) = uylr) + (—1)9k2
x [ 5 ar{F30)56) — F70) 5300} - m ) Epglr')
+ for dr'{dir ?;{(r)'?g(r’) - d% ?F-g(r)'?:{(r')}

-w).a,,,(w)] + 50T+ L50r D @9)
Here the constant matrices ‘EJ and EJ are defined by
analogy with Eq. (12) as

C7= (12" ar T4) mr)- & plr) (36)
and

DI = (—1)vk2 L ar F{) mb)E ). (37)
In order to solve Eq. (35), we now write the electric
field &,,(r) as
Eopr) = E017) + 8 (117)-CY + Ep2lr)- D7, (38)
This expression is substituted into Eq. (35), and if the
functions &, (p|7), p = 0,1, 2 are taken to satisfy
Endplr) =T, (p17) + (—1)7k2

X [Lr dr'{?g('r)-?{(r’) ~F{0r) F4e")} mb)

Epdplr) + [ dr'{di,, F40) 540

- £ ?gm-?g(w} M) E pgp |r')], (39)

p=0,1,2
with

T17) = uylr), (40)

Tlr) =F{w), (41)
and

J(2|1’) =% 5&(‘)’), (42)

then Eq. (38) represents the solution of Maxwell's equa-
tions expressed in injegral form. The equations satis-
fied by the functions & ,(pl7), p = 0,1, 2 are clearly
Volterra equations of the second kind and in analogy
with Eq. (14), it is again observed that the variable
upper limit » appearing is the same as the radial posi-
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tion variable in the physical electromagnetic function
8 (7). Assuming that Eq. (39) may be solved (by itera-
tive or noniterative procedures), we now substitute Eq.
(38) into Eqgs. (36), (37) to obtain

TV = (~1)7r2 [ ar F0) m ) [6,0017) + Ep(Llr)-CY

+8,,217)- D7) (43)
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D7 = (~1)k2 [* dr TJ0) mb) [E401r) +Ep1Ir)-CI

+ Ep2l7) DI, (44)
Since the equations for the & ,(p |7) do not depend on
the CY and DY matrices, they may be computed inde-
pendently by solving Eqs. (38). Then C7 and D7 may be
computed from the above two equations treating them

as simultaneous equations for the two matrices. Indeed,

and these equations may be written in compact form using
; supermatrices defined by
. (¢
&= ( S) , (45)
DY
[f~ar 540y me) Ep1 N [ ar FYr) mr) & pl217)]
3= R N , (46)
[]‘:° dr §{r) mb) 82| [ dr Sr) mr)- 8,(117)]
and
UL ar 550 m)- 8 017)]
9= 417)

[f° dr T0r)-m) 8 017)]

Then Eqs. (43)-(44) become

—_ -~

+ %8

B=4g (48)
so that
B=(T-%rt9g (49)

whereupon the solution of the original field equations is
given by

—_

) = Ep017) + ET- (50)

Here we define
/—\
ET = E 1(117) 8 p(2]7). (51)
\__—/

This then leads to

Epatr) =8 p017) + T (T = 019, (52)
It is interesting to compare these expressions with the
corresponding quantum mechanical scattering equa-
tions. It is evident that the elements of (I — ) are
analogues of the quantity {1 + [(—1)7/%] [~ w{" Vg, dr}
so that (I — J) now plays the role of the Jost matrix
for electromagnetic scattering, In particular, under
circumstances where det(I — 3 ) vanishes, one expects
resonant scattering just as in the quantum mechanical
case.

Finally, in Eq. (38) the physical electric field is expres-
sed in terms of the &,,(p!7), p = 0, 1, 2 which we call
“modified field functions.” It is of interest to explore
briefly the differences between these modified fields
and the physical field. By far the most significant
difference may be appreciated bL contrasting the Vol-
terra equations satisfied by the §,,(p|7) and the Fred-
holm equation for & JM(r). One sees immediately that
the true field at a point 7 is influenced by the value of
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the field everywhere else. That is, the integral equation
for &,,(r), Eq. (18), involves an integration over the
entire region where the refractive index differs from
the free space value of 1. Essentially, this implies that
a wave propagating in the medium of refractive index
n(r) undergoes scattering and interferes with portions
of the wave scattered by all other regions within the
medium. On the other hand, the modified field functions
E,u(p|7) at r = R are determined solely by their pre-
ceeding values and are completely uninfluenced by the
modified field at points » > R. There is no interference
between portions of the modified wave scattered at
different points in the medium. These interference
effects are introduced when one combines the modified
fields, together with the “electromagnetic Jost matrix”
to construct the physical wave, Then the amplitude of
the reference mochfled wave 8 ﬂ,(0 |r) is changed by the

contributions é’m(l l7)- C and & w(217): DY which either
interfere constructively or destructively.

V. NUMERICAL PROCEDURE

We now briefly discuss a numerical procedure for solv-

ing Egs. (39) for the 6JM(pIr), = 0,1, 2. The approach
is based on the approximation of the integral terms by a
Newton-Coates quadrature. Eq. (39) then becomes

Ealplr,) =T (pl7,) + (—1)%k2 2w
t=

F4(r,) F{r,) — §r,) F40r,)
+576,) 540,) — FY0r,) Fi6r,)

mr,) E b l7,)

(53)
It is of interest to examine the quantity in brackets
above for ¢ = n. It is readily seen to equal V, where
v, = {d [F10) sw(r)]} (54)
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since the first term vanishes. [Here we see an impor-
tant difference between the electromagnetic scattering
problem and the quantum mechanical problem. Unless
there are velocity dependent potentials occurring in the
quantum mechanjcal problem, only the term

S’g(r ) SF{('r,) - Sff(r ). EFg(r,) occurs and this is readily
seen to vanish at 7, = 7,,. The result is that for quantum
mechanical problems, the analog of Eq. (53) may be
solved without necessitating any matrix inversions.]
Thus, in order to solve Eq. (53) for the “modified field
functions” 8,,M( pl7) at the point 7, it is s necessary to
compute the inverse of the matnx 1- v, m(r ) x
{(—1)9k2w,. However, it is stressed that, Tor the present
problem,thls is simply a 3 X 3 matrix and, in general,
the dimensionality of the matrix to be inverted is the
same as the dimensionality of the matrix &, ;. ().
This may be contrasted with what one encounters in a
direct quadrature solution of Eq. (16), where one obtains

Eoafr,) =u,lr,) + (—1)7k2 Z) w, T, 7,) mr,) é’,m(r,)
(55)

Even if one uses a quadrature scheme which takes
account of the cusp occurring in I'Y one must invert a
matrix of dimension 3N X 3N, where N is the fotal num-
ber of quadrature points employed. Clearly, the solution
of the Volterra equations is considerably simpler than
the corresponding Fredholm equations.12 In order to
effect the numerical evaluation of the § JM( plr,) then,
one simply requires the initial condition on the modified
field functions at » = 0 which is given by

8.24(p10) = 0. (56)

It follows that Eq. (55) can then be used to step the func-
tion out into the region where m(r) is zero, Using these
pointwise values of |7nLn =0,1,2,...,the integ-
rals required to obtain X and 9 can be constructed.
Finally, (T — X)1 is constructed and the physical fields
obtained using Eq. (52).

Finally, it is noted that one might also desire to attempt
the solution of Egs. (39) by iteration. In contrast to an
iterative solution of Eq. (16), the convergence of which
is governed by the same conditions as the Born-Neu-
mann procedure in quantum mechanics,4 the conditions
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for convergence of iteration of Eqs. (39) are those of an
integral equation with a triangular kernal [i.e., K(r,r')=
0 for r’ > r]. Thus, one expects the convergence of
such iterative solutions to be independent of the
“strength” of m (r).
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An extension of a two-element symmetry group Z, (defined, e.g., by C, P, or T) by another
symmetry group K is called a minimal extension (ME). From the general theory of group extensions
it follows that a ME is determined by an element ¢ of X and an automorphism F in X which are
related in a certain way. It is shown that every ME can be expressed as a generalized semidirect
product (GSP): (K @ H)/K',, where the homomorphism 7 is defined by F, and X', H are cyclic
groups of order m and 2m, respectively, m being the order of ¢. The simplest GSP form of any
ME is obtained depending on ¢ being outside or inside the center of X (in particular, ¢ may be
equal to the unit element), and F being an inner or an outer automorphism. A complete
classification of inequivalent ME’s is presented, and its possible significance for magnetic space and
point groups is indicated. The usefulness of the GSP form for finding the irreducible representations

of a ME is pointed out.

1. INTRODUCTION

As it is well known,l a group G can be extended by a
group K into a group E if and only if a mapping ¥:G —
Aut(K), as well as a mapping w:G X G - K, can be
found so that the following relations are satisfied Vo €
K,¥Ya,b,c €G:

¥la)(¥]b(a)) = wla,b)¥{ab](a)w(a,d) 1, (1a)
wla,b)wlab, c) = ¥[a)(wd, c))wla,bc). (1v)
The maps ¥ and w are assumed to be normalized,i.e.,
Yle]=1 (2a)
wle,e) = w(a,e) =wle,a) =€,Vaec G (2b)

(e,I,and € being the unit elements in G, Aut(K) and K,
respectively). Then

E ={(a,a)la € K,a € G}, (3a)

with the composition law

(a,a)(B,b) = (a¥[a)(B)w(a,b),ab). (3Db)
The isomorphism ¢:a— (@,e),Va € K defines an in-
variant subgroup i(K) in E such that E/i{(K) = G,i.e., we
have the exact sequence.

1—)K—i7E—)G—)1.

When G is of order two,i.e.,G = Z, = {e,a} (e.g., the
generating element “a” can be C,P,or T),E is called
a minimal extension (ME).2 Owing to Eqs.(2) the maps
¥ and w are now determined by F = ¥[a] and ¢ =
w(a,a). The necessary and sufficient conditions (1)
boil down to

FZ(a) = ¢a¢_1 = I¢(a)1
F(¢) = ¢. (4b)

Equation (4a) by itself means that F cannot give any
extension at all unless it belongs to a coset € Aut{K)/
I(K) [I(K) being the invariant subgroup of all inner auto-
morphisms in K] whose square is I(K),i.e.,to an in-
volutive coset.

Va <€ K, (4a)
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Two ME's determined by F, ¢ and F’, ¢’ are equiva-
lent if and only if there exists o € K, such that:2

F' =1I,F, (5a)

¢’ = aF(a)$. (5b)

It is an immediate consequence of Egs.(5) that if F
gives a solution,then F’ gives an equivalent one if and
only if it belongs to the same coset in Aut(K).

From now on we shall consider suitable representatives
F, ¢ from the classes of equivalent extensions so that
F is simplest possible, All the classes in which an F
can be found such that F2 = I (an involution) we group
together to obtain a category consisting of, what we
call,involutive ME's. Section 2 is devoted to the dis-
cussion of these extensions. Section 3 treats the re-
maining noninvolutive ME's, which are characterized
by the nonexistence of an involutive F in the class of
equivalent extensions. An example is presented as an
illustration for the noninvolutive ME's.

2, INVOLUTIVE MINIMAL EXTENSIONS

Let F, ¢ be an arbitrary solution of Eqs.(4) such that
F is in the same coset of Aut(K) [with respect to KK)]
with at least one involution F. It is an immediate con-
sequence of Eqs.(4) that there exists an equivalent
solution F, ¢, satisfying
2 F

Fo=1, ¢o€C?, (6)

where by CFo we denote the subgroup of the center C

of K consisting of all elements in C which are invari-
ant under F.

A. The complete classification of nonequivalent ME's

Two solutions F,¢ and F', ¢’ are equivalent if and only
if the corresponding F, ¢, and Fy, ¢ are equivalent.
Therefore, it is sufficient to classify only the latter.

Lemma I: All the nonequivalent involutive ME's of a
group K are enumerated firstly by the cosets of Aut(K)
[with respect to /(K)] which contain an involution, and
secondly, after having chosen an involution F in each

such coset, by the elements of the factor group CF°/
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CF,(C)4, where CF4(C)? = {yFy(y)ly € C} is an invari-
ant subgroup of cfo. m the second step one may use
alternatively a set of representatives, one from each
coset of CTo with respect to CFO(C)".

Proof: The first claim follows from the definition
of involutive ME's and (5a). Further,as was already
pointed out, one can replace any given involutive solu-
tion F, ¢ by F, ¢, where F, is the chosen involution
in the same coset as F,and ¢, is some element of c’o.
It is seen from Egs.(5) that F, ¢, and F, ¢p are equi-
valent if and only if there exists o € C, such that ¢, =
aF(a)¢y,i.e.,if and only if ¢, and ¢, are in the same
coset € CF°/ CFO(C)d. All that remains to be shown is
that CFO(C)d is an invariant subgroup in ct % which

follows easily. QED

The proof of Lemma 1 can also be obtained using coho-
mology theory, where it is shown that the nonequivalent
extensions of G by K are enumerated by the elements

of the second cohomology group H2(G, C), which, for cy~
clic G, is given by3 Ker(T)/Im(N). For G = Z,(a) the
mappings T and N are T(y) = 'YF};O(V-I) and N(y) = 'yFo('dy),
Vy € C. Therefore,Ker(T) = C"° and Im(N) = CF (C)
as claimed in the lemma.

B. The central GSP form

The central generalized semidirect product (GSP)
form4:5 of any extension E of G by K exists provided
that the mapping ¥ can be a homomorphism denoted by
0:G - Aut(K). Each central GSP is based on an exten-
sion H of G by a central subgroup C, of K, i.e.,

15Cq5HSG-1.

Here C, is invariant under every ¢la],a € G,and H is
obtained using o : G - Aut(C,). It consists in a simple
construction:

E = (K © H)/Cj, (M

where the semidirect product K @ H is determined
the homomorphism 7 =0°n,andCy ={(y, ky 1)) ly € C}.

In general,the main problem in this approach lies in
finding a ¢ and an H. In the case of involutive ME's
both of these problems disappear because every F, and
¢, satisfying (6) provide us with 0 and H, respectively.
Namely, having chosen F to be an involution, the map-
ping ¥ obviously becomes a homomorphism g,i.e.,

0'[(1] = FO' (8)
The cycle of ¢, gives the central subgroup C,i.e.,
Co=Zn(d0)s (9)

where m is the order of the element ¢,. Any cyclic
group of the order 2m can be taken for H,i.e.,

H= Zz,,,(x), (10)

with x as the generating element. The isomorphism
1:Cy - H we define by {¢f) = x2¢, p =1,...,m. The
kernel of the homomorphism n:H — Z4(a) is {C,), so
that n{x4) =a?, ¢ =1,...,2n (remembering that a2 =
¢). The homomorphism 7:H - Aut(K) equals oon,i.e.,
keeping in mind that F3 = I,

T[x¢}]=F§, q=1,...,2m, (11)
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Thus we have established the following:

Lemma 2: For an arbitrary involutive F, € Aut(K)

and any ¢4 € CF° , whose order is m,the central GSP
form of the corresponding ME is the factor group

E=K® z,,(x)]/Ch, (12)
where the composition law in K @ Z, () is

(a,%7)(B,x7) = (aF§(B),x"""),
a,B€K, q,v =1,...2m, (13)
and

Co =65, 2> M) p=1,...,m}. (14)

Different choices of x give equivalent realizations of E.

It is useful to notice {cf.Ref. 4, Sec. 5(C)] that after
having constructed E by (12), it is a product of two sub-
groups. The first is invariant in E and isomorphic to
K, the second is isomorphic to Z 2m{X), and they inter-
sect in a third subgroup isomorphic to Cy = Z,,(¢).6

C. Canonical forms

Lemma 1 gives a systematic way of choosing F, ¢,

as representatives from well-defined cosets to obtain
one involutive ME from each class of mutually equi-
valent ones. There is an obvious freedom in this selec-
tion, which can be used to make the central GSP form
simplest possible,i.e., canonical.

First we distinguish between F, being an inner auto-
morphism and its being an outer one. In the former
case one takes F, = I. According to Eq.(11) this
causes 7 to become the trivial homomorphism (i.e.,
one has the case of the central extensions), and E from
(12) to take up the form#+.7

E=[K®Z,, (x))/Ch, (15)

which we call the generalized direct product (GDP).
When F, is an outer (involutive) automorphism, 7 is
necessarily nontrivial, and therefore the GSP form
cannot simplify to the GDP one.

As to ¢, irrespectively of F, being an inner or outer
automorphism, the lower its order m is the smaller

Z 4 (%) becomes. Hence in each coset of CF° one
should single out a ¢, of minimal order. In CF4(C)¢
itself ¢, = € is the unique choice, which makes Cy, tri-
vial, This reduces the GDP form to the direct product
(DP), and the GSP to the semidirect product (SP).

To summarize and to compare this rough classifica-
tion according to the simplicity of form with the classi-
fication from A, to B, of Lee and Wick,2 we give the
table

Fy
Fo=1 F, involutive outer automorphisms

%o

DP SP
P =€

A, (8,)

GDP central GSP
b =€

. 4345 (B

g CO
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3. NONINVOLUTIVE MINIMAL EXTENSIONS

Let K be a given non-Abelian group, and F an outer auto-
morphism in K belonging to an involutive coset [element
of Aut(K)/I(K) whose square is I(K)] which does not
contain an involution. As a consequence, F defines via
Eq.(4a) a coset in K (element of K/C distinct from C)
because 1 - C —» K - I(K) - 1.0n the other hand, Eq.
(4b) gives the subgroup of elements in K invariant under
F. I this coset and this subgroup have a nonempty in-
tersection, then there exists a solution F, ¢ of Eqs.(4a)
and (4b), which we assume fixed. In contrast,in the case
of involutive ME's the coset is always C itself, and the
intersection C¥ contains at least €.

From another point of view, a pair F, ¢ satisfying (4)
gives a noninvolutive ME if and only if there is no equi-
valent F', ¢’ such that ¢’ € C.

A. The complete classification of nonequivalent ME’s

For the classification we turn to F,,the automorphism
F reduced to C,which (4a) shows to be necessarily an
involution, and consider the ME's of C determined by
F,.

Lemma 3: All the nonequivalent noninvolutive ME's
of a group K for a given F are in a one-to-one corres-
pondence with the factor group ctr/ CF,,(C)d.

Proof: 1t is easily verified that F, ¢’ is algo a solu-
tion of Eqs.(4a) and (4b} if ¢’ = ¢ b, ¢, € C 7, where
F, ¢ is the fixed solution. This form of ¢’ is also a
necessary condition because Eq.(4a) implies ¢'¢"1 € C,
and (4b) entails that ¢'¢"! is invariant under F, so that
¢’¢™1 € C" 7, Therefore,all solutions F, ¢’ (with the
fixed F) are in one-to-one correspondence with all so~
lutions F,, ¢, for ME's of C. H two solutions F , ¢4
and F,, ¢ are equivalent,then Eq.(5b) entails the
equivalence of F, ¢,¢ and F, ¢ ¢. Contrariwise, if
F,¢’ and F,¢” are equivalent,then there exists o € K,
such that I, =7 and ¢” = aF(a)¢’. Replacing here ¢’
= ¢o¢ and ¢” = 0, it follows that F,, ¢, and F,, ¢
are also equivalent. Since F,, ¢, always give involu-
tive ME's of C, Lemma 1 is valid for them. Therefore,
translation by the fixed ¢ establishes Lemma 3.

Remark I: In the proof of Lemma 3 one has a sim-
ple illustration of the important statement of the coho-
mology theory that the nonequivalent extensions of K
and those of C stand in a one-to-one correspondence.

B. The noncentral GSP form

In the case of noninvolutive ME's the map ¥ is not a
homomorphism (because ¥[a] = F could not be an in-
volution), so that the theory of central GSP [see Sec.
2B] is not applicable. Nevertheless,the approach of i-
unifications to GSP5 makes it possible to put also these
ME's into a GSP form.

To sum up this approach, let K and H be two groups, and
let 7 be a homomorphism: H — Aut(X). Furthermore,
let there exist a subgroup K, of K and an invariant
subgroup H, of H which are isomorphic via [ :K; - H,,
so that the following necessary and sufficient conditions
are satisfied:

T[x)ly) = P xl(y)x1),

Va €K, Vy € K,.

Vye K, Yxc H, (16a)

T[Ur)Na) = yayL, (16b)
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Then the GSP
E = (K @ H)/K}, %))
with
o=y, Uy |y € Ky} (18)

is a unification of K and H, as well as an extension of
G=H/H,by K.

If K, is a noncentral subgroup of K, and only then, ¥ is
not a homomorphism5 and (17) is called noncentral
GSP.

Lemma 4: The noninvolutive ME determined by F, ¢
(¢ necessarily noncentral) has the noncentral GSP form
(17),where H = Z, ,(x), m being the order of ¢} T[x4] =
Fia,q=1,... ,Zm;KO = Zm(¢); l (¢P) = xz?, p=1,...,
m.

Proof: 1t is sufficient to verify the validity of con-
dition (16a) only for the generating element of H using
(4b), and the validity of (16b) only for y = ¢ with the
help of (4a). QED

Remark 2: When dealing with involutive ME's one
might choose a noninvolutive F and arrive at a non-
central GSP. This appears to be useful when the cor-
responding ¢ could be €,1i.e., when the GSP simplifies
to SP (cf.case A, in Ref. 2).

It is noteworthy that every ME (involutive or not) has
a GSP form which is determined by F, ¢.

Remark 3: The usefulness of the GSP form of a ME
lies in the fact that one can easily find the irreducible
representations (IR's) of a GSP.4 Namely,finding the
IR's of a semidirect product with the second factor
being a cyclic group is well known.8 The IR's of the
factor group (K @ H)/K{ are a selection of the IR's of
K® H, consisting of those whose kernels contain Kjy.

We expect that the GSP form of ME's, their complete
classification and canonical forms will prove valuable
in the theory of linear—antilinear representations, a
continuation of Wigner's corepresentation theory,8
which we intend to undertake.

C. An example

Lee and Wick? presented a number of examples of ME's
discussing discrete symmetries of elementary particles.
Noninvolutive ME's (B3 in their notation) did not occur
among them. Also in a different field—in the magnetic
groups of solid state physics—ME's appear to be im-
portant.® For example, among the 1651 magnetic space
groups there are 1191 in which time reversal occurs
only in combination with other operations, and not by
itself. Groups of this type can be obtained systematic-
ally by finding all index-2 subgroups of all (classical)
space groups. Namely, if M’ is one of the latter and G
its subgroup of index 2,i.e., -

M’ =G +RG,(RE€M,RE£G),
then

M =G+ 6RrG

(© being the time reversal) is a magnetic space group.
Obviously, M’ and M are ME's of G, and we expect that
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the complete classification of ME's presented in this
paper will prove useful.

Here we give only an example of an M’ which is a non-
involutive ME of a G. Let M’ be the space group P4 (in
the International notation),i.e.,the set of transforma-
tions

(elt),a € {E,C,,,C,,C1.h
3
te{dina;ln;=0,+1,+2,...;
i1
la,| = lagl=lasl;a, La, LagLa,l,
with the composition law
(alt)(e’'[t) = (ea’lat’ +t).
Let G be its subgroup obtained by restricting o to {E,
C%.}, which clearly is of index 2. Then any coset re-
presentative R is of the form (C,,|ONalt), (alt) € G.
Now, ¢ = R2,and F(alt) = R(alt)R"1, V(alt) € G,and
different choices of R give equivalent ME forms of M’.
It is easy to show that no R can give ¢ € C,the center

C being the subgroup of translations along the zaxis.
Thus M’ is a noninvolutive ME with respect to G.
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The finite, canonical symmetry transformations of the negative energy motions of the classical
Kepler problem are constructed by solving the fundamental differential equations of the dynamical
invariance group. The geometric interpretation of the transformations is discussed.

1. MOTIVATION

The nonrelativistic Kepler problem has long been a
subject of theoretical interest because it is an import-
ant example of a dynamical system possessing so-
called hidden symmetry. The invariance transforma-
tions of its Hamiltonian form a representation of the
orthogonal group in four dimensions whereas the
obvious geometric symmetry of its potential function
is only that of the orthogonal group in three dimensions.
The additional symmetry results from the particular
functional form of the force law governing the motion.
Thus the symmetry group of the Kepler problem is
referred to as a dynamical symmetry group, and the
additional symmetry is called an internal symmetry.
The harmonic oscillator is another important problem
in mechanics which has received extensive study be-
cause of its hidden symmetry.

A transformation of the dynamical variables in phase
space is a symmetry, or invariance transformation of
a dynamical system if the transformed Hamiltonian
H1gq, p) is related to the original Hamiltonian H{g, p) by
the relation

H'(Q’P) =H(q1p): (1'1)

where g and p are generic symbols for a complete set of
coordinates in phase space. Symmetry transformations
of the Hamiltonian are canonical and map any given
solution of the equations of motion into another solution
having the same total energy. The continuous symmetry
transformations of a dynamical system are generated
by those constants of its motion which are not explicitly
time dependent. If these constants of the motion form a

Lie algebra, the transformations furnish a representa-
tion of the appropriate group.

The three-dimensional harmonic oscillator is a well-
known example of such a system. The invariance trans-
formations of its Hamiltonian form a representation of
the group SU(3). The finite transformations of the
group can be written down rather easily because the
primitive dynamical variables are very well adapted

to the symmetry of the problem. Also one is able to
obtain some insight into the transformations from a
geometric standpoint.

The example of the Kepler problem is different, how-
ever. The primitive dynamical variables are badly
adapted to the symmetry of the problem. As a result
the finite, symmetry transformations of the Kepler
Hamiltonian are very complicated and have received
little attention in the literature. In particular,a really
sufficient geometric interpretation of the problem has,
to our knowledge, never been given.

Because of the preeminence of the nonrelativistic
Kepler problem in classical mechanics, it therefore
seemed desirable to construct the finite symmetry
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transformations of its negative energy motions and to
discuss their geometric significance.

2. HISTORICAL REMARKS

A major advance in the classical treatment of the
Kepler problem was made many years ago by Laplace!
when he discovered the existence of three new con-
stants of the motion in addition to the components of
the angular momentum. These additional conserved
quantities are the components of a vector which de-
termines the direction of the perihelion of the motion
and whose magnitude is the eccentricity of the orbit.
The Laplace vector was later rediscovered by Jacobi?
and has since been rediscovered several times under
different names. In 1926 Pauli3 used the Laplace vector
to solve for the energy spectrum of the hydrogen atom
by purely algebraic means. Hulthén and Klein4 then
showed that, suitably chosen, the six constants of the
motion of the Kepler problem form a Lie algebra iso-
morphic to that of O(4), the orthogonal group in four
dimensions. Shortly thereafter, Fock5 showed explicitly
the O(4) degeneracy of the wave functions of the quantum
mechanical problem. In 1936 Bargmann® established
the connection between Pauli's algebraic treatment and
the group theoretical approach used by Fock by showing
that the constants of motion of the Kepler problem
generate Fock's group.

In the last thirty years the Kepler problem has been

one of the most exhaustively studied in analytical dy-
namics. Many significant papers?~15 have been devoted
to the hydrogen atom and its symmetry group. In recent
years the use of invariance groups and the study of
symmetries have played an important role in the class-
ification of elementary particles. Since particle sym-
metries are usually broken, noninvariance groups have
come into prominent usage. The nonrelativistic Kepler
problem is an excellent prototype of a system possessing
a dynamical symmetry group and even of one displaying
a broken symmetry (if its various energy levels are
considered as arising from a symmetry breaking mech-
anism). Thus renewed interest in the Kepler problem
has centered primarily around noninvariance groups of
its Hamiltonian.16-21

The problem of finding the finite, canonical symmetry
transformations of the negative energy states of the
Kepler problem has been addressed in several inter-
esting papers.22-25 The high degree of nonlinearity of
the equations has limited the success of the investiga-
tions and has not allowed a tractable geometric inter-
pretation of the results.

3. FORMULATION OF THE PROBLEM

The Hamiltonian of the nonrelativistic Kepler problem
will be written as

H=p2/2m—k/r, k> 0. 3.1)

Copyright © 1973 by the American Institute of Physics 1125
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The constants of the negative energy motions are given
by the expressions

— —_

L =q xp,

s 1 (pxT ¢
(—2mH)1/2| Bm r

which are, respectively, the angular momentum vector
and the Laplace vector divided by (—2mH)1/2, The nota-
tion used throughout is standard and should require
only a minimum of explanation.

(3.2)

i

The components of Land A are closed under the Poisson
bracket operation and form a Lie algebra which is iso-
morphic to that of O(4). This can be put into evidence by
defining the linear combinations

M=1(L +A4), N=%(Z-A4). (3.3)
These new quantities obey the following bracket re-
lations.

{m;, M} = €5,

(3.4)

{NH N} = €N, {m,N}=0

In (3. 4) the latin indices run from 1 to 3, repeated in-
dices are summed, and ¢, is the Levi—Civita tensor
density. The structure of the algebra is thus seen to be
that of O{3) x 0(3),i.e., O(4).

If the generator of the group of transformations is de-
noted by G, the differential equation describing the
action of the group upon any coordinate of the system,
say F, may be written in terms of the Poisson bracket
of F with G as

L) 17(6), 6} (3.5)

d

Here s is a parameter defined along the group trajectory
in such a manner that s = 0 corresponds to the identity
transformation. For the Kepler problem the generator
will be written in the form

G =3y (L +A) +zZ-(L—A4]} (3.6)
where Y and Z are vectors, independent of s, which para-
meterize the group. If should be noted that, while the
components of ¥ and Z are essential parameters, s is
not and is introduced simply for convenience. Thus G
generates a six parameter group of transformations.

The difficulty of the problem is almost immediately
obvious. If one chooses, most naturally, the primitive
dynamical variablesq and p as coordinates, the struc-
ture of the Laplace vector is such that the resulting
differential equations are highly nonlinear. In reality,
of course, the trouble arises because these coordinates
are badly adapted to the symmetry of the problem. One
approach that suggests itself, therefore, is to try to find
a coordinate set which is more suitable in the hope that
the differential equations will become manageable. At
the same time, though, one should not make so much of
a concession to manageability that it becomes impos-
sible to picture what the transformations look like. For
instance, using constants of the motion as coordinates
yields considerably simpler equations, but any geomet-
ric insight into the transformations of the ¢ and p in
such a coordinate system is out of the question.
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In searching for a new coordinate set one naturally
thinks of the approach used by Fock. By projecting the
momentum space stereographically onto the surface

of a unit hypersphere, he was able to exibit the higher
rotational invariance of the problem in terms of the
coordinates on the sphere. Even though Fock was deal-
ing with the quantum mechanical problem, it seems that
the stereographic sphere should also be useful in the
classical description. The reason is that the hodographs
of the negative energy motions of the Kepler problem
are circles. Under stereographic projection circles in
the momentum space are mapped into circles on the
sphere. Thus the problem of mapping orbits into orbits
in momentum space is equivalent to mapping circles
into circles on the sphere.

With these thoughts in mind we tentatively introduce
in place of the b;, the four coordinates

p _Pz _Poz
bo? +p27 "1 pg? +p2”

where p, = (—2mH)1/2, Inorder that the treatment not be
restricted to a single energy hypersurface though, we
regard H as the Hamiltonian function rather than some
given absolute constant. The four new coordinates
satisfy one side condition:

(3.7

P2 +P,2 =1, (3.8)

Only three are independent, therefore.

Intuitively, it is desirable at the same time to introduce
a coordinate set in configuration space that complements
the one in momentum space. The orbits in configuration
space are ellipses in general. An ellipse, however, can
be viewed as the parallel projection of a circle on a
hypersphere. Accordingly then we introduce the four
coordinates on a unit hypersphere in configuration
space:

ng___ Q4:P04P.

3.9
km b km 8.9)

Again only three of the coordinates are independent as

they satisfy the side condition
Q2 + Q42 =1. (8.10)

It is important to note that the eight new coordinates

are subject to an additional constraint. They are

orthogonal:

QP +QuP, =0. (3.11)
Thus, in all, we have eight quantities subject to three
side conditions. Consequently, they do not form a com-
plete set in the six dimensional phase space. An addi-

tional coordinate is required, and we choose for it the
Hamiltonian H.

The inverse transformations can now be written down.
They are
;2 "'E' [(1 - P4)6 + Q4——1;],

2H

——"

P

D = (—2mH)/2 . (3.12)
1 4

Again the reason for introducing coordinates other than

g and p is to simplify the differential equations of the
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group. K the calculation is performed, the new equations
are in fact simpler than the original ones. It is pos-
sible at this point, however, to use an additional device
which reduces the complexity of the equations even
further. One knows that, in general, quaternions pro-
vide a natural and even elegant way in which to repre-
sent the transformations of O{4). It turns out that if the
new coordinates in configuration and momentum space
are considered as being the components of quaternions,
and if the differential equations of the group are written
in quaternion form, the structure of the equations is
dramatically simplified.

As quaternions are not frequently used in physics
today, it may be well to list a few of their algebraic
properties.

4. QUATERNION ALGEBRA

If a Cartesian coordinate system is introduced into a
four~dimensional Euclidean space, and the four unit
vectors along the axes are denoted by €, the resulting
vector space over the field of real numbers may be
converted into an algebra by prescribing the following
multiplication table for the e,.

(94)2 = @y,

(e;)?

The vectors in this space form an algebra of rank four
over the field of real numbers, and they are called
quaternions. Quaternion multiplication is both distribu-
tive and associative, but not commutative. A given non-
zero quaternion possesses both a left and a right in-
verse, and it is possible to divide by a nonzero quater-
nion. Thus quaternions form a skew field.

ee;, =¢e, =€, 4.1)

=84, eiej = eijkek.

If a and b are quaternions one writes

=ate, +ave,
= = h4 be.
b =bie, =ble, +be,

a =ate, @.2)

where the components a# and & are real numbers. The
product of a with b is given by

ab = (a%b% —ad)e, +[add +bia +a X ble. (4.3)
The quaternion conjugate to a,a* is defined as
a* =ale, —ae. (4.4)

The product of a nonzero quaternion with its conjugate
is a positive, nonzero number which is called the norm
of the quaternion. A vectorial quaternion is, by defini-
tion, a quaternion which has a zero scalar part, that is,
a zero value for its fourth component. Finally, the
scalar product of a and b is prescribed as

a’b =} [ab* +ba*]. (4.5)
These are by no means all the properties of quaternions,
but they are the only ones that will be needed in this
paper.

5. THE DIFFERENTIAL EQUATIONS AND THEIR
SOLUTIONS

The calculation proceeds now along the following lines.
The coordinate set consists of the quaternions.

H,Q, and P, where
H =He,,
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Q=Q.e, +Qe; +Qye, +@ze5,

5.1
P = Pse, + Pie, + Pye, + Pge,. 6.1)

It proves useful to define the dimensionless, vectorial
quaternions

= po(T +A)e,
1} po(__ _‘)_‘i’ 5.2)
V= pO(L — A)’e-
Then if the components of the vectors Y and Z are
taken to be the components of the vectorial quaternions
Y and Z, the generator of the group of transformations
may be written as
1
G =-=[YU +2ZVL (5.3)
2pq
The algebra involved in expressing the differential
equations of the group in terms of quaternions is
straightforward, but tedious. The result is

dH(s) _
ds
dQ(S)

3

a[ZQ(S) Q(s)Y] + K(s)P(s), (5.4)

.d.tli’s_(s_l = {ZP(s) — P(s)¥] — K(s)Q(s),

where K(s) is a scalar quaternion given by

dQ4(S)
ds

K(s) ES e4, (5. 5)

Two relations that are particularly important are
Q=PU=-VP,
P=—QU=VQ.

Equations (5. 6) allow the Egs. (5. 4) to be rewritten in
the more symmetrical manner

(5.6)

dH(s) =0,

ds
d3§8) =3[2Z + K(s)V(s)IQs) — 1 Q(s)[¥ + Kis)U(s)], (6.7)
dl;is) 12 + K6)V()P(s) — 4 P(s) [Y + K(s)U(s)).

The solution to the above set of equations can be deduced
by inspection and is

H(s) = H(0),
Qls) =e@2z[e(REV2VOIQ(0)e " [REYVAVO-6/2Y | (5, 8)

P(s) =e &2 [elRGY2IV OP(0)e-[R6Y2IU O~ ¢/2)Y,
In (5. 8) the function R(s) is defined as
Q4(s) — @,(0)
and the exponential quaternion e¥2% ig given by
es/2Z =!%osif§§’e4 [sm— IZgZ £
2 2 J1z)

with similar expressions for the other exponential
terms.

Ris) = (5.9

(5.10)
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Written in this form the solution is obviously implicit
because of the appearance of one of the unknowns,
@4(s) on the right-hand side of the equations. The
solution is complete nevertheless because Q4(s) can be
solved for by inverting the scalar component of the
equation for Q(s). The result can then be substituted
in the appropriate places to yield the explicit solution.
For our purposes though this inversion is not really a
useful thing to do because, using elementary functions,
it is not possible to express @, as a function of s in
closed form.

At this point the parameter s can be set equal to unity.
All the transformations of the group can be obtained by
allowing the parameters Y and Z to vary appropriately
in magnitude and direction. Equations (5. 8) then are
equivalent to

H(Y, Z) = H(0),

QY, Z) = e%/2[e[R (% 2/21V OQ(0)e [R (¥, 22U @)g-¥/2,

(5.11)
P(Y, Z) = e2/2 [¢[B(Y: 2V 2V Q)P (0)e~[R (¥ 2)/21U ©)] ¢-¥/2

where now

R(Y)Z) =Q4(Y5Z)—Q4(0)' (5' 12)
If one selects an arbitrary point in phase space, one can,
by using Eqgs. (3. 12) and (5. 11), transform to any other
point in the phase space which lies on the same energy
hypersurface as the initial point. The formal solution to
the problem is thus complete.

Using (5. 6) and (5. 11) one finds that the constants of
the motion of the original orbit transform according to
U(Y,Z) =e¥/2U(0)e Y2,
(5.13)
V(Y,Z) = eZ/2V(0)e /2

whence it follows that if Y « U(0) and Z « V(0) these
quantities remain unchanged. In this case the orbit
simply undergoes an automorphism.

One further observation is called for. The fact that the
coordinates used do not consist of canonically conjugate
pairs makes it desirable to demonstrate that the under-

Quo

N

Q(O)

FIG.1. Finite motion of Q(0) to Q(Y, Z) pictured as an
automorphism followed by a rigid rotation.
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lying transformations of the'g andp are in fact canoni-
cal. One can prove by simple substitution that Eqgs.
(5.11) leave invariant the differential form
w = (—2mH)Y2 [P-dQ — dQ,]. (5.14)
In terms of the original dynamical variables, w is ex-
pressable as
w = prdg — 2d(g-p). (5.15)

The invariance of this form proves that the transforma-
tions are canonical as they should be.

6. GEOMETRIC INTERPRETATION OF THE
TRANSFORMATIONS

It may be tempting to conjecture that the symmetry
transformations, when expressed in terms of the co-
ordinates used here, should manifest themselves as
rigid rotations on the respective spheres. The fact
though that the differential equations (5.4) contain terms
which are nonlinear in Q and P shows that the finite
group motions are of a more complicated nature. A
simple and direct geometric interpretation of the trans-
formations is possible, however, in spite of the non-
linear character of the problem. Since the equations for
Q and P are structurally identical, we will confine our
remarks to Q space.

It is possible to write the transformation for Q formal-
ly in_terms of two equations. First we define the quan-
tity Q by the relation

Q = e[R (K, ZV2VO)Q(0)e[R (¥, Z)/2100), (6.1)
From the considerations of the last section, it follows
that Q and Q(0) lie in the same orbit. Using (6. 1) now,
the transformation for Q(Y,Z) can be written as

Q(Y, 2) = e2/2Qe"Y2, (6.2)
The nature of these last two equations is clear. Equa-
tion (6. 1) represents a rotation which repositions the
initial point in the original orbit. Equation (6. 2) then
describes a rotation of the intermediate point Q into the
final point Q(Y, Z). The geometric representation of the
transformation of Q is shown schematically in Fig.1.
The transformation of P can be sketched in the same
manner.

One concludes that the finite symmetry transformations
of the Kepler problem, when expressed in term of Q and
P, can be viewed as an automorphism of the original
orbit followed by a rigid rotation of the original orbit
into the new orbit., It should be noted that the auto-
morphism of a particular point differs from that of
other points in general. Thus the symmetry transfor-
mations do not represent rigid mappings of the spheres
into themselves. It is clear from this interpretation
that orbits are mapped into orbits since, under the com-
posite motion just described, circles are mapped into
circles on the respective spheres.
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The representation theory of the rotation group O(3) is developed in a new basis, consisting of
eigenfunctions of the operator E = —4(L,>+rL,%), where O< r <1 and L, are generators. This basis
JA) is shown to be a unique nonequivalent alternative to the canonical basis (eigenfunctions of Lj).
The functions i)} are constructed as linear combinations of canonical basis functions and are

shown to fall into four symmetry classes, distinguished by their behavior under reflections of the
inidividual space axes. Algebraic equations for the eigenvalues A of E are derived. When realized in
terms of functions on an O(3) sphere, the basis I/A) consists of products of two Lamé polynomials,
obtained by separating variables in the corresponding Laplace equation in elliptic coordinates. When
realized in a space of functions of one complex variable, |JA) are Heun polynomials. Applications of
the new basis in elementary particle, nuclear, and molecular physics are pointed out, due in
particular to the symmetric form of [JA) as functions on a sphere and to the fact that they are the

wavefunctions of an asymmetrical top.

1. INTRODUCTION

The three-dimensional rotation group O(3),or its uni-
versal covering group SU(2),is quite definitely the one
single Lie group, which has the most extensive applica-
tions in essentially all branches of physics. Not sur-
prisingly the representation theory of 0(3) has received
much attention and has been summarized in many ex-
cellent books.! It would thus seem that the topic of re-
presentations of the group O(3) has received full cover-
age and that little new can be added.

The aim of this paper is to stress that this is not so and
in particular to construct the representation theory of
O(3) [and SU(2)] in a new basis, different from the “cano-
nical” one, in which the basis functions are eigenfunc-
tions of one of the generators of angular momentum,
usually L;. A systematic investigation of possible bases
for constructing representations of Lie groups was ini-
tiated some time ago.2:3 It was shown that a classifica-
tion of second order polynomials in the generators of a
Lie group leads to a classification of different possible
bases and that this problem is related to the problem of
separating variables in Laplace equations on homo-
geneous manifolds. A detailed treatment was given for
the little groups of the Poincaré group, corresponding

to timelike, spacelike, and lightlike vectors [the groups
0(3),0(2,1), and E,, respectively]2:3 and also of the
Lorentz group O(3, 1) and the E,; Euclidean group.?

Two different bases were shown to exist for 0(3). The
first is the canonical one,which is a “subgroup type”
basis, in that it corresponds to the group reduction 0(3)
D 0(2). The basis functions are eigenfunctions of the
complete set of operators

A=— (L} + L§ + L%) and L, (1)

where L; is the generator of rotations about the ith axis
and A is the Casimir operator of O(3). The second basis
is new, it is of the “nonsubgroup” type, in that the basis
functions are eigenfunctions of an operator E that is not
the generator of any subgroup and of some additional
discrete operators. The complete set of commuting
operators can be chosen to be

AE =—4(L% +7L3),Xand PZ, 0<7r <], (2)
where X and Z correspond to reflections in the yz and
xy planes and P is the parity operator.
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Let us emphasize that a study of group representation
theory in different bases is of interest both from the
mathematical and physical points of view. The intimate
connection between the representations of Lie groups
and the special functions of mathematical physics has
long been recognized (and treated in textbooks5-10),
The special functions, actually appearing as basis func-
tions, transformation matrices, kernels of integral
transformations, Clebsch—Gordan coefficients, etc.,
depend not only on the group that is being considered, but
also on the choice of basis. A systematic study of dif-
ferent possible bases will thus very considerably en-
large the class of special functions, that obtain a group
theoretical interpretation and that can be studied using
the powerful techniques of Lie theory.

In particular, consider the rotation group O(3). The con-
nection between this group and the Legendre and Jacobi
polynomials is well known and has been made full use
of. Less well known is the fact that other important
functions, namely the Lamé polynomials,11.12 and as

we shall show below, a certain class of Heun functions!2
(distinct from the Lamé polynomials), is equally inti-
mately related to the rotation group. These polynomials
make their appearance as basis functions in the non-
subgroup type basis,determined by the operators (2).

An alternative way of viewing the appearance of non-
subgroup bases in general and the Lamé polynomials in
particular,is the following. For the group O(3) the Lap-
lace equation on the sphere Ay = J(J + 1)y allows the
separation of variables in two coordinate systems.13
The usual spherical coordinates correspond to the di-
agonalization of the operators (1) and hence to spherical
functions. Elliptic coordinates on the sphere (see below)
correspond to the operators (2) and to the solutions of
the Laplace equation which are also eigenfunctions of the
operator E = — 4(L{ + 7L%) and can be written as

‘th(arﬁ) = AJ}.(a)AJ], '(B)a (3)

where a and 8 are the elliptic coordinates and A ,(a)
are the Lamé polynomials.

Let us mention some of the possible applications of
nonsubgroup type bases in physics. The first applica-
tion that comes to mind is due to the fact that the 0(3)
basis functions (3) can be identified with the wavefunc-
tions of an asymmetric quantum mechanical top and that
the eigenvalues of the operator E are intimately related

Copyright © 1973 by the American Institute of Physics 1130
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to the energy levels of this physical system.14719 The
importance of these eigenfunctions and eigenvalues in
nuclear physics29 and molecular physicsl 5 is obvious,
since they make it possible to calculate energy levels,
transition probabilities, etc.for nonaxial nuclei or mole-
cules). Lamé and Heun functions of various types occur
in numerous other physical problems like potential
scattering, 21 the construction of solvable potentials in
quantum mechanics, 22 the two-center Coulomb problem
(i.e.,the H} ion),23 quadrupole interactions of various
types,16:24 ete, Further,the classification of second
order operators, commuting with a Laplace operator,
that lead to the consideration of nonsubgroup bases for
group representations, has a direct application in the
study of canonical transformations in quantum and
classical mechanics.25.26

Finally, let us mention the applications of nonsubgroup
bases in elementary particle physics, that actually lie
at the root of our interest in such bases. A scattering
amplitude for the reaction 1 + 2 - 3 + 4 is usually ex-
panded in terms of the irreducible representations of
0(3) (partial wave analysis27) for fixed energy s or
0(2,1) (Regge pole theory28) for fixed momentum trans-
fer {. Alternatively, Lorentz invariance can be used to
obtain two-variable expansions of amplitudes in terms
of the irreducible unitary representations of the Lorentz
group O(3,1) (a review containing references to older
work is given in the lecture, Ref. 29;for more recent
work see Refs. 30,31). Nonsubgroup bases,on the other
hand, make it possible to obtain explicitly crossing
symmetric two-variable expansions.30 Indeed, formula
(3) shows that a separation of variables in elliptic co-
ordinates on a sphere leads to basis functions that are
products of two identical functions (that happen to be
Lamé polynomials). The same is true for certain types
of elliptic coordinates on 0(2, 1) and 0(3, 1) hyperboloids,13
where one obtains Lamé functions (that are not poly-
nomials).

Another interesting application of the nonsubgroup basis
for the O(3) group in elementary particle physics is in
strong coupling theory. Indeed,the problem of finding
the spectrum of nucleon resonances in the strong coupl-
ing limit of a fixed source pseudoscalar theory has been
shown to be equivalent to the problem of diagonalizing
the asymmetric top Hamiltonian.32 A study of the rep-
resentations of O(3) in the nonsubgroup basis, should

thus supply information on resonance masses and widths,
decay rates, etc., in the strong coupling theory.

The rest of this paper is devoted to the representations
of 0(3) in the nonsubgroup basis, corresponding to the
diagonalization of the operators (2). In Sec.2 we give a
brief discussion of the algebra of 0O(3), of second order
operators in general and the operator E in particular.
We show how E arises as a unique alternative to L, as
an operator, defining basis functions. In Sec.3 we con-
sider the eigenfunctions and eigenvalues of the operator
E and construct the nonsubgroup type basis functions
[Jx)y as sums of the usual angular momentum eigen-
functions |JM ). We derive recursion relations and
general formulas for the coefficients in the correspond-
ing expansions and also obtain algebraic equations for the
eigenvalues A. We show that the basis functions naturally
separate into four symmetry classes (with different pro-
perties under reflections). In Sec.4 we briefly mention
the matrix elements of the generators in the new basis,
“shifting operators” that are analogous to raising and
lowering operators in the canonical basis,finite trans-
formation matrices and Clebsch-Gordan coefficients.
Half-integer values of angular momentum are discussed
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in Sec. 5. In Sec. 6 we construct a two-dimensional reali-
zation of the representations of O(3) in a space of func-
tions defined over the unit sphere. We show how the non-
subgroup basis leads to Lamé functions. Section 7 is
devoted to a one-dimensional realization in a space of
functions of one complex variable. The basis functions
in this case are Heun functions (polynomials) of a speci-
fic type. In the final Sec.8 we discuss some of the im-
plications of our results and outline our future program,
concerning the nonsubgroup type representation bases
for O(3) and for other groups, in particular the other
little groups of the Poincaré group.

2. THE ALGEBRA OF O(3) AND SECOND
ORDER OPERATORS

In order to establish notation,let us write out a few
trivial formulas. The group O(3) is generated by the
operators L,, i = 1,2, 3, satisfying the commutation
relations

Ly Le) = €50 Ly - (4)
We shall also make use of the operators
H, =iL,— Ly, H =iLy + Ly,H; =iL,. (5)

The most general sec¢ond order operator in the envelop-
ing algebra of O(3) can be written as

3
Q= 1%31 AL Ly (6)

and without loss of generality we can restrict ourselves
to symmetric operators, satisfying A;, = A, (i.e.,A is
a real symmetric matrix).

The operator @ can be simplified3 by an inner automor -
phism,i.e., by a rotation, that transforms @ into some
operator @’ and by taking linear combinations of @’
and A.

We are interested in bases for the representations of
O(3). Any first order operator in the algebra can be
rotated into say L,. Hence,basis functions defined as
eigenfunctions of a first order operator will simply con-
stitute a canonical basis. Let us now consider eigen-
functions of the second order “diagonal” operator Q’,
which can be so chosen that the corresponding matrix
A’ is diagonal.33 Three distinct cases arise: (i) All
eigenvalues of A are equal. Then @’ ~ A and does not
determine a basis. (ii) Only two of the eigenvalues are
equal, Then @ can be transformed into L%, so its eigen-
functions will again constitute a canonical basis. (iii) All
eigenvalues of A are distinct. Then @ can be trans-
formed into E, defined in (2). Thus,in this case we do
obtain a new operator and the rest of this paper will be
devoted to an investigation of the basis, consisting of the
eigenfunctions of this operator:

E=—4L%}+7L3) =(1 —»)(H2 + H?)
+2(1 + U + 1) —HZl. (7)

We have not been able to discover any particularly il-
luminating algebraic properties of the operator E. For
instance, we have not succeeded in finding any closed
subalgebras in the enveloping algebra of O(3), involving
operator E. The importance of E is thus not in its alge-
braic properties, but in the fact that it represents a
unique alternative to L, in a possible complete set of
commuting operators, defining a basis.



1132 J. Patera and P. Winternitz: A new basis

3. THE NONSUBGROUP BASIS FUNCTIONS AND
SPECTRUM OF THE OPERATOR £

A. Expansion of the nonsubgroup basis in terms of the
canonical one

The canonical basis |JM) for 0(3) is defined by the
usual relation
H)IMYy =[J+ MWJ +M + 1)]V/2|JM + 1),
HyldM) = M| JIM). ®)

The nonsubgroup basis | JA) satisfies
E}Jx) =aldny, (9)

and our first aim is to find the spectrum of E,i.e.,the
values of A, for which the basis functions form a com-
plete orthonormal set,and also to construct the functions
T Ay,

Let us expand | JA) in terms of | JM):

J

I = 20 (X)), | IM). (10)
M=~J

The expansion coefficients are elements of a (2J + 1)-
dimensional matrix and we shall obtain recursion re-
lations for them. Indeed, let us apply the operator E
to both sides of (10). Using (7) and (8) we have

E|JMY =Ay | JM +2) + By |dM) + Ay, IM — 2)
(11)
with

Ay=1-7[J—MJ +M +1)
X(J —M—1)J +M +2)]¥V2, (12)

By =201 + NI + 1) —M2]. (13)

The coefficients in (11) obey the following symmetry
relations:

A y=Apys B_y=By (14)

Applying (E — ) to both sides of (10), we have
(E=01d) = %; XD\ 282

+ (X)) By =N + (X)) a2 At IM)
=0. (15)

Equation (15) implies a three-term recursion relation
for the matrix elements of X ;:

X)) u-2Ap2 + X)) Buy— N + X))\ 28y = 0(.16)

B. Eigenvalues of £ and discussion of the recursion
relations for integer values of J

From now on unless we specifically state the opposite,
we shall assume that J is integer. The recursion rela-
tions (15) can be rewritten in the form of two sets of
homogeneous linear equations for the coefficients
(X;) n Starting from M =J we have

X}‘IJ(BJ—A)+X)\'J_2AJ_2=0, (
17)
X, Asat X, 52Bra— N +X, ; 4A; 4=0,

Xy _gegAyg+ X\ ,B;—N) =0.
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Starting from M =J — 1 we obtain a supplementary sys-
tem of equations:

XA,J-I(BJ-I -2+ X}\.J-3AJ-3 =0,
Xy g1Ay3 + X, 5 3By =N+ X, ; 54, 5=0, (18)

Xy oe38y-3 t Xy g1Byy —N) =0,

We have made use of the symmetries (14) and simplified
notations by putting (X;), » = X, .

The condition for Eqs.(17) and (18) to have a nontrivial
solution is that the determinants of these two sets of
homogeneous linear equations be equal to zero. This
condition immediately provides us with algebraic equa-
tions for the eigenvalues A of the operator E. The situa-
tion can be further simplified by noting that the Egs.(17)
and (18) are consistent with the symmetry conditions

Xy u=bX, ,p bP=%1. (19)

For any given value of J, we obtain four different secular
equations for the eigenvalues A, which thus fall into four

classes. We shall denote these classes (p,q), where p =
+ 1 asin (19) and ¢ = (— 1)M, Let us consider the equa-

tions in the individual classes:

(1) (pg) = (++),i.e.,M = even, X, -M=X) .m0
Bx— A) Ag,
Aga Bya—1A) Agy
=0 (20)
A, (B —A) A
2A0 (Bo _).)
where
_ J for J = even (21)
J — 1 for J = odd.
(ii) (pg) = (—+),i.e.,M =even, X, y=—X, »p
(Bxk—2) Ay,
AK-Z (BK—z —A) AK-4 =90, (22)
A4 (B4 —A) A2
Az (Bz _A)
with K as in (21)
(iii) (pq) =(p —),i.e., M =o0dd, X, _, =pX, y-
Aga Bra—N Aps
=0,
A3 (Ba - A) Al
Ay (By +PA_1 — ) (23)

with R =J for J odd and R =J — 1 for J even.

The coefficients A ,, and B, in the above determinants
are given by (12) and (13), all omitted entries are equal
to zero. For numerical calculations it may be convenient
to replace (X,), , in (10) by a new coefficient (Y5) )00
putting ’
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1/2
(XJ)A,M = I:(ZJ(J‘ i ;41‘{)‘] (Y.r) A.M®

We then obtain an equivalent set of secular equations for
the eigenvalues ». These equations will be less sym-
metric than (20)—(23), but all the coefficients in the
determinants will be integers multiplied by (1 —7) or

(1 + 7) (in other words, we get rid of the square roots).
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C. General properties of the eigenvalues
and eigenfunctions

The eigenvalues A are thus obtained by solving certain
algebraic equations given above. For each integer value
of J,we obtain 2J + 1 different values of A. They are
functions of the parameter » in (7) and, in general, they
are not integers and are not equally spaced. The eigen-
values can be evaluated explicitly as functions of » for
low values of J. Indeed for J = 3 we need only solve
quadratic equations,the case 3 < J =< T involves cubic
and quartic ones. For J = 8 the equations must be
solved numerically for each value of ». The eigenvalues
A are directly related to the eigenvalues of the equation
for Lamé polynomials, which have been extensively
tabulated (for more details, see Sec. 6).

Several properties of the eigenvalues A are of interest:

(i) Sums of eigenvalues. It follows directly from the
secular equations (20),(22), and (23) that the sum of all
eigenvalues within each class is equal to the sum of all
diagonal coefficients in the corresponding determinant.
We thus have

2A=3(1 +7)JJd + 1)J + 2),

AE(+4)
2A=31+nJd—1DJJ + 1),
re(-%
(24)
a )A =31 +7)JJ +1)2T +1) + 1 —»)JJ + 1),
AE(+)

A=3(1 +7JT +1)2J +1)—A(1 —r)JJ + 1).
re()

(ii) Symmetry under replacement » — 1/7. I we put
E(r) =— 4(L% + vL3),then E(1/7) = — (1/7)4(rL} + L3).
Hence, if A(r) is an eigenvalue, then so is ¥A(1/7) and the
two may or may not coincide. From (20) and (22) we see
that for M even, the eigenvalue equation contains only
even powers of A . We have A, (1/7) = — (1/7)A ,,(r)
and B ,(1/7) = (lﬂ)BM(r). For M odd the term pA_, in
(23) spoils the symmetry. It follows that the eigenvalues
satisfy

*M1/7) = Alr) for M = even, (25)
A1 (1/7) =2,(r) = A,(r) for M = odd,

where A ,(r) is also an eigenvalue of the operator E(r)
corresponding to the same J;if A, (r) belongs to a state
from the subspace ( pg), then A ,4(r) belongs to (— pq).

(iii) Limiting values of A{r). For » —» 0 or » — 1 the
“elliptic” basis reduces to a canonical one. Obviously
we have

Alr) —» 4M2,

r—0

o) - 40 + 1) — M), (26)

It is only in these limiting cases that the eigenvalues

A(r) become degenerate (a twofold degeneracy for M = 0).

Having calculated the eigenvalues A, we can easily obtain
the basis functions | J), or rather the expansion coeffi-
cients X, , in (10), by solving Eqs.(17) and (18). Indeed,
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let us impose the symmetries (19), eliminate all equa-
tions containing X, , with M < 0 and obtain separate
equations for each class (pg). If A is an eigenvalue, then
we obtain consistent sets of homogeneous equations,
which means that in each class we can eliminate one
equation., Let us eliminate the last equation in each
class,i.e.,the one containing (B, — A)X, , in the (++)
class (B, — \)X, , in the (—+) one and (B, + pA_; —\)
X, ; in the (p—) classes. All four systems of equations
then have the same structure and can be used to express
all X, y in terms of the “highest” one,i.e., X, jor X, ..
The general formula can be written in a somewhat sym-
bolic form, which should however be useful for computer
calculations. For M even,i.e.,for the classes (p +),we

have

k k2 EK‘h
Xogw2={ I D \{l+ 2L s—s—"—
NE-k-2 <j=0:2- . K’J)[ 5102 Dy Dgej, -2

b4 1 + —— e eee— 1 + ) en e X
32702 Dwj D pejp-2 rE

27
where
k=0,2,4--"K—2 for class (++), (28)
k=0,2,4-"K—4 for class (—+).
For M odd,i.e.,for the classes (p —) we have
E
k R-j1
X, poren=( I D1+ 2, —o——
ARok-2 <j=1.3."' R ]>[ 7171430 DR'hDR']'l'Z
J1 ER-j
+ E —._i____ 1 4 vee o X
j2713, Dp-3,Pp-j,-2 [ ]] H AR
(29)
where
k=0,2,4,---,R—3. (30)
In the above formulas we have
DM=(A_BM)/(I4M*2), EM=_(AM-2)/(AM-4)~
31)

The basis functions in the individual classes can finally
be expressed as

K
[In ++) = {X4,1J0) + M=z§-~ X5l IM)y + | T — M)},
K
=+ = 2 Xl —17-m}, (32)
M=2,4,"""

R
=)= 2 X {1IM) +p1T =},

Formulas (32) can be combined into one expression,
putting

| Iapgy = ’g (XB)x 20+1/2-q/2

x ) J, 2k +;——g-> +p|J,—2k—%—+%—>E, (33)

with

(Xg) A.2k+1/2-¢/2 = quX{ 2k+1/2-¢/2>

1

Kor =2 qu =1 (k= 0, g=+). (34)

We choose the constants X, gand X, oin (27) and (29)
in such a way as to normalize the funcliions



1134 J. Patera and P. Winternitz: A new basis

NP1 INpG) = 8,510,308, ,:8, - (35)
Notice also that the functions | JApg) are real if the
coefficients satisfy

(XB)X = 1a(X8), (36)

Since both the left and right hand sides of (36) satisfy
Eqs.(17) and (18),the reality condition (36) can always
be imposed.

The notation | JApq) is actually somewhat redundant,in
that the functions | J)) are, at least for integer values of
J,not degenerate (see Sec. 6 for half-integer spins). The
value of A itself characterizes the symmetry class of the
eigenfunction. In view of the importance of the symmetry
properties of the basis functions we prefer to indicate
the class explicitly.

D. Inversion of expansion

Formula (33) provides an expansion of the nonsubgroup
basis functions in terms of the canonical ones. The ex-
pansion can easily be inverted. Ignoring,for a moment,
the individual classes of functions, we can write

| Ix) =§X{“M|JM),

where X is a {(2J + 1)-dimensional matrix. Since both
| JM) and | JX) form orthonormal sets,the matrix X
must be unitary X1 = X*,

Hence we have

| IM) =23 X{ty 1IN, (37)
x
where the sum is over all values of A,
Within each class (pg) we can invert (33) to obtain
1 g 1 g
|J, 2K to— ) +plJ,— 2K —5 + )
»
= Ex X)X 2ev1/2-0/2 |72pg), (38)

where the star denotes complex conjugation and the sum
is over all A's in the class (pq).

E. Comments on the symmetry classes

The investigation of the expansion (10) of the eigenfunc-
tions |JA) and of the recursion relations (17) and (18)
for the expansion coefficients has lead to the introduc-
tion of four classes of functions |Jxpq) with p = + and

q = +. Each class can be characterized by its behavior
under reflections,i.e.,the set of operators A and E,
determining the eigenfunctions, should be supplemented
by certain discrete reflection operators.

Let us assume that the canonical basis functions (for
integer J) |JM) have the usual properties under reflec-
tions, i.e., the properties of the spherical harmonics
Y,,(6,¢). These are:
(i) ParityPix—->—x,y—>—9,2>—2

PlIM) = (— 1) [JM).

(ii) Reflection in xy plane Z: x 2 x,y > y,2> — 2
Z|JM) = (— 1)9-M|JM).

(iii) Reflection inyz plane X: x > —x,y »y,2 > 2

X|JM) = |J —M).
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(iv) Reflection in zx plane Y:x > x,y 4 —y,2 =2
Y|IM) = (— )M |7 — M).
Applying these discrete operators to both sides of ex-
pansion (33), we find
PlInpg) = (— 1)7 [Inpg),
Zldnpg) = (— 1) g |Inpg),
X |Iapg) =p |Irpq),
Y lJapq) = pqldrpg).

(39)

The complete set of operators, defining the O(3) basis
functions in the nonsubgroup basis can finally be writ-
ten as

aldrpg) =J( + 1) [Iapg),

E|Iapg) = A JInpg),

X 1Iapq) = p |Irpg),

XY |Irpq) = q|JIApg).

(40)

As we mentioned in the Introduction, the functions
|[JApg) can be identified with the wave functions of the
quantum-mechanical asymmetric top. These are usu-
ally divided into four symmetry classes,’4 transform-
ing according to the irreducible representations 4, B,
B,, and B of the discrete group D,, consisting of the
identity e and the rotations through 7 about the x,y, and
z axes (i.e., of ¢ and the reflections YZ,XZ, and XY).
The two classifications are clearly equivalent, since we
have YZ = (— 1)9p,XZ = (— 1)7pg,and XY = q. The
classification (40) may be somewhat more straight-
forward and can be directly generalized to other groups.
Indeed, a very similar classification of nonsubgroup
type basis functions was obtained previously3? for the
group O(2, 1).

Finally, let us give the number of states in each class:

J = even; 7‘] + 1 states in class (++),

% states in all other classes.
J—1 .
J=o0dd: —5— states inclass (—+),
J ; 1 states in all other classes.
F. Examples

In order to elucidate the above considerations let us
consider two simple but nontrivial examples.

J =1
Al = 4(1 + T); |1A1++> - I10>:
A, =4 [Iag+—) = 271/2[[11) + |1 —1)],
Ay =4 [Irg——)=27V2[[11) — |1 - 1)].
(41)
J=2:

A =81 +7rx@2—7+1)/2]
|2)\1'2++) =(3¥2/2) —¥)(r2 —r + 1)1/4
X [202 — v + 1)V/2 % (1 + ¥)]-1/2
— (1 +7) x2(r2 —r + 1)V/2
V61 —7)
x(122) + 12— 2},

x{]20) +
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Az =44 +7), |2+ =212[]21) + [2-1)],
Ay =41 +9), [2a—+) = 271/2[|22) — |2 — 2)],
A5 = 4(1 + &), |2——) =2V/2[]21) — [2-1)].

(42)
It can easily be checked that these eigenfunctions are
orthogonal and normalized and that the eigenvalues
satisfy the general properties (24)-(26).

4, MATRIX ELEMENTS OF GENERATORS, D
FUNCTIONS, AND CLEBSCH-GORDAN
COEFFICIENTS

In order to establish how the generators H, and H, act
on the basis that we have constructed, one uses the ex-
pansion (33), the inverse expansion (38), and formulas
(8) which give the matrix elements of the generators in
the canonical basis. The matrix elements in the non-
subgroup type basis are then expressed as functions of
the coefficients X# which themselves are known only
when the eigenvalues A have been found. As a conse-
quence, raising and lowering operators can be defined,
but they are not as useful as in the case of the canonical
basis, since they involve the coefficients XF. Thus the
eigenvalue problem of Sec. 2 must be solved completely,
before formulas generating arbitrary basis vectors from
a given one can be written. These formulas are lengthy
and not particularly illuminating, so we do not present
them here. Figure 1 summarizes how H; and H, + H_
shift vectors between the classes (pg).

The standard parametrization of the rotation group in
terms of Euler angles is convenient for calculating
matrix elements of finite transformations in the canoni-
cal basis, because the operator L, is diagonal. Since
none of the generators is diagonal in the nonsubgroup
basis, it is difficult to find a straightforward similarly
convenient parametrization of the group. Therefore we
make use of the Euler angles ¢, 6, and ¥/, putting

(o, 0,¥) = (Iapg|e? 8% 120 La¥ [N 'D'g’).
(43)
Using expansion (33) one easily finds the matrix ele-
ngsnts DY 4 aprqr(@,6,¥) and the expansion coefficients
X;.
Similarly as the D functions, the Clebsch—Gordan coef-
ficients in the nonsubgroup basis can also be expressed
in terms of the corresponding quantities in the canoni~

J
DXM.Xp'q

+ + —.——-—H+ + H_———.» + -
H3 H+ - H_ H3
- + - H + H_————- - -

+

FIG.1. Action of the generators of O(3) on the individual symmetry
classes of nonsubgroup basis functions.
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cal basis. Let us define the Clebsch~Gordan coefficients
by the relation

[y A D100 T opp0) = 25 (Jy N 1214y TpoPady |TN0Q) |INDG).

Irpe (44)
Expanding both sides in terms of the canonical basis, we
find

(Jl)\lplq]_ JoAoPody lTApg) = G[P,plpz(“ 1)J1+J2-J]6(q, qlqz)

»
x 2 {(Xf;l)xl. &5,
MZ0;M,=0

»

X XTVX e pa, (1M TpMy | My + M)
» p 2%
+P2(XJ11))‘1'M1(XJ:))‘2 'Mz(XJ MM -My

X (JyMydy — My |[IMy — M)

X[pO(—M +M,) + oM, —M,— 1]}, (45)
Here ﬁ(a,b) denotes the Kronecker delta g,

(J,MI,M, |JM) are the usual Clebsch—Gordan coeffi-
cients, G%N) =1lforN=0and9(N)=0for N<O. It

is a trivial matter to verify the symmetry

(F1 010101 JpAoD085 [TADG)
= (= D (Uphopyg FM 010 [I00g), (46)

as well as the fact that the Clebsch~Gordan coefficients
are alternatively real and pure imaginary, if we adopt
the convention (36) for all basis functions:

(Jy 010101 Toh oDty | TADG)*
= (= DI (g 00041 Tphobog, [I00g). (47T)

The orthogonality conditions for the Clebsch—Gordan
coefficients follow in the usual manner from the ortho-
gonality of the basis. Finally, let us make a comment on
the ranges of summation. In actual fact, only the J sum-
mation (lJ; —J,|=J =< J; + J,) is present in (44) since
the Kronecker deltas in (145) prescribe the values of p
and ¢q. For each given J (and fixed indices on the left
hand side) A can have only one value. This value can be
obtained by applying the operator E to both sides of (44)
and then multiplying by {(JApq|.

5. HALF-INTEGER VALUES OF ANGULAR
MOMENTUM

The nonsubgroup basis can also be used for half-integer
spin representations, but some modifications are neces-
sary. The most important change is that the spectrum
of A becomes two-fold degenerate. Indeed, the coeffi-
cients (X;),,, of (10) still satisfy the recursion relation
(16), however, the systems of linear equations (17) and
(18) for half-odd-integer J have the form

Xy gBr— ) + X, 5 24 5, =0,

Xy ghiat Xy g-2Brp — A) + X, 5 4A; 4, =0,
‘e (48)
Xy 5e3A-g1 + Xy g1 By — 1) =0,
and
X181 — A) + X, ;345 3 =0,
Xpg-145-3 ¥ Xy go3Brg — N + X, ;54,5 =0,

ce (49)
Xn-ar2Ag + X (B, — A
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Remembering that A_y = A,,_, and B, = B,,, (14), we
see that the systems (48) and (49) coincide and hence
each eigenvalue A will occur twice.

The degeneracy can be lifted by introducing the dis-
crete symmetries of Sec.3E. We can put

PlJM) = n(— 1)t |JM),
X|JIM) =nld — M),

Z\IM) = ni— V-0 7ag),

Y |JM) = ni— )M |7 — M),

(50)
where 7 is an intrinsic parity and [K] =K — } for K
half-odd-integer.

The two eigenfunctions corresponding to each given A
can be chosen to be eigenfunctions of the X reflection,
and can be labelled by the symbol p.

The functions
[Tap) =MZZ)0 e (1M + p 1T — M)} (51)

are again eigenfunctions of the complete set of commut-
ing operators A, E, and X, as in (40), not however of XY,
so there is no point in introducing the label ¢ (e.g., as

q = {(— 1)[M]) for half-odd-integer J. The matrix ele-
ments of generators, shifting operators, D functions,
Clebsch~Gordan coefficients, etc. will be given by simi-
lar formulas as in the integer case; we shall, however,
not go into the details.

From the point of view of actual computations there is
another important difference. In the integer case, func-
tions with p =+ 1 corresponded to different values of
A, whereas in the half-integer case |[JAp) and |JA — p)
correspond to the same X. The secular equation for A
in the integer case reduced to four separate algebraic
equations, whereas for half-odd-integer J it reduces
only to two. We noted in Sec. 3C that the eigenvalues A
could be obtained by solving equations of order less or
equal to 4 for J = 7. For half-odd-integer spins the
situation is less favorable. Indeed,J =3 leads to a
quadratic equation and J = § and } to cubic and quartic
ones, respectively,

We can of course again sum all the eigenvalues A for a
given value of J. Since there are only two classes (p =
+ 1) and since the values of A coincide in both classes,

let us just give the sum over all eigenvalues:

oa=(1+7)EJ(J +1)(2J + 1), (52)
A€all

which coincides with the corresponding formula for inte-
ger spin. Also note that for half-integer J we always
have

rA(l/r) = A@r)
and that (26) remains valid.
As an example, consider J = 3. We have

Ay =2 =A=5(1 +7)+ 402 —7v + 1)1/2,

AP =N1{[|%%> £ pl2— )]

— 1/2
splivrBei_ril) [I%%>+p|%—%>]}.

V31 —7)
Ag =A== 501 +7) — 42 —r + 1)1/2,
[TxD) =N2{[1%%> +p13 — )]

1+r—20r2 —r+1)1/2 31
22 49 +eli- Bl

+p
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where
= ml —_ T)
222002 —7 +1) £ P2 —7 + 1)1/2)1/2,

Nl 2

6. REALIZATION OF THE REPRESENTATIONS ON A
THREE-DIMENSIONAL SPHERE

All our previous considerations concerning the |JApq)
basis were model independent, i.e., did not depend on the
space in which the representations are realized. In this
section and the following one we shall consider two spe-
cific models and discuss the realization of |JApg) in
terms of special functions.

Let us consider a Hilbert space of functions F(x) de-
fined over a unit sphere and satisfying

[IFw p2a%e o (53)
X3

where the integration is over the entire sphere and
(dx,dx,)/%5 is the invariant measure.

As was mentioned in the Introduction, two coordinate
systems exist on the sphere, for which the Laplace equa-
tion AY(x) = J(J + 13 (x) (with J integer) allows the
separation of variables.13 The first are spherical coor-
dinates and the separation of variables leads to the cano-
nical basis for 0(3), realized as spherical harmonics,?!
Le., [IM ) =Y,06, ¢).

Let us now consider the second type of separable coor-
dinates, namely elliptic ones.

A. Elliptic coordinates and the generators of O(3)

Elliptic coordinates on a sphere have been considered
in several different but equivalent forms.

An algebraic form is

x2=(a-p1)(a—p2) xgz(Pj_"“b)(b—Pg)
Y a—ca—b)’ ®—c)a—b)’
_{p —c)p, =)
xg———(a—c)(b——c)’ c<p<b<p <a (54

(a,b,and c are real parameters).

Putting
(@a—p)=(@—0b)cos2y, b—p,=( —c)sin?y,
we obtain a trigonometric form

% = cosy(l — k2 cos2n)l/2, x, = siny siny,
%3 = cosn(l — k2 cosy)/2,
O=n=m, 0=y <27, (55)
k2 =(a—0)/(a—c), k2=(b—c)la—c)

Putting

(@ —p) = (@a—0b)sn2(a,k), b—p,=(b—c)en2(B,k’),

we obtain a Jacobi elliptic form

X = Sn(a: k)dl’l(ﬁ, k’)’ Xo = Cl’l(Ol, k)cn(ﬁy k'):

%3 = dn(a, k)sn(B, k'), —K=oa=K,
— 2K’ = B = 2K, (56)
B2 +k'2=1 0=k=<1l, O0=k'=1.



1137 J. Patera and P. Winternitz: A new basis

Here, e.g., sn(a, k), cn{a, %), and dn(e, k) are Jacobi
elliptic functions34 of argument o and modulus 2. Their
real quarter-period K is determined uniquely as a func-
tion of [k and k' are the same as in (55)].

Other forms of elliptic coordinates exist, but we shall
further use only (56). It is easy to see that the coordin-
ates a and B in the regions indicated in (56) cover the
whole sphere once. Note that under the reflection [a —
— a the function sn(a, #) is antisymmetric, whereas
cn(a, 2) and dn{a, k) are symmetric]. Thus the reflec-
tions of @ and 8 are related to the reflections of Sec.3E,
namely

a->—0o,3>pBis X,
a—a,B>—pis Z, (57
a—~>—qo,f>B+ 2K is P’

The generators of O(3) can be written as differential
operators and are

1
L =
k2 cn2a + k’'2 cn28
x {— k’2 sno cng sng 9 _ cna dno dnd i},
da aB
1
L, =
27 p2 en2a + k2 cn2p
X {— cne sng dng 2 4 sno dna cng i}, (58)
o a8
L, 1

" k2 cn2a + k2 cn2g

X {dna cng dnB A + k2 sna cne snB 2
da B

(we have dropped the moduli in the elliptic functions).
B. The complete set of commuting operators and Lamé
polynomials

The operators A and E of (2) can readily be written as
differential operators:

A=— 1 o2, 22
k2 cn2(a, k) + k'2 cn2(3, k') |0a2  a82|’
4

= — 59
k2 cn2(a, k) + k'2 cn2(3, k') (59)

02 02

12 gn2 4 2 —_
X [ R’2 sn2(B, k') " + dnZ(a, k) 6[32]’

with

kB2 =r,k2=1—7.
The equations
AlPJ)\(Q,B) = J(J + 1)‘1/,])\(0[) B):
Ell/J)\(CV,B) = }\II/J)\(Q;B) (60)

have a complete set of common solutions which we
write as

wa(a, B) = AJ)\(OI)BJ)\(B), where

d2A., (o)
@)

A
—— +J(J +1
da? [ 4 ( )

— J(J + 1)k2 sn2(a, k)] 4,,(a) = 0,
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s J(J + 1)k2 sn2(8, #)|B,,(8) = 0. (61)
W— o ( ) sn2(g, n(8) = 0.

Both these equations are the Lamé equation in its Jaco-
bian form,11.12 The ordinary differential equations (61)
must be supplemented by boundary conditions. In
agreement with the general theory of Sec.3 we use the
boundary conditions to choose solutions that have the
proper symmetry properties with respect to the reflec-
tions X and XY [see (40) and (57)]. Finally, we have

lTApg) = Ap(@) A, (B),  h+ R’ =d(J +1),  (62)
where A4, (a) is a Lamé polynomial satisfying
dzAgh(a) »
— o+ [ = I + DR sn(a, )AL (@) = 0,

My @) =pA(a), k2=1-7, (63)

A
h=——+J(J +1).
4
The function A%, .(8) satisfies the same equations (with
a—-> B kb h—h =2/4andp —q).
The normalization is such that

(J/)\?&IJ)\pq) = f_: do [:i dp(k2 cn2 (o, k)

+ B2 en2(8, k")) ALY () A2 (8)

x A.I;h(a )N (B) = 77087055005 - (64)
Note that the symmetry (63) implies only that

dd—a [Kp(@)]l o = 0,  £5,(0) = 0. (65)

The values of A}, (0) and A7, (0) = d/da[A,(a)]l,., must
be so chosen that (64) is satisfied. This still leaves an
arbitrary phase, which can be fixed, e.g., by taking

A3, +(0) and A7 (0) to be real. The Lamé polynomials
themselves will then be real and the expansion coeffi-
cients (Xf))\, u Of Sec. 3 will satisfy the reality condi-
tion (36).

Thus, the nonsubgroup type basis functions in this model
turn out to be well-known functions—the Lamé polyno-
mials. The corresponding eigenvalues A as well as the
functions themselves have been tabulated for a large
range of values of J and 735,

The functions |JApg) of (62) are called ellipsoidal
harmonics. One of their useful applications is to pro-
vide symmetric expansions of functions, defined over a
sphere. Indeed, for any function F(x) = F(a, 8) satisfy-
ing (53), we can write

Fla,8) = 25 20 72 A5 AR (a)AS,.(8), (66)
J=0 X p.q
where
K 2K
Af,’,f = f_Kdoz f-zx dplk? cn2(a, k) + k'2 cn2(8,k’)]
X F(a, B)AZ, (@)A%.(8). (67)

Symmetry conditions like

F(Q)B) = j:-F(B;a)
can be imposed by putting

A =+ AL (68)
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Precisely this type of expansion has been used3? to pro-
vide crossing symmetric expansions of physical scat-
tering amplitudes in terms of products of Lamé func-
tions (not polynomials), that occur as basis functions for
irreducible representations of O(2, 1) in a nonsubgroup
basis.

7. ONE-DIMENSIONAL REALIZATION OF THE
REPRESENTATIONS

L et us consider a space of polynomials f(z) of order
less or equal to 2J of one complex variable.5.7 An in-
variant scalar product is so defined that

(XI-M,XI-N) = (J — M)I(J + M)16,y.

Representations of O(3) can be constructed in this space
and the canonical basis is realized by the functions
zd-M

IJM> = ’
[(J —M)1(T + M)12/2

—J=M=/J. (69)

The generators of O(3) in this realization are

d d d
H =— H. =2Jz— 22 — H.=d—2z £ (70
dz’ dz’ 3 zd (70)

F4

Let us now construct the nonsubgroup basis. The opera-
tor E can be written as

E=[(1 - ¥)z2 — (1 + )][(1 + #¥)z2 — (1 — ¥)] %
P4
+(2 =121 +7 —22(1—7n)] £
dz

+2J[1 +7 + (1 —r)(2J — 1)z2]. (71)
The basis functions are determined by the condition

Ey (2) = Mp (2). (72)
However, let us make the substitution

y =[(1 =Vr)/(1 + V)2, (73)
and put

¥ra(z) = 65, (). (74)

Substituting (71) into (72) we obtain an equation for the
basis functions

d2 ¥ 5 €
i +H 4+ 24
dy2 ¢J)‘(y) <y y—1 y—a

d
2> E}‘, ¢J)\(3’)
aBy —q

0By —q =0, (75
36 -6 — az)dm(y) (79)

where
y=3z o0=b=e=—J+3 p=—J,
~q =—%[4J(1 + a2) — (1 + a)21], (76)
a =[(1 — )/ + V7).

Equation (75) is the general form of the Heun equationl2
and when the parameters satisfy (76) its solutions are,
by construction, polynomials in z. Note that the Lamé
equation is obtained from the Heun one if y = 6 = € = 3.

Another useful transformation of Eq. (72) is obtained by
putting

_ 1/2
w = <1 " J‘\/;__) zZ = J‘Tz’ lPJ)\(Z) = XJ)\(w); (77)
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we then obtain

(1 — w2)at —w2) T 4 (27 _ 1po(t + a4 2«:2)01(1"—"—A
w
_3(_.2_J—_1)[h_J(J+1)w2] =0, (78)
J+1 X =5
with
PR C D[ + a2)2) — 4J(1 + a¥)] )
8(2J — 1)

The symmetries of Egs. (72), (75), and (78) are not
immediately apparent; however, from the results of
Sec.3 we know that the solutions fall into four classes
(2g). Indeed, consider Eq.(72). The solutions can be
written as (for integer J):

Pe(,y _ 4 1
Yra(2) —MZZ>0 X7 N m [(J —M)I(g + M)1]1/2

X (277 + pz7™M), (79)

[JAxpg) =

where the coefficients (X;), ,, satisfy, e.g., (16) and
qg= (1M

Let us restrict ourselves to integer values of J. We
have

Y (= 2) = (= 1) qyfiz). (80)

Thus, the transformation z - — 2z corresponds exactly to
the Z reflection of (39) in a three-dimensional Euclidean
space. For a g1ven (integer) value of J, the label ¢ tells
us whether 2 #1(z) is symmetric or antisymmetric under
reflection of the complex variable z.

The label p in this model is related to the transforma-
tion

£4(z) - 227 wff(%). (81)
Indeed, from (79) we have
T Y2 (1/z) = pwriz), (82)

so that the transformation (81) corresponds to the X
reflection of (39).

It is interesting to compare the two-dimensional model
of the previous section with this one-dimensional one.
The functions ‘Pfx (z), satistying Eq.(72) and related to
Heun polynomials by relations (73) and (74), are genera-
ting functions for the coefficients (XJ M . figuring in the
expansion of ellipsoidal harmonics in terms of spheri-
cal harmonics:

AL (@A, .(8) =M§0 &) s s ¥iue(8, @) + Y06, 0)], (83)

where

%, = sn{o, k)dn(8,k’) = sind cos¢d,

%, = cn(a, k) en(B, k) = sind sing,

%; = dn(a, k) sn(g, k') = cosé,

— (A/4) +J(J + 1),

B =2/4.
The equations of this section define a new class of poly-
nomials, related to Heun functions. It should be stressed
that they can be constructed explicitly using formula

(79) and that the values of A, as well as the coefficients
(XJ ) s Will simply commde with the corresponding
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quantities for the ellipsoidal harmonics of the previous
section. Hence direct use can be made of existing
tables of Lamé polynomials.35

8. CONCLUSIONS

The present approach, i.e.,a systematic consideration
of different possible bases for the representations of
various groups, may be of interest for several reasons.
One is that a great variety of special functions becomes
amenable to a group theoretical treatment, so that they
can be subjected to a unified systematic investigation.
For the O(3) group this has lead to Lamé and Heun poly-
nomials (besides the obvious Legendre and Jacobi poly-
nomials). For noncompact groups the variety of func-
tions that occur is much larger, since many more sub-
group and nonsubgroup type bases exist, Thus, already
for the Euclidean group E, we obtain, besides the ob-
vious Bessel functions and exponentials, also Mathieu
functions and functions of the parabolic cylinder. The
groups O(2, 1), 0(4), O(3, 1), and E; willalso lead to many
functions of interest (spheroidal functions, Mathieu func-
tions, Weber functions, ellipsoidal functions, etc.).

The results of this paper and more generally of the pre-
sent approach are also of interest in view of possible
applications in physics and mathematical physics—these
have been discussed in the Introduction. We consider
the ‘‘symmetric’’ expansion (66)—(68) to be of particu-
lar importance in various applications. In some applica-
tions in elementary particle physics (crossing sym-
metry) one needs functions F(s,¢,«) that have definite
symmetries under the permutations of three variables.
We plan to investigate this problem in connection with
the representation theory of the four-dimensional rota-
tion group O(4) and the Lorentz group O(3, 1).

Let us add a few words about the future outlook. Several
problems remain concerning the representations of 0(3).
Thus, it would be desirable to provide a new parametri-
zation of the group element of O(3), that would be as
‘“‘natural’ for the nonsubgroup basis, as the Euler angles
are for the canonical one. This would make it possible
to find a useful representation of the D functions, and,

in particular, would lead to new special functions as
matrix elements. In preparation is an article in which
we study the |J/xpq) basis functions in greater detail

for low values of J and also consider further the spe-
cial functions figuring in the models.

A systematic study of the various subgroup and nonsub-
group basis for the E,, O(2, 1), E5, O(4), and O(3, 1) groups
is also in progress,
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The Yukawa Hamiltonian #=—A—r ~'e ~*" is shown to be nonnegative for

w>[146 log 2-(9/2) log 3]V3 =~ (1.67)~L.

1. INTRODUCTION

In a recent article Piepenbrink! proves that the Yukawa
Hamiltonian

H=—A—7rlew 1)
is nonnegative if
p=(1.64)1 (2)

The purpose of the present note is to demonstrate that
the sharper condition

p=[1+ 6log2 — %log3]1/3 ~ (1.67)1 (3)

can be obtained in a simple way.

2. CALCULATION

For the critical value p, of u the smallest eigenvalue of
the Hamiltonian vanishes. The zero eigenvalue spherical
symmetric eigenfunction »~1 #(r) is determined as a
bounded solution of the radial equation

pd2u/dx? = — ux-le-* 4)

with 4(0) = 0. Here x = pur. (These eigenfunctions are
not square integrable since zero energy belongs to the
continuous spectrum.) Bounded solutions of (4) exist
only for a discrete set p, p,,**+ of positive u's, and we
seek the largest among these.

Integrating (4) twice, taking the boundary conditions
#(0) = 0 and |u(w)| < « into account, we obtain

put) = [Ty eu(ydy + [ evu(y)dy, (5)
or in a symmetrized version,
SR, )W)y = p(), ©®
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where u(x) = x1/2¢#22y(x), The kernel
K(x,y) = (xy) Y2e~(+»)2 min(x,y) M

is Hilbert—Schmidt.
The traces of the iterated kernels K(?(x,y),

T, = f0°°K<n>(x,x)dx, (8)

can be evaluated for low »; in fact,

T, =— 1+ log4, 9)
T3 =1+ 6log2— % log3.
The integrations involved are elementary though some-
what tedious.
By Mercer's theorem, Z,p? = T,, and the positivity of
the p's, we have
Bo = T} /e, (10)

which for » = 3 implies Eq. (3) above.

Both Piepenbrink's technique and the present one can be
iterated to yield improved bounds.

3. COMMENT

The upper bound (3) approximates the exact value for
Mo within 1%. This follows from the existence of a
Rayleigh—Ritz lower bound?! (1.68)"! for p,. Relative to
Ho the improvement of (3) over (2) is therefore not in-
significant.

'J. Piepenbrink, J. Math. Phys. 13, 1825 (1972).
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We propose a class of analytic short-ranged nonlocal potentials, and we obtain dispersion relations
for the forward scattering amplitude. We use the Fredholm method for the Lippman-Schwinger
equation for the scattering solution, and contour rotation in the analytic continuation of the forward

scattering amplitude.

1. INTRODUCTION

Nonlocal potentials have been studied both in the separ-
able form and simple generalizations,!-12 and in more
general forms.13-19 They appear and have been used

in problems of nuclear and atomic physics.20-31 For
example, meson theory suggests that any internucleon
potential is nonlocal,28 and the Hartree Fock equation
contains a strongly nonlocal term.23,27

Analyticlity in the k plane and dispersion relations in the
energy variable for scattering amplitudes have been
studied for separable nonlocal potentials and simple
generalizations.4,6,9 The nonlocal potentials which we
shall consider are in general nonseparable. They are
‘analytic’ and short-ranged.

We shall consider any nonlocal potential V(x,x’) satis-
fying the following conditions (A):
(A1) V(x,x’) is real, V(x,x") = V(x’,x).
(A2) V(x,x’) is rotationally invariant:
Vx,x') = Vix,x',cos v),

x=|x|>0, x'=|x'|>0,1=cosv=—1,

where v is the angle between x and x’.
(A3)V(x,x’,cos v) = (e‘YVx“)v(x,x’,cos vie“rx'/x'e,

y>0, $>a=0,
where 'I7(x,x’, cos v) is holomorphic in x and x/,in

Rex > 0,Rex’ > 0,for 1 = cos v > — 1,and continuous
in all these variables in Rex > 0,Rex’> 0,1 = cos v
z—1,and

W(x,x',cos v)| < const.
for Rex > 0,Rex’>0,1=cosv=—1.

Such a potential leads to a self-adjoint Hamiltonian
operator in the space L2(R3),with domain W2,2(R3),18

We shall show that, for such a potential, the forward
scattering amplitude is holomorphic in k2 in Im k& > — 4,
cut from iy to i®, perhaps with the exception of poles in
the interval k = ix,y >« > 0,or in 0 >Im &k > — 4,
each of those on the upper imaginary axis,which are
finite in number, corresponds to a negative energy
bound state or bound states.32 We obtain a substracted

dispersion relation for the forward scattering amplitude.

We obtain an unsubtracted dispersion relation for the
forward scattering amplitude for such a potential satis-
fying the following additional conditions (B):

(B1) V(x,x',cos v) is continuous in all its variables in

1141 J. Math. Phys., Voi. 14, No. 8, August 1973

Rex =2 0,Rex’ 2 0,1 = cos v 2 — 1,and in this region
of x,x’,and cos v we have
const
[(1+ [xD + [x])]3+8-’
some B > 0.

| Vix,x, cosv) | <

(BZ)V(x,x’, cosvy) is differentiable in cosv in
l>cosv>—1,for Rex = 0,Re x’ = 0. (3/2 cosv)
V(x,x’, cosy) is continuous in all its variables in

Rex > 0,Rex’> 0,1 = cosv = — 1, and for such values
of x,x’,and cosv, we have

< const
(@ + e + [xr])]3+8=a’

Vix,x’, cosv)
d cosy

We give examples of classes of potentials satisfying
conditions (A) but not necessarily conditions (B), for
which we also have an unsubtracted dispersion relation
for the forward scattering amplitude.

The analysis may be extended to give dispersion rela-
tions for the physical nonforward scattering amplitude.

In the following, V(x,x’, cosv) is defined for Re x > 0,
Rex’> 0,1 > cosv= — 1,in terms of V(x,x’, cosv) by
the relation in (A3).

2. THE SCATTERING SOLUTION, THE BOUND
STATES, AND THE SCATTERING AMPLITUDE

A. The kernel

We define an integral operator K(k) on the space of bound-
ed measurable functions, for & = 0, by the following
kernel:

—_— iklx-x|
K(k;x,x') = -1 fdx" LZ—-—V(X",X'), x| > 0.
47 Ix — x| (2.1)
We have
K(k; x,x') = A(k;x,x") £, (2.2)
x'a
|A(k;x,x")| < const fdx”——l——— e s
‘x —x" | x'ea
x" = |x"| (2.3)
where N is a constant.
The function K(k;x,x’) depends on x = |x’|,x’ = |x'},

and cosv only, where v is the angle between X’ and X"
K(k;x,x') = K(k;x,x',cosv),

x =0, x">0, 1>cosv=—1. (2.4)

We now define K(k;x,x’,cosv),forIm k> — y,x = 0
Rex’'> 0,1 = cosyv=>—1by

b

Copyright © 1973 by the American Institute of Physics 1141
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K(k;x,x’,cosy)
= _4—1- Jffxm2ax" sin p dpdy
m

explik(x2 + x"2 — 2xx" cos p)1/2]
(x2 + x"2 — 2xx" cos p)1/2

Vix”,x’, cosa),
(2.5)
where
COsA = cosy cos¥ + siny sinv cosy.
This reduces to (2.1)for k20, x = 0,x' > 0,
12cosyvz—1.

We find that K(k;x,x’, cosv), so defined, is holomorphic
inkandx'inlm k> —y, Re x’ > 0,for x 2 0,

1 > cosv > — 1, and continuous in x,x’,cosy, in x > 0,33
Rex’'> 0,1 2cosvz—1, for Im&>—y.

We have
K(k;x,x’,cosv) = Alk;x,x’, cosv) e~ 1%/x' (2.6)

|A(k;x,x7, cosv)| < N(e)e9)z,
Imkz—(y—¢,y>e>0, (2.7
where N(¢) depends on € only.

B. The Lippman-Schwinger equation for & real

The Lippman-Schwinger equation for the scattering
solution ¥(k;X) for k real is

iklx~x7|
Wk %) = ikx — Zl' fax %—‘-—x—x—!— [ax'v”, xWik;x'),
- =

E=1kl =0. (2.8

This equation may be explicitly and uniquely solved in
the space of bounded measurable functions, when the
Fredholm determinant of the integral operator K(k) is
not zero,and the solution is continuous in x.

We consider the following integral equation:
Y x) = etk -x 4 fdx’K(k;x,x’)d/(k;x’).
We define A (k) by
Aylk) =1,

(2.9)

E(k;xy,X,). .. K(k;x,,X,)

A (R) = f... fdxl. ..dx,
K(k;x,,X,).. . K(k;X,,X,)

e")’xl e' Yy

=f...fdxl.,.dx” PraR

Alk;xy,%y). . Ak Xy,X,)

b y x=Ixl,n=1
All;x,,x,). . A%, ,X,) (2.10)

We have
{a, (k)] < NnMmpn/2, n > 1, (2.11)

using (2. 3) and Hadamard's theorem,34 where

M= fdx er ’
xo

x = |x}.
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Hence
0 (_... l)n
2 A, (k).
n=0 nl
is convergent and we write
o (_ )n
Alk) = Z()) A, (k). (2.12)
"=

4(k) is the Fredholm determinant of the operator K(k).
We define A (k;x%,X’) by
Ao(k;X,X") = K(k; X,X’)
A, (k;x,X’)
= /... Jax,...dx, K(k;x,x’). . . K(k;%,X,)

Kik;x,,x). .. Kk;x,,x,)

-yxr -yx;

e e
—f...fdxl...dx,, po" kR
x x¢ x

A(k;x,x’). .. Alk;x,X,)

e Vn

X
’

Alk;x,x'). . Ak x,,X,)

=Ixl,x,=Ixl,n=1; (2.13)

We have

A,k x,x)| < No*1Mr(n + 1)@1)/2 g=1+ [/, 2.14)

using (2. 3) and Hadamard's theorem again.

Hence
oo { 1 n
b cy

=0 nl

s, (k;x,x)

is uniformly convergent in X, and is a continuous function
of x. It is also a continuous function of x and x', in all x,
and |x’| > 0. We write

[ (_. l)n

Alk;x,xY = 3 1 A k;x,x), xl=0, (x'[>0
= n
=0 (2.15)
We have
la(k;x,x7)| < const e"v¥/x'e,  x’ = |x'|. (2.16)

Using (2.2),(2.3),and (2. 16),and following Ref. 35, we
find that, for A(k) = 0, the function

ik-x’

Alk;x,x')
—— e

Y x) = ei®x + [dx’ A

(2.17)

is a bounded continuous solution of (2.9} and, further,
that any bounded measurable solution of (2. 9) is necess~
arily given by (2.17).

We now return to (2.8). For A(k) = 0,the solution (2.17)
of (2.9) satisfies the relation

Ix-x"1
WD) = exx — - faxylgx) [axt S V).
T

Ix — x|
(2.18)
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Making use of the boundedness of y(k;x), we may change
the order of integrations and obtain (2. 8). Conversely,
suppose A(k) = 0 and that Y(k; x) is a bounded measur-
able solution of (2.8). Then again we may change the
order of integrations and obtain (2.9). Hence ¥/(k;X) is
given by (2.17).

C. The functions Afk) and Ak, x, x’, cos v)

1. The function A(k)

From (2.6) and (2.7), we see that we may define A (&),
for Im & > — y,by (2.10).

We consider Im 2= — (y — €), y = € > 0. We have

|A(k;x,x’,cosv)| < N(e)elex, (2.19)
The integral in (2.10) is uniformly convergent in

Im & > — (y — €),and is therefore holomorphic in % in
this region. We also have,for k in this region, the in-
equality

|a,(®)| < N(e)"M(e)*n"/2,

—ex (2.20)
M(e)=fdxe , x=x|.
xa
Hence
©0 (A 1 n
2 D A, (k)
=0 nl

is uniformly convergent in Im %2 = — (y — €),and the sum

oo —l)"

Alk) =25
n=0

A, (k) (2.21)

n!
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is holomorphic in Im 2 > — (y — €),for all y 2 € > 0,and
therefore holomorphic in Im & > — .

From (2.5), we have
K(— k*;x,x') = K(k;x,X’)*. (2.22)

Consequently, from (2. 10),now extended to Im 2> — v,
we obtain

A, (— k*) = A, (R)*. (2.23)
Hence,from (2.21), we have
A—E¥) = AR)*, Imk> —q. (2.24)

We have, from (2. 20) and (2. 21), the following inequality:
v2e>0.
(2.25)

By a method of Khuri,36 and using (2. 7), we may demon-
strate,37 for any 6 > 0

|A(®)| < const, Imk=—(y—e),

|A(k;x,x', cosv)] < & (2. 26)
forImk>0,x>20,x'>0,1=>cosyv=—1,fork
sufficiently large. Hence we obtain,from (2.21),using
Hadamard's theorem,

AR) = 1,

I k1=o00

Im#Z = 0. (2.27)

2. The function A(k; x, x’, cos v)

The function A(k;X,X’),defined in (2.13) and (2.15), for
k=0, |x| =0, |x'| > 0,is a function of &,x = |x!,

x’ = |x’],and cosv only,where v is the angle between
x and X’. We have,from (2.4) and (2.13),

K(k;x,x,, cosp,)

K(k;xy,x', cosry)  K(k;jxq,x4,1)... K(k;xy,x,, cOSV,,)

X . . =4,(k;x,x’,cosv), n=1, (2.28)
K(k;x,,x', cosx,)  K(k;x,,x{, cosv, )... K(k;x,,x,,1)

COSA; = COsy,; cosv + siny, sinv cosy;, COSV;; = COSp, cosp; + siny, sinp; cos(x; — Xj)' (2.29)

We now define A(k;x,x’, cosv),for Im 2> — v, x 2 0,
Rex'>0,1=cosv=—1,by

L] (_ l)n
A(k;x,x’, cosy) = 7, ; A, (k;x,x', cosv), (2.30)
n=0 ni
with
bo(k;x,x', cosv) = K(k;x,x', cosv), (2.31)

and A (k;x,x’, cosv) given by (2.28),for » > 1. The
series is indeed convergent since by (2 6) and (2. 7), we
have,forImk > — (y—€),y 2€ > 0,x =20, Rex’ > 0,
l=zcosv=z—1,

la,(k;x,x', cosv)|

< N(e)**1M(e)r(n + 1)@ *D/2e (G -)x | g=yx/xra],  (2.382)
The series is, moreover, uniformly convergent in
Imkz—(y—¢€),y>2€>0,a>x=>0,Rex’' >0,

1 = cosv = — 1,for any a and b satisfying © > a > 0,
o>4H>0.
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From the holomorphy of K(k;x,x’, cosy) in k and x’ in
Im k> — y,Re x’ > 0, we find that A (k;x’,x’, cosv) and
A(k;x,x’, cosv) are holomorphic in 2 and x’,in
Imk>—9y,Rex’>0,forx 20,1 > cosyv >—.1,using
the uniform convergence of the series. We also find that
A(k,x,x’, cosv) is continuous in x,x’,and cosv,inx = 0,
Rex'> 0,1 2cosv=z—1,forIm k> — .

From conditions (A) of the potential and Schwartz re-
flection principle,38 we find

Vix,x'*, cosv) = V(ix,x’, cosp)* (2.33)

forx > 0,Rex’> 0,1 = cosv = — 1. Hence from (2. 22)
and (2. 28), we have
A (— k*;x,x'*, cosv) = A (k;x,x’, cosv)* (2. 34)

forimk>—y,x20,Rex’' > 0,1 = cosv =— 1, Hence,
from (2. 30) we have
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Al— k*;x,x'*, cosv) = A(k;x,x’, cosy)* (2.35)
in the same region of the variables.
Further,we have, from (2. 30) and (2. 32)
| A(k;x,x’, cosv)| < const x elr-edx|e=v¥'/xra|  (2.36)

forimkz2—{(y—¢€),y>e>0,x=20,Rex’'>0,
1% cosv=—1.
D. Zeroes of Afk} and bound states

We shall see that the zeroes of A(k)inIm k& = 0 are
related to the bound states of the system.

We suppose A{k) = 0, Im &k = 0. Following Ref. 35, and
using {2.6) and (2. 7), we can show that the equation

x (k;X) = fdx’ K(k;x,x")x (k;x) (2.37)

has a finite number of bounded measurable solutions.
We can write (2. 37) as

-1 iklx-x"|
x (% X) = — fdx’x(k;x’)fdx” erE
4n lx — 7]

For any such bounded measurable solution y(k;x) of
(2.37), we may change the order of integrations in (2. 38),
and obtain

Vix’,x) (2.38)

-1 oikix-xn|
x ;%) = — [ax” Jax vix",x')x (k;x). (2.39)

4 [x —x"|
We know,for Im & = 0, k = 0,from Ref. 18 that x (k;x)
belongs to W2:2 and that

V2x (k;x) + k2x (k;X) = fdx'V(x,x’) x(k;x’). (2.40)

Hence x (k;X) is an eigenfunction of the Hamiltonian
operator,and is a bound state solution. As the Hamil-
tonian operator for our system is seif-adjoint, the eigen-
values 22k2/2m must be real. Hence the zeroes of
A(k),inIm k = 0, k = 0, lead to bound states of the
system, and can only lie on the real axis or the upper
imaginary axis. We note that for nonlocal potentials,
positive energy bound states can occur.

We now suppose that x (k;X) is a bound state solution,
i.e., x{k;X) is an eigenfunction of the Hamiltonian oper-
ator. Then x (k;x) belongs to W22 and satisfies (2. 40),
and, from the self-adjointness of the Hamiltonian, 2 is
real or pure imaginery. We may restrict ourselves to
k= 0,ork=ik,k>0.

As shown in Ref. 18, x (k;X) necessarily satisfies (2. 39).
Hence we have

1 e-vrx" ,e-rx
%x—x"l Ko fdx x'a

(2.41)

Ix (k;x)| < const X fax"

X |x(k;x’) < const, x'=|x'|,x" = |x"],
where the integral [dx'(e-7*"/x’%)|x (k;x’)| exists as
both e~¥*"/x'« and x {k;X’) belong to L2. Hence, by a
change of the order of integrations,we find that x (k;%)
is a bounded measurable solution of (2. 37). Further,
from (2. 39) and the boundedness of x(k;x), we find that
x {k;X) is continuous in x.33

We can show, again following Ref. 35 and using (2. 6) and
(2.7),that (2. 37) has a bounded continuous solution only
if A{(R) = 0. Hence a bound state solution leads to

Alk) = 0.
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We note that,as A(k) is holomorphic in Im & > — y and
not identically zero, its zeroes in Im & > — 4 are isolated
ones with no finite accumulation point in Im 2 > — 4.

And as A(k) > 1as |k] » ,inIm & > 0 [(2. 27)], the
number of zeroes of A(k) in Im %k > 0 is finite. Hence

the number of bound state is finite.

It will be of interest to show that the bound state eigen-
functions x (k;Xx) are twice continuously differentiable at
x| > 0.

E. The scattering amplitude for physical scattering angle

The scattering amplitude for scattering through angle 8,
7 2 8 2 0,for k> 0,is defined as

Fk; cos6)=*4'—ﬁ1 [dxe=*"x [dx'V(x,xW(k,x'), (2.42)

where k = kk, k’ = kk’, k and &’ are real unit vectors
with k-’ = cos@,and Y/(k,x’) is given by (2.17). We have

F(k; cosf) = ’_4‘-:"}' ffdxdx’e'ikﬁ“xv(x’xt, COSV}eiks‘x'

A(k;x’,x", cosA)
Alk)

(2.43)

1 "
- Z;fffdxdx'dx”e'fk""*V(x,x', cosv)
x eibs.xu

where v is the angle between x and x* and X is the angle
between x’ and x”.

Equation {2. 43) enables us to define the scattering am-
plitude F{k; cos8) for k and cosé in |Im (< y, A(k) =0,
and 1 = cosv 2 — 1. We can show that it is holomorphic
in kin |{Im &} <y, A(R) = 0,for 1 = cosé > — 1. Indeed,
we have

F(k; cosB) = FUXk; cos@) + F@)k; cosd)/ Alk), (2. 44)
where F@)(k; cos8) and F@Xk; cosé) are holomorphic in
kin |Im k| < y,for 1 > cosé = — 1. Further, F(%; coss)
and F@)k; cosf) are continuous in cosd in 1 = cosf = — 1
for |Im k| < y.

If we use the following expansion,for 2 > 0 and A(k) = 0,

F(k; cosp) = 1— f_:, (21 + 1)[S,{k) — 1) P, (cosB), (2.45)
2ik 1=0

wherel5,17 S (k) = 1 + 24 T (k) = 2?%1(®), 5 () being the
real Ith phase shift,15,17 and the resultl?

I T (R)| < (G/VE )i-le-®-1 — B2)~1/2  any € > 0,

(2. 46)
for I > L,where coshg =1 + 242/k2, 8> 0,and G and L
are constants, we find that F(k; cos6) is bounded as
k — k,,along the positive real axis, where k, > 0 and
Aky) = 0,and

F(k; cose)k=00(1/w/l7 ).
Hence from the holomorphy of FO)(k; cosd), FCXk; cosh),
and A(k) in 2 in {Im k| < y,we conclude that F(k; cosf)
is defined and is holomorphic in a neighborhood of the
positive real axis of k, and using the relation F(— k; cosf)
= F(k; cos@)*, k = 0,which we may derive from (2. 24),
(2. 35), and (2. 43), we find that F{k; cos?) is defined and
is holomorphic in a neighborhood of the whole real axis
of k,for 1 = cos® = — 1,

The same conclusion is reached if we do not use (2.45).
Since the Hamiltonian operator H is self-adjoint, the
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evolution operator e~ i##/2 jg unitary; hence probability
is conserved. Consequently,from the asymptotic be-
haviour of a suitable wavepacket,23 from Taylor expan-
sions of F @)(%; cos6) and A(k) about k,, where k, = 0,
A(k,) = 0,and from the continuity of F@Xk; cosd) in
cosd,we arrive at the holomorphy of F(k; cos6) in a
neighborhood of the positive real axis of k.

3. ANALYTIC CONTINUATION OF THE FORWARD
SCATTERING AMPLITUDE AND A FORWARD
DISPERSION RELATION

A. Analytic continuation of the forward scattering
amplitude

From (2. 43), we obtain,for |Im k| <y, A(k) # 0, the
following expression for the forward scattering ampli-
tude:

F(k) = FAXE) + F@)E)/A(R),
where F(k) = F(k; cos 0 = 1),and

(3.1)

Faxk) = [[[fsin6 dody sing’do’de’
e-rx
xa

0
X fo dx xZe-ikaOSe

-y
e eikx’cose’ (3,2)

0 ~
1 a2 ’

X fo dx’ x'2V(x,x’,cosv) s
FeXk) = [[[[[[ sinoddde sin6'de’dp’ sing”de"de”
e rx
xOL

0 ~
X fo dx’ x'2V(x,x’, cosv)

o0
x fo dx x2¢=ikx cosé

e-rx’
’

x'a

o0
x fo dx” x"2 A(k;x’,x”, cos)) etkx” cose” (3 3)

with
cosy = cosf cosf’ + sinf sing’ cos(p — ¢’'),
cosA = cos@’ cosf” + sinb’ sind” cos{p’ — ¢”).
We now analytically continue F(k) to a function holo-

morphic in Im &2 > — y, for A(k) = 0,and k& = ik where
K2y,

We consider, for & = ik,y > k > — 4, the function

h(k;x, cosy, cosb’)

-yt
e eikx’ cose’,

(3.4)

0 ~
= f dx’ x'2V(x,x’, cosv)
0 x'

We write

00
h(ik;x, cosv, cosf’) = fo dx'plik;x,x’, cosv, cosd’),
(3.5)

plik;x,x’, cosv, cosb’)
~ -yx?’
=x'2V(x,x’, cosv) err gxx'cose’ (3, g)
x'a
We have

h(ik;x, cosv, cosg’)

R
= el_{{)ri }ltﬂfe dx'p(ik;x,x’, cosv, cosd’). (3.7)

From condition (A3) on the potential, we see that
plir;x,x’, cosv, cos8’) is holomorphic in x’ in Re x’ > 0,
and we may write
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I
X' PLANE FIG. 1.
C2 -
- 11 w C3
0 3 R

h(ik;, cosv, cose’) = lim Lim {[ + L fcs} d"'
1

X p(ik; x,x’, cosv, cosf’) (Fig.1), (3.8)

where C; and C; are circular arcs of angle w,7/2 > w >
— /2.

Again from condition (A3) on the potential, we find

2.1’10!]; fcldx'p(ix; x,x', cosy, cosé’) =0, (3.9)
lim f dx'p(ik;x,x', cosy, cosé’) = 0. (3.10)
R0 “cy

Hence, we have

h(ik;x, cosy, cosf’)
= 51%:1 %ﬁfczdx’p(ix;x,x’, cosv, cosf’)
= Lwdlx'|e‘wp(in;x, |x’|eivw, cosy, cosd’). (3.11)

For y > k > — y, h(ik;x, cosv, cosf’) is holomorphic in

x in Re x > 0 and, for fixed «, is a bounded function of x,

cosv,and cos6’. Hence we may apply the same change of
contour of integration to the integral,

oo e r* .
f dx x2exx cosé h(ik;x, cosv, cos8’),
0 xo

and obtain

e rx .
- h(ik;x, cosv, cosd’)
x

©
f dx x2ekxcosé
0

o«
=£ dlx| |x|ze3iwe“lxle“"cose

e-ylxls““

— IK: i '
‘xlaeiawh(zx, Ix|eiv, cosv, cosb’). (3.12)
Hence we arrive at,for y > «x > — 9,
FQ)(ik) = FOe(ik), (3.13)

where

F@w (k) = [[[[ sin6 dody sing’dé'de’
el¥cos0 M

«©
X 2p03iw =ikl xl
fO d|x‘ |x‘ evtve Ix‘aeimw

o0
x fo dlx’|2e3iwV(|x|ete,

e~v\x!1eiv

eiklx'1et¥cose’
|x1|aeiocw

Ix'letv, cosv) (3.14)

is defined in the strip |Im keiv{< y cosw, which is the
strip |Im &|< y cosw rotated through w in the clockwise
direction about the origin (Fig. 2),from condition (A3)
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k PLANE
N
ch(’ iy
\ 0 /W
_|Y

E' PLANE

E' = k'2

—Y2 0
Cle)

FIG.3. C(e) is the image in the E’ plane of the curve in the 2’ plane which
is at a distance € > 0 from the interval &’ = ik, > k > y. € is less than y
and is sufficiently small so that all E, are on the right of C(¢). It coincides
with part of a parabola for Re E’ &€ — (2 — €2).

on the potential. Further, F O)«(%) is holomorphic in the
strip |Im keiv|< y cosw.

Hence we have continued F (X%), originally defined and
holomorphic in |Im %} < y,to a function holomorphic in
|Im keivw| < y cosw as well,for any w in the interval
/2 > w > — n/2. Since the union of all strips
|Im keiv|< y cosw is the whole k plane cut from # to
i and from — 4y to — 0, we have continued F 1Xk) to a
function holomorphic in this cut plane. We denote this
function by F)(k) also:
FO(k) = FOuR), |Im keiw|< y cosw. (3.15)
Using condition (A3) on the potential, the holomorphy
of Alk;x',x”, cosr) inkand x",inIm k> — y,Rex”"> 0,
for x’ > 0,1 = cosh = — 1,and (2. 36), we find that F@)k)
can be similarly continued to a function holomorphic in
Im 2 > — y, cut from 4y to 10 We denote this function by
F@Xk) also. We have the following representation for
F@XE) in Im & > — v, |Im keiv| < y cosw:

Fexg) = [[[f[[ sinddedp sin6’de’dg’ sin6” do”de”

. - iw
X fcod|x| |x | 2e3iwg=iklxletv cosef_y_ul_c__.
0 lx|aeiaw
o0 ~ e-yx'
X fo dx’ xrzv(|x|eiw,x', cosv) e
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o0
x fo dlx"] |x”|2e3iwA(k;x’,

|x”|efw’ cosk)eik't'lciwcosy’. (3_ 16)
Hence F(k) can be continued to a function holomorphic in
Im % > — y,perhaps with the exception of poles at the
nonreal zeroes of A(k),and cut from # to i©. We denote
this function by F(%) also. We have,for % in this region,

F(k) = FQXE) + F@Xk)/A(k). (3.17)

B. Symmetry, asymptotic behavior, and dispersion
relations for the forward scattering amplitude

From the reality of the potential V(x,x’, cosv),for x > 0,
x’> 0,and from the Schwartz reflection principle,38,39
we obtain

Vix*,x'*, cosv) = V(x,x’, cosv)* (3.18)

for Rex > 0,Rex’> 0,1 = cosv = — 1. Hence,from
(3. 14), we have

FWo(— p*) = Fu(k)*, (3.19)
Hence,from (3.15), we obtain
FO)— k*) = FAXk)* (3.20)

in the whole % plane cut from é#y to i and from — iy to
— {0, Similarly,using (2. 35),(3.16) and (3.18),we
obtain

F@X— k*) = F@)k)* (3.21)
in Im k > — y cut from iy to ix. Hence,using (2. 24), we
have the following symmetry property:

F(— k*) = F(k)*. (3.22)
We now study the asymptotic behavior of F(k). From
(2.27),(2. 36),(3.15),and (3.16) and using a theorem on
Laplace transform,49 we immediately obtain,for & =
lklewiw, 0 2w >—1n/2and k=— lkle™'v, 1/2 > w = 0,
and for |k| sufficiently large,

|F(k)| < const /cos®2a)y (8.23)
for all such w. Since |Re k| = |#||cosw|,we have,for
Im k> 0 and for |%| sufficiently large,

|F(2)| < const (|k|/|Re k|)6-22, (3.24)

where 3> a = 0.

From the holomorphy property, the above asymptotic
behavior, and the symmetry property of F(k) in Im &2 =0,
we obtain the following substracted dispersion relation
for f(E) = F(k):

.

E i d(E —Eg)i+ (E—E )P*IZI) : e
FE) = i=0 {E—Es s i=1j=1 (E—E})J
(E —E )1 foo ,Im {fEN) 1
+ . 0 (E' —E\)#*t E'—E
E —Es)f’*lf FE") 1
— —————-—21”: C(e) (E' _ Es)p+1 E'—E ’

E =%k2 (Fig.3). (3.25)
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Here E =E ,E is not on the cut from 0 to © and is on
the right of the contour C(¢),the E; are negat1ve bound
state energies which are greater than — 2,E;isa
constant = E ;,for all E;, and not on the cut from 0 to o,
and on the right of C(€),d; and di]. are constants,and

p = 3 — a,if the latter is an integer, and is the integer
smaller than and nearest to 3 — « otherwise. The limit
€ —> 0 may be taken.

The physical amplitude at E > 0 is

f(E) =1lim f(E + ie€).
e~ 0+
The number of subtractions is reduced to one, in the
above dispersion relation, if instead of the contour
C(€) we use the contour C’(¢) (Fig. 4).

(3. 26)

If we assume conditions (B) as well, then we get,using
(2.27),(3.15) and (3. 16) and using integration by parts
in the cos#® variable, the result

|F(R)| < Imk=0

const/ | k|, (3.27)

for |k| sufficiently large.

We note that, in obtaining (3. 27), we have also used the
following relationship:

const le=x=/x’'a{(1 + |x’|)~(3+8-)

(3.28)
forImk>0,x = 0,Rex’> 0,1 > cosv >— 1,which
may be derived from (2. 5), (2. 30), and using conditions
(B).

Hence for potentials satisfying both conditions (A) and
(B), we may write an unsubstrated dispersion relation
for f(E):

| A(B;x,x’, cosV)| <

1 e Im[f(E"]
&) = EJQ(E Ez)+;f0dE E'—E
! JE) (Fig.5) (3.29)

T 2miC"OE —E

with E on the right of C”(€),not on the cut from 0 to «,
and E # E ,,for all E;. The limit € —~ 0 may be taken.

We note that for a potential satisfying conditions (A),
with @ = 0,%,1,and with V(x,x’, cosv) of the following
form,

Vix,x’, cosv) = “Nip¥p " V1g ¥,

L N;
Y3 P,(cosv) 25 Ci,.e
=0 : byq=1 e

vip 2 0, miny,,= 0, G, real, C;,, = Cppp,  (3.30)
we can carry out the integrations in the radial variables
first in (3. 2) and (3. 3), thereby obtaining the analytic
continuation of F(k), defined and holomorphic in

|Im %| < y,perhaps with the exception of poles at the
nonreal zeroes of A(k),to a function holomorphic in

Im & > — y,perhaps with the exception of poles at the
nonreal zeroes of A(k),and poles or branch points at
k= i(y +vy,,). Indeed,for @ = 0,1, V(x,x’, cosv) =
gonst, F(k) fas a pole at & = jy,and for a = %,

V(x,x’, cosv) = const, F(k) has a branch point at

k = iy and approaches infinity as & approaches iy.

Further, for V’(x,x’, cosv) of the form (3. 30), we obtain,
using (2. 27) and the relations

!('y + Ylp) + ik cosf| -

= [(y + v;p)% ¥ 2(Im R)(y + y,,) cosd + |k|2]-1/2
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E' PLANE

_Y . Nx_‘

—="10
//Clﬁ

FIG.4. C’(e) is the curve consisting of parts of the two half-lines each
at an angle € > 0 with the negative real axis and on the left of the
imaginary axis, and part of a straight line parallel to the imaginary
axis and at a distance y2¢/2 to the right of E’ = — 2. € is less than
m/2 and is sufficiently small so that all E; are on the right of C'(e).

E' PLANE

)
- Y2/ 0
Cll (E)

FIG.5. C"(€) is the curve consisting of all points at a
distance € > O from the interval — 42 > E' > — . € is less
than y2 and is sufficiently small so that all E; are on the right
of C"(€).

= |k‘_1{1 + [(’)’ + 'Ylp)z ¥ 2(Im k)(Y + Ylp)

X cos@)/ |kl 2}-1/2 (3.31)

the following asymptotic behavior for | k| sufficiently
large:

|F(R)| < const /|k|6-2¢, a=0,31,Imk>0 (3.32)

and we obtain an unsubtracted dispersion relation for
f(E) of the form (3. 29).

We now consider potentials satisfying conditions (A) with
a=0,%1,and V(x x’, cosy) satisfying condition (C)41:

77 dpdp’ e-bse=8'x'o(, B, cosw),
Rex’' >0,

(€) V(x,x’, cosy) =

Rex > 0, 1=cosv=—1, (3.33)

where o(8, B’, cosy) satisfies the following:

(1) o(B,B’, cosv) is real,o(B, B’, cosv) = o(B’, B, cosv).

(ii) o(B,8’, cosv) is continuous in all its variables in
©>B=0,0>p20,1=cosv=>—1,and in this
region
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lo(B, B, cosw)| < 23(B,8") <

where Z(B8, B’) is continuous in its variables in© > g > 0
o > B’ > 0,and satisfies (g, 8') = Z(g’, B),and

S I dpdpr T(8,8 < o,
J dp (8,8 <

const,

const.

We obtain,for42 Im k > —
Rex'>0,1>cosv >—1,

(y—¢€,y=>€e>0,x20,

e-Yx

f dp’ e=8'*'p,(k;x,B’, cosv),
(3. 34)

K(k;x,x', cosy) =

e~Vx!

f dp’ e~¥*'p(k;x, ', cosy),
(3 35)
where p,(k; x, 8’, cosv) and p(k; x, B', cosv) are continu-

ous inx, g’,cosv,inx =2 0, © > B’ = =cosy 2 —1,
and satisfy42

A(k;x,x’, cosy) =

const X e~ ‘)"f dp” (", "),
(3.36)

const X e(Y")"f ag” =", p').
(3.37)

lpglk; 2, B, cosv)| <
|p(&; %, B’, cosv)| <

We now carry out the integrations in the radial vari-
ables first in (3. 2) and (3. 3), making use of (3. 35) and
(3.37). We obtain

|FO (k)| < const X IO RIS (), (3.38)
|F(2) (k)| < const x 19 (k) IS (k), (3.39)
a=0,31, Imk=—(y—¢€), y=2€>0,
with
I® (k) = f+1 dcoss [~ dp 1
-1 0 [(y + B) + ik cosg|3-
+1 0
=f_1 d cos# fo dap
x 1
[1%12 F 2k,(y + B) cosb + (y + B)2](3-)/2
(3. 40)
where k2, = Rek = 0, k, = Imk = 0. We havet3
+1 1
1@ ®) = [~ d cose
-1 (Ik]2 — &% cos20)
R, -
N (1 cosf —y >
(I212 # 2k,y cosd +y2)1/2
s const x [ d cosd . k] >
< cons cosf —————
1 O T2 %3 cos?e” v
(3.41)
1169 )] const L k] + |k, B>
s n .
(el Tey ] Tkl — [ky1” Y
Using
In( + £) <&, 0<¢<,

[In(l - £} s1/@ —&)7, 0<é<1, any >0,
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and
kel — lkyl = (1k12 = [Ry|2)/(IRI + |Ryl)
> |k, 12/2|k],
we obtain, for k| > 4,
t const 1 1
II *)(k)‘ SCOHS
s 61z * Talier Tyl Th 027
eyl 2 a, >0,
L I® < const { 1 1 3.42
[ 159 (k) | k1127 |kl > ay >0, ( )
1@ (8] < Const 1 o > 1kl >0 o )
¢ lelt-2n k20" | |k| > ay,

and @, and a, are constants. Further, from (3.41), we
have

a, > |k, >0,

(3.44)
k| > a,.

t
II(*)(k)l < cons
0 &2’

We now consider I{*) (k). We have43

1
(lk]2 — k2 cos2g)1/2

m k, cos0 F y
X | —z tan1
2 (Ik]2 — k% cos2g)1/2

T 2n
k% cos20)1/2  |k,|

+1
1@ (k)| = f_l d cosé

< f_;l d cosé sin'llzek—zf ,

(lel2—

const
N

const {“2> leg| >0,
el 7 &l > a,.

L I@ @) < s leyl= (3.45)

@) < (3.46)

Lastly, we consider If;;(k) We have

FAADTIEN N dcosef dp 5/4

(€3]

= fddcose foodﬁ————}-—
R 0 3/4 ,,1/2
1 X(:) X(t)

< [ dcoss (f dBsz)wz(f a8 _1_)1/2,

® X

where

X,y (k) = |k|2 % 2k,(y + B) cosé + (y + B)Z,

1
(112 — 3 cos26)3/4’

Ikl >>')”

) “1
o~ |17, (k)| < const X f_l d cosé

1/2
III(*/)Z(k)I const X <f d cose)

x fd d cosd 1 1/2.
-1 (1|2 — k% cos2)3/2
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- We have43
t
19, R) | « —2B8E 1 || >, (3.47)
1/2 'kllklll/z Y
For %k, = 0, we have (3, 38), (3. 39), and (3. 40), with
[I$(R)| < const/|ky 37, |k | >, (3.48)

The results (3. 42)—(3.48) on I{)(k), together with

(2. 27), (3. 38), (3. 39) and the holomorphy and symmetry
properties previously obtained for F(k), enable us to
write an unsubtracted dispersion relation for f(E) of
the form (3. 29) for the class of potentials satisfying
conditions (A) and (C), for & = 0, 3, 1.
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APPENDIX A
We now prove (2. 26).
We have

Alk; x,x', cosy) = fdx”e"‘“’“""l Qx, x’, x"),

x=|x|, x'=|x'|], x*x'=xx'cosv
with
~yx” o
Q(x, x/’ x”) — I 1 "l € — V(x”,x'), x" = !xnl.
X—X x
We have

Jax"1Qx x,x7)| < e,
Hence, since C}(R3) is dense in L1(R,), there exists,
for every 6 > 0, a function @,(x, x’, x") such that,as a
function of x”, Q,(x,x’,x") vanishes outside a sphere

with center at the origin x” = 0, has continuous first
derivatives, and satisfies

Jax"| Q@& x’,x") — @ (x, x’, x")| < 5/2.
Hence

{A(k; x,x°, cosv)| < 6/2 + Ifdx”e"k'x'x"'Qé(x, x’, x")

We have

’ f dx"eikix-x"| Q,S(X, x’, xn)'

A
= ’_[_A dx? [f dxjdx eiixx" g, (x, x’, x")

-a o .
+ L+ S axy Jf axgargemnxt g x,x)|
<A Ly(x,x,8)+ (1/k)Lyx,x,8), k=0,

where A >0, L,(x,x;6) >0, L,(x,x’,5)> 0,using
integration by parts. Hence, for any § > 0, we have

|A(k; x,x’, cosv)| <6/2 + A- L,(x,x’,0)
+ (1/1k]) Ly(x, x’, 5).
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From (2.7), we find that

|L,(x, x',8)| < const,
|L,(x, x",8)| < const,

for all x, x’, and 6. Hence we may choose A so small
and |%| so large that

|Al®; x, %', cosv)| < 6.

APPENDIX B

Here we obtain a result which enables us to give a set
of sufficient conditions for V(x,x’, cosv) to satisfy
condition (C).

We introduce a class of functions f(z,; z,) of two com-
plex variables z; and z,, Rez; > 0,Rez, > 0, defined
in the following way:

flz,; z,) satisfies the following set of sufficient condi-
tions:

(1) flzy;2,) = flzy; 24).
(ii) f(zy;2,) is holomorphic in z; in Rez, > 0, for each
2y in Rez, = 0.

(iii) f(z,; 2,) is continuous in 2, and z,,in Rez, = 0,
Rez, = 0.

(iv) f(zq; z,) satisfies the bound:
| flz525)| < const/[(1 + 2;)(1 + 2,)[1+2
for some A > 0,in Rez; = 0, Rez, = 0.

We then have the following result:

@
Sflzy; 22) = fowfoeo dﬁldﬁze-elzle-ﬂzzzo(ﬁl; I32) (B1)

for Rez; > 0, Rez, > 0, where 0(8,; 8,) is continuous,
bounded, and symmetric in 8; and 8,,in®© > g, = 0,
w > B, 20,

Such a representation is unique when the restriction that
0(B,;By) is continuous in B, and B,,in© > B, = 0,

© > B3, = 0,is imposed. The unique spectral function

is determined by

1\2 +4 +ico
0(By382) = (ﬁ) f.s: f.iw dzydz, €P1%1e%22f(z); 2,)
| (B2)
Further, 0(B,;8,) isreal inw > g, 2 0, © > g, > 0, if

flzy52,) isrealinw > 2z, 20, © > Zf 2 0. For then,
by the Schwartz reflection principle,44 we have

fasfs23) = flzg;2,)"

Hence the reality of o(8,; B,) follows from (B2).
Let us now impose a further condition on f(zl; z2):

d .. . d .. . az ...
v) dTlf(zvl,wz), ‘Ef(wl,wz), d—vzc;'f-f(wvwz)’
and

a2 daz .. .

avg g 1)

all exist, are continuous in v, and v,, and are bounded by
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const/| (1 + @, )(1 + iv,)|1*X, in o > vy > — o,
>y, > — 0o,

For functions f(z;; z,) satisfying conditions (i)-(v), we
have the stronger result:

(In
o0 o0 - -
fleyszg) = [ [ dpdB, € P¥1e®2%20(p,;8,) (BI)
in Rez, = 0, Rez, > 0,where o(Bl;Bz) is continuous
in 8, and 83,, bounded, symmetric, and absolutely inte-
grable in © > B, =0, ® > 8, = 0, and satisfies
(1 +B,)20(8,;8,) + B,)2| < const,

©w>8,20, ©>8,20 (B4)

The representation is unique when the restriction that
0(B;;85) is continuous in 8, and B,,in© > g, =0,

© > B, > 0,is imposed. The unique spectral function
is given by (B2).

We note that the following lemma leads to the above
results:

Lemma: H f(z) is holomorphic in Rez > 0 and con-
tinuous in Rez = 0, and satisfies the bound

| f(z)| < const/|1 + z|1*A,
then
fz) = fow dg e 8zp(p),

Rez =2 0,

Rez > 0,

where p(B) is continuous and bounded in «© > 8 = 0. The
representation is unique when the restriction that p(g)
is continuous in © > 3 = 0 is imposed. The unique
spectral function is given by

1
2m

p(B) = _::o dz eBzf(z).

To prove the lemma, we define

1
2mi

p(B) = f_::o dz ez f(z).

p(B) is continuous and bounded in © > 8 = 0.

We consider
oo ) 1 +i00
= -8 = -8z B
fe) = [~ ap esep(B) = [ " d ePe oz [ " dwesufiw).
We have the absolute convergence of the double integral

fowfw dpdv |e-BzeiB? f(jv)| < const
-0

% fooo f_: dfdv e B8z ____l_._.__< 0,

15 win Rez > 0.

Hence we can change the order of integrations, for

K(k; X, ,%, )+ - K(k; %y, %)

Kk, X1, %)

X)) =
?n K(k; X;,1%y)

&5 %y, .

Kl x,, %)+ K(l; X, ,X;_,)
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K(k; Xy, X;,4) " - K(k; Xy, X,)

K(k, X, xi+1) e K(ky X, xn)

Rez > 0, and obtain

1 rie flw)
f(Z)=§1T—i f—ioo dw o>
We have
. a+ioo flw) +ioo SFlw)
}zl—I»% fa—ioo dww—z_ j:iao dww—z

flo +a) — flw)

+ic0
—}zlmf— dw w—2z+a ’

m J Rez >0, a > 0.

The last limit may be proved to be zero. Hence we have

Sflw)

w
w—2

a+ico

1
fle) = lim 50

= f(z);

a-ioo

Rez > 0,
~ flz) = fow dp e82p(B), Rez>0.

The uniqueness follows from the identity theorem in
Laplace transform theory.

APPENDIX C

We prove (3.35) and (3. 37).

From (3. 28), extended to Imk > — 4, x = 0, Rex’' > 0,
1 = cosv = —1, we have

A, (k;x,x7, cosv) = A, (R)K(R; x,%', cosv)
—nA,_4 (k) JJf x"2dx" siny dudy K(k; x,x", cosp)
X K(k;x",x’, COSA)

n
+ i§;=1 SIS xzax, sinp ;dp,dy; xPdx; sing, dydy;
i=j
X K(k; x,x,, cosy, )K(k;x]. , X', cosAj)
X [ Bkt Xir %5a by x5)s 21,
where
COSA = COSy cosv + siny sinv cosy,
cos)\j = COSH; COSV + sinuj sinv cosy;,

with f (k52,5 X0 %55 By Xj) given by the following

t .
expression, where x; and x; are the vectors with

X,y My X, and Xisbys X028 their polar coordinates
respectively:

fki X, x;) = (1)1 Jooe Jaxyeax, yax,
e dxdXg, - dX,

X gk Xy oiinX,)y  i<j, n =2,

fiikx, %) = (1)1 Jooe fax, - dx,_,d%;

seedx, A%, 0 dX, ‘

X gk Xy, 0sK,), 1], m =2,

and

I
v
[
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We have, using (2.6) and (2.7),

| £,k x,, %) ;
< e()'-e)xi(e-yxj/xja) N(e)n-lM(e)n-Z(n _ 1)(7:-1)/2.
Hence, using (3. 34) and (3. 36), we obtain
A,k x, %%, cosy) = e 1%/x’® fooo dp’
x e®«'p (k;x,B’, cosv)
with
lp,(k; %, 87, cosv)| < etr-e) f0°° dg” Z(8",8’)
x {const X A, (k) + const X n X A,_, ()

+ const X N(e)*IM(e)*-2n{n — 1)(n-1)/2}, 5 = 1,

Hence, using (2. 20), we obtain

-yx' ,
€ fw dg’ e ¥%'p(k; x,B’, cosv),

A(k; x,x', cosv) =
x'® 70

plk; %, B’, cosv) = 2 it Yid p,(k;x,B’, cosv),
n=0 n!

lo(k; x, ', cosv)| < const x er-ex f0°° ag" (", g'),

fOrImk?—(y—e),72€>0, oo>x>0, w>Bl>0’
1=2cosvz=-—-1,
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Erratum: Neutron transport equations with spin-orbit
coupling
[J. Math. Phys. 4, 97 (1973)]

L. M. Tannenwald

Department of Physics, University of California, Berkeley, California 94720
(Received 14 March 1973)

Eq. (2. 26): F should be a subscript. contain

Eg. (3. 15): The square brackets of the integral should Coll+ Ciin — 02(17,/\ m + Cs(ﬁl A @ AT,

Erratum: A stochastic Gaussian beam
[J. Math. Phys. 14, 84 (1973)]

G. C. Papanicolaou, D. McLaughlin, and R. Burridge

Courant Institute of Mathematical Sciences, New York University, New York, New York 10012
(Received 6 March 1973)

The third line of Eq. (3. 13) should be:

_1
2

9P _, coth§ 32P©@
ax ¥ sinhd 3ye¢ "

f(;o R(s) sin(2s)ds

Errata: Gauge transformations of second type and their
implementations. |. Fermions
[J. Math. Phys. 13, 2002 (1972)]

J. F. Gille and J. Manuceau

Centre de Physique Théorique, C.N.R.S., 13-Marseille 9¢, France
(Received 6 March 1973)

The first equation of the second column, p. 2002 should should read
read

_ G, (Ey, s)©8, ,8(E;, ) DUT @, (E,uq,y 8)
T(B(Y4)) =®¥F11';(¢; ©;) @ 1’ (BWA )N R 214 *
3 i

& el,nG‘O(En*-l, k? S).

The second equation of the second column p. 2002 should The inequality and equality of lines 27-30 of the first
read column, p. 2005 should read

IHwq—wgere) @ (B, s)ell
1B ) =@ 1, () © 7,(BW,)) & ®F,y ;- wo—waTe) |G (B, s
g z =l wg —wPTe) |8, (Bf, s)® ©,,,84(Ez, 9) |

Inequality (ii) in 2. Necessity should read > lim [ (wg — weoTe) 1@, (Bpay,pr 9)

Rkyoo
i) 2 #l—x 02, < 4o ® 0, ,,80(Epq, ).
kylhp =]
Reference 10 should read E. Balslev and A. Verbeure,
The inclusion of line 24 of the first column, p. 2005 Commun. Math. Phys. 7,55 (1968).
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